Chapter 7 Approximation Theory

Approximation by Orthogonal Polynomials and
Fourier Series

Continuous Fourier transform and inverse transform:
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Discrete Fourier transform and inverse transform:
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Continuous Fourier transform and inverse transform (in



complex form):
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Discrete Fourier transform and inverse transform (in

complex form):

There are two ways to compute the above ¢, . One is by matrix

multiplication with number of multiplication of O(mz) , the other is by

FFT with number of multiplication of O(m log, m).
Continuous Legendre transform and inverse transform:
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where P, (x) is the k-th Legendre polynomial.
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Discrete Legendre-Gauss transform and inverse transform:
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where x;, j = 0,...,n, are roots of P,,1(x), and

j=0,...,n.
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Discrete Legendre-Gauss-Radau transform and inverse

transform:
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Discrete Legendre-Gauss-Lobatto transform and inverse

transform:

n
f(x)= dePk(x), -1<x<1,
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Continuous Chebyshev transform and inverse transform:

f(X):iaka(X), -1<x<1>

where T} (x) = cos(k cos”! (x)) is the k-th Chebyshev polynomial.
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Discrete Chebyshev-Gauss transform and inverse

dx , and

transform:
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f(x)= deTk(x), -1<x<1,
k=0
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Discrete Chebyshev-Gauss-Radau transform and inverse

transform:
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Discrete Chebyshev-Gauss-Lobatto transform and inverse

transform:

n
f(x)= deTk(x), -1<x<1,
k=0
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Aliasing

The relation of C; and ¢, in complex Fourier series is
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It shows that the k-th mode of the trigonometric interpolant of f'(x)
depends not only on the k-th mode of f(x), but also on all the modes of

f(x) which “alias” the k-th one on the discrete grid. The (k + 2ml)-th
frequency aliases the k-th frequency on the grid; they are

g ) ) i(k+2ml)x ; ikx ;
indistinguishable at the nodes since e ( ) = e 7’ ,where
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Similarly, for Chebyshev polynomial expansion, @) and dj in

Chebyshev-Gauss-Lobatto transform are related as:



That means the (2n/ £ k)-th frequency aliases the k-th frequency on the

grid; they are indistinguishable at the nodes since

Tk(x )= T2n1+k(x ), where X B]—B j=
n [
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