Quadrature Rules Needed in Galerkin-Wavelets Methods*

WEI-CHANG SHANN (ˇ z “ )

Department of Mathematics National Central University Chung-Li, Taiwan 32054 R. O. C.

shann@math.ncu.edu.tw

Abstract In this article we will review several numerical quadrature rules, their theoretical background and implementations, that are needed in a discretization of Galerkin type for differential equations, using wavelets as basis functions. Material given here will be a summary of results of the recent three years by several groups of researchers in this field, including the author himself.

1 Introduction There are several versions of definition for wavelet. People seem to agree that it is a function (sometimes called a mother wavelet) whose scaled dilations and translations form an orthonormal basis for L^2(R). A popular form looks like √ 2^jψ(2^jx − k), where (j, k) ∈^2. Yet the dilation factor 2 and the integer translation are not necessary. When people construct wavelets, they also keep in mind to have the energy localized in both time and frequency domains (although it cannot be exponentially decay simultaneously). In many applications, including ours, the degree of approximation abilities is also crucial. Some think the orthogonality on the same level j is not essential and drop it to study pre-wavelets. And some construct a basis from several families of wavelets, or wavelet packets.

The idea of wavelets may be traced back to Calderon [7] and Coifman and Weiss [14]. Modern ideas grow out of applications in signal analysis, cf. Liénard [26] and Goupillaud, Grossmann and Morlet [21]. Earlier mathematical analysis of wavelets can be found in Stromberg [35] (unnoticed until 1988), Grossmann and Morlet [22] (in which the name of wavelets first appeared) and Meyer [30]. In recent years, the multiresolution approximations of L^2(R) has been developed by Mallat [28] and Meyer [32] to establish a framework for the construction of wavelets. The multiresolution approach has lead Daubechies [16] to the discovery of a family of compactly supported wavelets. This family includes the Haar function [23] as a special case, which was not considered as a wavelet by earlier definitions because the lack of Utilizing the same approach, Chui and Wang [9, 10] found another framework of constructing wavelets and pre-wavelets from B-splines. Battle [4] proposed yet another approach based on renormalization groups in the study of physical systems with infinitely many degrees of freedom. regularities.

Applications of wavelets are better established in the fields of signal processing, image processing and data compression. Basic references should point to the works of Mallat [29], Daubechies [17], and Coifman, Meyer, Quake, and Wickerhauser [12]. The group of Coifman has a package of computer software, with graphical user interface, which implements a few algorithms [13]. The executable codes for several systems are currently released in public domain. See also the last

* Presented to the Chinese Mathematics Society Annual Meeting on Dec 4, 1993. This work was supported by the National Science Council in Taiwan; grant # 83-0208-M-008-052.

section for public resources on computer networks. Besides, there are applications to statistics [19], quantum mechanics and the solution of integral equations [1].

Because of their similarities with Fourier transforms and finite elements, wavelets are studied for the applicability of being a tool in scientific computation and numerical analysis, such as the numerical solution of differential equations. Among the recent articles on the later subject, we refer to the works by Bacry, Mallat and Papanicolaou [3], Beylkin, Coifman and Rokhlin [6], Glowinski, Lawton, Ravachol and Tenenbaum [20], Jaffard [24], Maday, Perrier and Ravel [27], and Xu and Shann [37].

In the application of wavelets to the numerical solution of differential equations, it is usually easier with those discovered by Daubechies [16], which have compact supports and form an orthonormal basis of L^2(R). In this case, the wavelet ψ(x) is derived from the scaling function ϕ(x) which is normalized to have ∫ ϕ = 1 and satisfies the scaling equation

(1.1) ϕ(x) = ∑ k c_kϕ(2x − k).

The coefficients c_k were computed by constructing a certain trigonometric polynomial L(ξ) = 1 2 ∑ c_ke^{−ikξ} , see Daubechies’ “Ten Lectures” [18].

The construction of these scaling and wavelet functions is not the topic of this article. Interested readers will find accessible information from Strang’s review article [34] or the NSC Project Report by Chern, Chou, and Shann [8]. The scaling coefficients of Daubechies’ wavelets of orders 1 ≤ p ≤ 14 were computed by the author’s group in quartic precision on a VAX 6510.

