Chapter 5

Solving Initial-Value Problem for ODE

Initial value problem : Z’_y =f(t,y), ast<h, y(a)=a.
4

1. Single step methods :

Runge-Kutta methods :
(1) Euler’s method :
wy =a,
Wiy =wW; T hf (t;,w;), foreach i =1,2,...,N.
(2) Midpoint method :

Wo =qa,
h h
Wit = W, +hf§i +59Wi +5f(tiawi)§forea(:h

i=01,...,N-1.

(3) Modified Euler method :
Wo =qa,
_ h
Wil =W, +5[f(tiawi) + f(tiv1,w; T hf (4, w;))], for each
i=01,..,N-1.

(4) Heun’s method :

W():a,

h 2 2
Wit] = W; +Z[f(tiawi) +3f(¢ +§hawi +§hf(tiawi))],



foreach i =0,1,...,N —1.

(5) Classic Runge-Kutta method :
Wy = a,
ky = hf (t;,w;),
h |
k2 = hf(fl +57Wi +Ek1),

h 1
ky =hf (¢ +59Wi "'Ekz)a

kg = hf (ti1,w; +k3),
Wi = w; +é(k1 +2k2 +2k3 +k4), for each
i=01,...,N—1.

(6) Runge-Kutta Fehlberg method :

This technique consists of using a Runge-Kutta method with

local truncation error of order five,
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to estimate the local error in a Runge-Kutta method of order
four,
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where
ky = hf (4;,w;),

ko :hfgfi +%9Wi +ikl§
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An advantage to this method is that only six evaluations of /

are required per step.

2. Linear multistep methods :

Adams-Bashforth methods :
(1) One-step: Euler’s method.
(2) Two-step:

wo =a, wy =0d,,

Wisp =W %[3f(ti’wi) = f(ti-1,w;—1)]. for each

i=12,...,N—1.

(3) Three-step:
Wo =a, Wi :al, Wy :a2,

h
Wiy =w; + B[z3f(tiawi) =16 f(¢;_1,w;—1) +5f (85, w;20)],

foreach 1 =2,3,...,N —1.

(4) Four-step:



W():a, leal, szaz, W3:a3,
h
Witl =W +E[55f(tiawi) =391 (ti-1,Wi-1)

+37f(ti—29wi—2) _9f(ti—3’wl'—3)]’

foreach i =34,....N —1.

Adams-Moulton methods :

(1) One-step: Trapezoidal method,
Wo =qa,

h
Wi = w; + E[f(fm,wm) + f(¢;,w;)], for each

i=01,...,N—1.

(2) Two-step:
WO :a, Wl :al,

h
Wiy =W; E[Sf(tiﬂawiﬂ) +8 1 (t;,w;) = [t Wi,

foreach i =1,2,...,N —1.

(3) Three-step:

Wo =a, Wi :al, Wy :a2,

h
Wit1 =W +ﬁ[9f(ti+lawi+l) +191(t;,w;)
=5 (t;i—1,Wi—1) + f(ti—5,W;_» )], for each

i=23,...,N—-1.

Adams Fourth-Order Predictor-Corrector :



R h
Wit =W +E[55f(tiawi) =59 f(ti-1, Wim1)
+37 f(ti—, Wi—p) =9 f (-3, w;-3)].
_ h .
Wiyl =W, +ﬂ[9f(ti+lawi+l) +19 £ (¢, w;)

=5f (-, wim) + f(tia,wi)]

Adams Variable-Step-Size Fourth-Order Predictor-Corrector :
wi2) =y + (55 £ () = 39,1 1 w0
+37f(ti-2, Wi—2) =9/ (tj-3, wi-3)].
Wit =409 G, 2D 196 m)

=51 wim) + f (ti—ps Wi-0)],

with an estimate of the local truncation error of the corrector step:
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followed by a process of choosing / and a criterion of changing
when necessary. A change in step size for a multistep method is
more costly in terms of function evaluations than for a one-step
method, since new equally spaced starting values must be computed.

So we tend to do this conservatively.



Milne’s method :
_ 4h
Wil = Wi-3 +?[2f(tiawi) = f(ti—1,wim) + 2f (52, w;22)].
Simpson’s method :
h
Wipp =W ¥+ g[f(fi+1,Wi+1) Ha4f(t,w) + f(to,wim)]

Milne-Simpson Predictor-Corrector :

A

4h
Wis] = W3 +?[2f(tiawi) =S Wim) 21 (40, W -0)],

h .
Wit] = Wi +§[f(fi+1,Wi+1) Ha4f (W) + f (G, wim)]

Note: However, Milne, Simpson, Milne-Simpson Predictor-Corrector

methods are all inherently A-unstable and therefore are of limited use.

BDF (Backward Differential Formula ) :
(1) One-step: implicit Euler’s method,
wy =a,
Wil =W HAf (L1, W)
(2) Two-step:
wy =a, w, =0y,
4 1

2
Wisl = Wi T Winy +§hf(fi+1awi+1)-

(3) Three-step:
Wo =a, Wi :al, Wy :a2,

18 9 2
Wiv1 =77 Wi

6
——w.  +—w._~ +—hf(t ,W: .
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(4) Four-step:
WO:a, leal, szaz, W3:a3,
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Wiyl =

(5) Five-step:

Woza leal, W2:az, W3:a39 W4:a4,
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(6) Six-step:
WO:a W1:a17 W2:a2? W3 :a3, W4 :a4, WS :CYS:
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3. MATLAB ODE suite :
Non-Stiff : ode23, ode45, odel13.
Stiff : odel5s, ode23s.

For details read [2]) .
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