Chapter 3 Interpolation and
Polynomial Approximation

Parametric Interpolation/Approximation for
Discrete Nodes

In this software, a polynomial or piecewise polynomial parametric
interpolation for (X, 1), (X2,15),...,(X, 41> V,+1 ), is done by first
introducing its associated parametric sequence
0=t <ty<---<t,, =1,with At; =¢t;;; —t, =1/n, and then
constructing the interpolation polynomial or piecewise polynomial
individually for (#;,x;), and (¢;,y;), i =12,...,n+1,asinthe
previous section Interpolation for Monotonically Increasing Discrete
Nodes. Besides Lagrange, Hermite, free and clamped cubic splines
interpolation as in the previous section, Bezier and B-spline

interpolation/approximation are new here and are described as below.

Given n+1control points (%1, 7). (%ys T2 s s (Fy a1 Tt )

Bezier curve is defined as (x(t), y(t)), where

n+l n+l

x(t)= 5 %B/(1), yO) = yB'(t), 0st<l,
i=1 i=1
and B (t) is Bernstein polynomial,

B/ (t)_H Il 1 n+1 " where H 1Hls the coefficient of
O-1C

binomial polynomial.



For interpolation in terms of Bezier curve, given 7 + 1 interpolation
points (x1,¥1),-(X2,¥2),---,(X, 41> V,+1)>» 1 +1control points
(X1, Y1), (X5, 95)s-- -5 (X415 Y, +1)» are reversely determined and then
the Bezier curve is computed based on those control points, by de
Casteljau algorithm (illustrated in the tracing point menu option), and
displayed. For approximation in terms of Bezier curve, the input 7 +1

points are seen as the control points and the Bezier curve based on that is

computed and displayed.

In the same way, given 7 + I control points
(X1, 91),(X5,95)s-- -5 (X415 Y, +1)> @ B-spline of degree k, k < n, is
defined as (x(l‘) y(l‘)) where
()= T IENED, v0= 3T TN,

where

N6 = %—%v" 1(r>+% ik~ Ev,ﬂ 0,
l+k+1 l+1

, if x; St<x;41,
DO, Otherwise.

and No(t)

N lk (?) is the basis polynomial of degree k of B-spline which is nonzero

only in [tiati+k+1]- [#,t5,...,t; +,+2] is called the knot vector, or

knot sequence. In this software, the knot vector is determined in the way

for uniform non-periodic B-spline:

when n >k,



0 i=1,---,k+1,
i—k=-1)/(n—k+1) i=k+2,--,n+1,

1 i=n+2,---k+n+2,

I

1

[ [0

with n —k + 2 distinct values, equally spaced in [0,1], for ¢;.

When n = k, the upper case is reduced to
, _[O i:1,'°',k+1,
: % i=n+2,--- k+n+2.

Also when n =k, Nl-k (t) = Nj'(t) = B/ (), and the B-spline will be

equivalent to the Bezier curve.

To illustrate knot vector, for example, given P, P ,---, F six

control points (n =35), choosing B-spline of degree k = 3, the knot

vector will be

00 =14,
) _H/3 i=s, ;
Tai =6
H1 i=7,---,10,

t; involved with N 13 (), associated with P}, are [0,0,0,0,1/3];

t; involved with N;’ (1), associated with P, are [0,0,0,1/3,2/3];
t; involved with N ; (), associated with 5, are [0,0,1/3,2/3,1];
. involved with N;:’ (), associated with Py, are [0,1/3,2/3,1,1];

involved with Ng (), associated with Ps,are [1/3,2/3,1,1,1];



t; involved with N g (), associated with Py, are [2/3,1,1,1,1].

For interpolation in terms of a B-spline of degree k, given n + 1
interpolation points (xy, y1),(X2,¥2),---,(X,+1>V,+1),» B+ 1control
points (X7, 71),(X5,75),...,(X,+1, V,+1), are reversely determined

and then the B-spline of degree k is computed based on those control
points, by Cox de Boor algorithm (illustrated in the tracing point menu
option), and displayed. For approximation in terms of B-spline of degree
k , the input 7 + 1 points are seen as the control points and the B-spline

of degree k based on that is computed and displayed.
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