Once ϕ(x) is determined, the multiresolution approach asserts that

(1.2) ψ(x) = ∑ k (−1)^kc_{1−k} ϕ(2x − k)

will be a wavelet. One of the properties of ψ is that ∫ x^mψ dx = 0 for 0 ≤ m ≤ p − 1.

Define

(1.3) ϕ_{jk}(x) := √ 2^j ϕ(2^jx − k) and ψ_{jk}(x) = √ 2^j ψ(2^jx − k).

Let W_j = span{ψ_{jk}(x) | k ∈ }. Then ⨁_∞ j=−∞ Wj = L 2(R). Let Vj =^{⨁j}_{ℓ=−∞} Wℓ. Since we do not

want to deal with both infinities, we usually let

V_J = V_{−1} ⊕ W_0 ⊕ · · · ⊕ W_J , for J ≥ 0.

Numerical computations are carried out for a sufficient large J. If ψ(x) is related to a multiresolution approximation of L^2 (all wavelets in use are indeed related to one), then there is a scaling function ϕ(x) such that {ϕ_{jk}(x) | k ∈ } forms an orthonormal basis for V_j . Thus there are two kinds of basis for V_J . The first involves both ϕ and ψ and we add higher levels of ψ for higher accuracy; the second involves ϕ only and we construct new set of basis for higher accuracy. Both are usable in different situations. For p = 1, ϕ(x) = χ_{[0,1]}; for p = 2, it is sometimes called D_4(x) to name after Daubechies. There is no elementary function expression for this new function.

Wavelets that “live” in intervals can be derived from those “live” on real lines by, basically, Gram-Schmidt process for those crossing the boundary. They are first constructed by Meyer [31] then improved by Cohen, Daubechies, Jawerth and Vial [11] and Andersson, Hall, Jawerth and Peters [2]. Yet no experiments have been seen for these wavelets.

Approximation properties of the finite dimensional subspaces from which we choose the trial functions is a crucial part of the error analysis in Galerkin methods. For the family of Daubechies’ wavelets, Xu and Shann [37] proved that, for u ∈ H^s, 0 ≤ s ≤ p, and P_J u being the L^2 projection of u into V_J , we have (1.4) ‖u − P_J u‖ ≤ C2^{Js}|u|_s, for some positive constant C independent of J and u. Here p is the order of wavelets being used. The technique is the Bramble-Hilbert lemma commonly applied in finite elements and the key point is the decay of wavelet coefficients, |(u, ψ_{jk})| = O(2^{−js}). 2 State of the problem When wavelets are applied to solving differential equations in the framework of the Galerkin methods (or the more general methods of minimal residual), numerical quadrature rules are the fundamental construction blocks. Following the work by Beylkin, Coifman and Rokhlin [5], there are one-point and multi-point quadrature rules. The one-point rules are based on the Taylor’s expansion and the multi-point rules are based on the polynomial interpolations. The former has a fixed, but very attractive, order; the latter may have higher order if more points are used.

For the multi-point rules, we need the values of quadratures involving polynomials. We will use scaling equations to derive formulae of quadratures involving polynomials and scaling/wavelet functions with compact supports. It turns out that with a few parameters, which are theoretically exact, these quadratures can be evaluated with algebraic formulae instead of numerical approximations. Those parameters can be obtained with high precision by solving well-conditioned linear systems of equations which involve matrices already seen in the literature of wavelets for other purposes.

In the discretization of a differential equation by Galerkin methods, the fundamental building blocks of the stiffness or mass matrices are the L^2-inner products of the coefficients and the basis functions, in our case scaling and wavelet functions.

For a linear problem, we will be involved with the integrals of the following forms:

(2.1) ∫ f(x) ϕ_{jk}(x) dx

(2.2) ∫ f(x) ϕ_{jk}(x) ϕ_{ℓm}(x) dx

(2.3) ∫ f(x) ϕ^′_{jk}(x) ϕ_{ℓm}(x) dx and (2.4) ∫ f(x) ϕ^′_{jk}(x) ϕ^′_{ℓm}(x) dx In each instance of ϕ, one may replace it with ψ. Recall that (2.1) is needed for the right-hand-side vector; and are needed for the construction of stiffness and mass matrices respectively; and will appear if the problem is nonsymmetric.

If the problem is nonlinear, we will have even longer integrands like

(2.5) ∫ f(x) ϕ_{jk} ϕ_{lm} ϕ_{st} dx and (2.6) ∫ f(x) ϕ_{jk} ϕ_{lm} ϕ_{st} ϕ_{uv} dx. Similarly, each instance of ϕ may be replaced by ψ or their derivatives. 3 Reduction of computations Reducing the computations involving wavelets to the manipulation of c_k is a general strategy. It is sought for every kind of application for wavelets. Examples have been seen from the plotting of ϕ(x) and ψ(x) and their derivatives (in the classical sense) to numerical algorithms [5] and signal decomposition [28], among others.

There seems to have a lot of cases in –(2.6). We will reduce these forms to some simple ones. They are not only theoretically feasible, but also computationally implementable.

The first reduction is to assert that only rules for ϕ’s are necessary. It is because of the construction of ψ from ϕ in (1.2). Clearly all instances of ψ_{jk} can be replaced with ϕ_{ℓm}.

Then we observe that, if ϕ ∈ C^s, ϕ^{(s)}(x) also satisfies a scaling equation similar to (1.1). That is, (3.1) ϕ^{(s)}(x) = ∑ k 2^s c_kϕ(2x − k).

Thus the techniques involving (1.1) that are applied to the quadratures without the derivatives can be applied to those with derivatives in general. For instance, we will see that they correspond to eigenvectors associated with different eigenvalues. Therefore, at this moment, we shall omit the cases with derivatives; and come back to them after the opposite cases are resolved.

For (2.1), after a proper change of variable we have the integral

(3.2) ∫ f(x)ϕ(x) dx. For (2.2), we should first check if ϕ_{jk} and ϕ_{ℓm} have nonzero common supports. Note that the support of ϕ_{jk}(x) (and its derivatives) is [ k 2^j , ℓ + k 2^j ]. It is easy to implement a logical function to check for this condition.

If there is a nonempty intersection, we have some real work to do. We will first bring the level of ϕ(x) up to j (where j = 0 is a special case). This can be done by recursively apply the scaling equation (1.1). In general, if we already have

ϕ(x) = N_j�1∑

n=0 α_{j−1,n}ϕ(2^{j−1}x − n) ∈ V_{j−1}, we can represent the same function in V_j by applying (1.1) to each ϕ(2^{j−1}x − n). Formally we have

ϕ(x) = ∑ m ( ∑ n α_nc_{m−2n} ) ϕ(2^j x − m) ∈ V_j.

It can be written in a vector-matrix language:

( α_{j−1,0} α_{j−1,1} · · · α_{j−1,N} ) c_0 c_1 · · · c_ℓ c_0 c_1 · · · c_ℓ c_0 c_1 · · · c_ℓ ... c_0 c_1 · · · c_ℓ N+1×(2N+ℓ+1) The above multiplication can be implemented in an O(N) algorithm. In fact, since the representation of ϕ(x) in V_j will be used frequently in a project, it makes more sense to compute and store all of these values for a table-lookup.

With this change-of-level, we can move all the levels up to the highest one. In particular, with a proper change of variable, (2.2) can be reduced to

(3.3) ∫ f(x)ϕ(x)ϕ(x − k) dx. Similarly, (2.5) and (2.6) are reduced to

(3.4) ∫ f(x) ϕ(x) ϕ(x − k) ϕ(x − m) dx and (3.5) ∫ f(x) ϕ(x) ϕ(x − k) ϕ(x − m) ϕ(x − s) dx. Note that this technique is also applicable, with little modification, to ϕ^{(s)} because of (3.1).

A general strategy is recommanded as follows. If f(x) is a polynomial, raise ϕ’s at different levels to the highest one, change variable and find the values by methods in Sections 5–7. In fact for the common used wavelets, those values should be stored. If f(x) is a general smooth function, apply the one or multi-point rules in Sections 4 and 8. Since the accuracy depend on the length of common supports of the involved ϕ’s (that is, the width of the integration limits), we may need to raise the level high enough before the rules are applied. Then the original integral at a lower level can be reconstructed by a fast pyramid algorithm based on the scaling equation (1.1). 4 The one-point rule The one-point rule in principle can be applied to (2.1) and (2.2). However, there is a special advantage on its accuracy for the integral (2.1).

We do not reduce (2.1) to (3.2) when the one-point rule is applied. Conversely, we try to raise the level j to high enough; that is, the suppϕ_{jk} is small (like O(2^{−j} )). By the scaling equation (1.1) we can reconstruct an integral with low level ϕ by a fast transform from the integrals with high levels. The computational complexity is as usual depends on the “mesh size” (now O(2^{−j} )) and number of function evaluations (now O(2^j )).

The family of one-point rules are derived from the Taylor expansion of f(x), if exist. Since ∫ f(x)ϕ_{jk}(x) dx = 1 √ 2^j ∫ f( x + k 2^j )ϕ(x) dx. We expand f centered at the point^{k+τ}_{2j} : f( x + k 2^j

) = f( k + τ 2^j ) + N−1∑ n=1 1 n! f^{(n)}( k + τ 2^j )( x − τ 2^j

)^n + 1 N! f^{(N)}(ξ_x)( x − τ 2^j

)^N

If ∫ (x − τ)^nϕ(x) dx = 0, for 1 ≤ n ≤ N − 1, then we have the one-point quadrature rule

(4.1) ∫ f(x)ϕ_{jk}(x) dx ≈ 1 √ 2^j f( k + τ 2^j ); with the approximation error being

(4.2) 1 N! 2^{−j(N+1/2)} ∫ f^{(N)}(ξ_x)(x − τ)^N ϕ(x) dx. For the original scaling function of order p by Daubechies, the best choice is to take τ = M^p_1 := ∫ xϕ dx. (See Section 5.) For each p there can be only one vanishing “shifted” moment.

Thus we have N = 2 in (4.2) and (4.1) is a second order quadrature rule. However, Sweldens and Piessens [36] found that, for p ≥ 2, actually

M^p_2 = (M^p_1 )^2 .

Therefore ∫ (x − M^p_1 )^2ϕ(x) dx = M^p_2 − 2(M^p_1 )^2 + (M^p_1 )^2 = 0.

Hence, with the choice τ = M^p_1 , the one-point quadrature rule (4.1) is actually a third order scheme.

However, computations show that M^p_1 ≈ 0.2(p + 1), which is roughly a fixed number around 1. Then (4.2) indicates that, when j is not large enough but |k| is large (ϕ_{jk}(x) is far away from the “center”), the constant term in the error may be severe. A mathematical translation may be necessary before performing the numerical quadrature rules.

Answering the request of Coifman, Daubechies designed another set of compactly supported wavelets and scaling functions, now called coiflets by some colleagues. For each p ≥ 2, there are 3p nonzero scaling coefficients for the coiflet. In addition to the properties from the original set of wavelets, the coiflets have ∫ (x − τ_p)^nϕ(x) dx = 0, for 1 ≤ n ≤ p − 1. Coefficients c_0, . . ., c_{3p−1} can be solved by the original set of equations plus the following set: ∑ k c_k(k − τ_p)^m = 0, for 1 ≤ m ≤ p − 1.

Numerical values of c_k together with τ_p, for p = 2, 4 and 6 are listed in [5].

If coiflets are chosen for the numerical computations, the one-point quadrature rules (4.1) are of order p. For p ≥ 4, they have an advantage to the original Daubechies’ wavelets. However, the cost is at least a 50% increase of operation counts.

5 Integrals with polynomials We now consider the case of (3.2) when f(x) is a polynomial. In particular, we need the following parameters: M^p_m = ∫ x^mϕ(x) dx A number of colleagues [15, 36, 33] have found the following identity independently.

(5.1) M^p_m = 1 2(2^m − 1) ∑ k c_k m∑ ℓ=1 ( m ℓ ) M^p_{m−ℓ} k^ℓ

This recursion relation starts from M^p_0 = ∫ ϕ dx = 1, for any p ≥ 1. The recursion (5.1) should not be confused with that by Beylkin et al. [5, p. 179]; the former is a “closed form” formula and the later defines a convergent sequence.

As an immediate application, we can construct the polynomials determined by

P_m(x) = ∑ k k^mϕ(x − k).

For 0 ≤ m ≤ p − 1, we have

x^m = ∑ k M^p_{m,k}ϕ(x − k)

= ∑ k (^m∑ ℓ=0 ( m ℓ ) k^ℓM^p_{m−ℓ} ) ϕ(x − k)

= m−1∑ ℓ=0 ( m ℓ ) M^p_{m−ℓ} ∑ k k^ℓϕ(x − k) + ∑ k k^mϕ(x − k).

Thus

P_m(x) = x^m − m−1∑ ℓ=0 ( m ℓ ) M^p_{m−ℓ}P_ℓ(x). Since P_0(x) = 1, we see that P_m(x) is a polynomial of degree m. Conversely, given any polynomial q(x) of degree m ≤ p−1, there is a polynomial r(x) of the same degree that q(x) = ∑ r(k)ϕ(x−k). We now proceed to a digression on the integrals with fixed bounded limits. In this case the quadrature values are reduced to linear algebraic problems. We illustrate the situation by the integrals N^p_{m,k} = ∫_∞ 0 x^mϕ(x − k) dx. For the translation parameters k ≤ 1 − 2p, the integrals are zero. For k ≥ 0, integration over [0, ∞) is the same as over R. Thus N^p_{m,k} = M^p_{m,k}. We now concentrate on the cases that 2 − 2p ≤ k ≤ −1.

Again, we start from (1.1) with a changing of variable:

(5.2) ∫_∞ 0 x^mϕ(x − k) dx = 1 2^{m+1} ∑ ℓ c_ℓ ∫_∞ 0 x^mϕ(x − (2k + ℓ)) dx.

If 1 − p ≤ k ≤ −1; that is, over half of the support is still inside of [0, ∞). Then the supports of ϕ(x − (2k + ℓ)), for −2k ≤ ℓ ≤ 2p − 1, actually lies entirely in [0, ∞). That means, for these ℓ, the integrals on the right hand side of (5.2) can be evaluated as in Section 3. Over all, we have N^p_{m,k} = 1 2^{m+1} [ ∑ ℓ<−2k c_ℓN^p_{m,2k+ℓ} + ∑ ℓ≥−2k c_ℓM^p_{m,2k+ℓ} ] . Suppose the part of ℓ ≥ −2k is known, we have a linear system in N^p_{m,k}.

Given a p ≥ 2 (there is nothing to do with p = 1) and fix an m ≥ 0, we have unknowns N^p_{m,k} for 2 − 2p ≤ k ≤ −1. Now let x_k = N^p_{m,−k} ,

b_k = 1 2^{m+1} 2p−1∑ ℓ=2k c_ℓM^p_{m,ℓ−2k} , k = 1, 2, . . ., 2p − 2.

Let b = (b_k)^T and A = (a_{kℓ}) be the matrix of order 2p − 2 such that a_{kℓ} = c_{2k−ℓ}. Then x = (x_k)^T is the solution of the system (I − 1 2^{m+1} A) x = b. Note that A is independent of m and it is a finite submatrix of the low pass filter matrix L defined in [34], in which it is also shown that A has an eigenvalue λ = 1 with an associated eigenvector (ϕ(1), ϕ(2), . . ., ϕ(2p − 2))^T . Here we claim another property for A.

Proposition 5.1. Let A be the matrix defined above. ‖ · ‖_2 be the matrix norm induced by the Euclidean norm. We have ‖A‖_2 ≤ √ 2. Thus, for any m ≥ 0 and p ≥ 2, the Neumann series

(5.3) ∞∑ n=0 ( 1 2^{m+1} A)^n is an efficient method for computing the inverse of I −^1_{2m+1} A. We have prepared values for 2 ≤ p ≤ 14 and 0 ≤ m ≤ 14. The iterations are computed in quartic precision with the stop criterion being that the ℓ^2-norm of error < 10^{−24}. 6 Linear systems of equations In the last section we have seen a conversion of integration problem into a linear system of equations which involve only with the scaling coefficients c_k of the wavelets. In fact this is a common situation for other similar kinds of integrals. Let us start with (3.3) with polynomials: L^p_{m,k} = ∫ x^mϕ(x)ϕ(x − k) dx Since L^p_{0,k} = δ_{0k} , we start from m = 1. The support of ϕ(x) of order p is [0, 2p − 1], hence for each p ≥ 1 and m ≥ 1, we have unknowns L^p_{m,k} for 2 − 2p ≤ k ≤ 2p − 2. Then

(6.1) L^p_{m,k} = ∫ x^m ∑ n c_nϕ(2x − n) ∑ ℓ c_ℓϕ(2x − 2k − ℓ) dx =^1_2 ∑ n,ℓ c_nc_ℓ ∫ (^{x+n}_2 )^mϕ(x)ϕ(x + n − 2k − ℓ) dx = 1 2^{m+1} [∑ n,ℓ c_nc_ℓL^p_{m,2k+ℓ−n} + ∑ n,ℓ c_nc_ℓ m∑ r=1 ( m r ) n^rL_{m−r,2k+ℓ−n} ] .

The problem is recursively equivalent to a system of linear equations

(6.2) (I − 1 2^{m+1} A)x = b. Let N = 2p − 2, then x = (L^p_{m,−N} , . . ., L^p_{m,N} )^T , b = (b_k) and A = (a_{kj} ) with

b_k = 1 2^{m+1} 2p−1∑ n=1 c_n ℓ2∑ ℓ=ℓ1 c_ℓ m∑ r=1 ( m r ) n^rL^p_{m−r,2k+ℓ−n} , where { ℓ_1 = max{n − 2k − N, 0}, ℓ_2 = min{n − 2k + N, 2p − 1} and a_{kj} = ∑ n c_nc_{n+j−2k} , −N ≤ j, k ≤ N. This matrix A was considered by Lawton [25] for a sufficient and necessary condition on c_k (and

hence m_0(ξ)) for constructing orthonormal wavelets basis. It is noted that A has an eigenvalue 2

with an associated eigenvector v = (δ_{0k} ). The condition is that 2 is a nondefective eigenvalue of A.

Daubechies [18] summerized it as one of the three equivalent conditions.

Since ϕ(x) is infinitely many times differentiable as p → ∞, differentiate (1.1) to have

ϕ^{(s)}(x) = 2^s ∑ k c_kϕ^{(s)}(2x − k).

Apply this equation into ∫ ϕ(x)ϕ^{(s)}(x − k) dx and repeat the steps in (6.1), we find that the matrix

A = A(p) will asymptotically have eigenvalues 2, 1,^1_2 ,^1_4 , . . ., as p → ∞.

Actually A has a simple pattern. On the even-numbered columns, by , all entries are 0 except

a_{k,2k} = 2. On the odd-numbered columns all entries are 0 except for ⌈^{j−2p}_2 ⌉ ≤ k ≤ ⌊^{j+2p}_2 ⌋, which

is the 2p-element vector

h =

∑ k c_kc_{k+(2p−1)} . . ∑ k c_kc_{k+3} ∑ k c_kc_{k+1} ∑ k c_kc_{k+1} ∑ k c_kc_{k+3} . . ∑ k c_kc_{k+(2p−1)}

=

∫ ϕ(x)ϕ(x −^{2p−1}_2 ) dx . . ∫ ϕ(x)ϕ(x −^3_2 ) dx ∫ ϕ(x)ϕ(x −^1_2 ) dx ∫ ϕ(x)ϕ(x −^1_2 ) dx ∫ ϕ(x)ϕ(x −^3_2 ) dx . . ∫ ϕ(x)ϕ(x −^{2p−1}_2 ) dx

.

Proposition 6.1. Let A be the matrix defined in this section. ‖ · ‖_2 be the matrix norm

induced by the Euclidean norm. We have ‖A‖_2 ≤ 2 √ 2.

Fortunately the linear system (6.2) is not needed for m = 0 (actually b = 0 and I −^1_2 A is

singular). Hence for all cases with p ≥ 2 (p = 1 is an empty case) and m ≤ 1, equation (6.2) can

be solved by the Neumann series (5.3).

7 Eigenproblems By (3.1), the computations of ∫ x^mϕ^′(x)ϕ(x − k) dx and ∫ x^mϕ^′(x)ϕ^′(x − k) dx can be done essentially the same way as that for L^p_{m,k} . The exception is in the case of m = 0. Here we do not have the orthogonality of the translates of ϕ. For simplicity of presentation, let us abuse the notations and define M_k := ∫ ϕ^′(x)ϕ(x − k) dx. First of all, ∫ ϕ^′(x)ϕ(x) dx = ∫ ϕ(x) dϕ(x) = − ∫ ϕ^′(x)ϕ(x) dx. Thus M_0 = 0. Similarly we have M_k = −M_{−k} . And by the compact supportness, we only have to compute M_k for 1 ≤ k ≤ ℓ − 1.

It is easy to check that M_k form an eigenvector of A associated with eigenvalue 1, where A is the matrix defined in (6.2).

It is interesting to see how the eigenvectors are normalized? We do not know the norm of the wanted eigenvectors. The technique used by Strang [34] to calculate the dyadic values of scaling functions do not work in this case. Because there the entries in the eigenvector sum up to 1 ( ∑ k ϕ(x − k) = 1) but here of entries in the eigenvectors sum up to 0 ( ∑ k M_k = 0).

By the remark after (5.1), we have ∑ k k^mϕ(x − k) = a monic polynomial of degree m,

for 0 ≤ m ≤ p − 1. Thus, for p ≥ 2 (this is not a restriction in our case, since the C^1 wavelets are having orders p ≥ 3), we have ∑ kϕ(x − k) = x + b. Multiply ϕ^′(x) on both sides and perform an integration by parts on the right hand side, we have ∑ k kM_k = −1. For the integral with two derivatives,

N_k := ∫ ϕ^′(x)ϕ^′(x − k) dx, we apply the same trick to normalize the eigenvector. Now it is associated with eigenvalue 1/2. That is, for p ≥ 3 (this is not a restriction either), we have ∑ k k^2ϕ(x−k) = x^2 +ax+b. Differentiate the equation once and multiply ϕ^′(x) on both sides, perform the integration by parts will give us the desired formula ∑ k k^2N_k = −2!.

When the values for m = 0 are determined, the integrals with m > 0 can be solved by linear systems similar to (6.1). But, for smaller m, the Neumann series methods may not be applied.

However, there is a problem with existence and uniqueness of the required eigenvalues of the matrix A in (6.2). This problem is asserted in general (for wavelets of compact supports) by

Dahmen and Micchelli [15], with a tool from the field of approximation theory (in fact, developed before the wavelets appeared). Essentially they say that if the scaling function is differentiable then the eigenvalues in question exist and are unique. In their theory the scaling coefficients are the elements of a mask and the scaling equation is implemented by a subdivision operator. Daubechies’ cascade algorithm is corresponding to their convergent stationary subdivision scheme.

An extension of this eigenproblem to the cases like (3.4) and (3.5) is also derived in [15], we will see in the last section. 8 The multi-point rules The preparation of the integrals with f(x) being polynomials makes more sense when they are applied to determine the parameters for multi-point quadrature rules by Beylkin, Coifman and Rokhlin [5]. This scheme is derived from the idea of polynomial interpolations.

Let us compute, for each p and M, the quadrature coefficients α^p_m such that

(8.1) M^p_ℓ = M−1∑ m=0 α^p_mm^ℓ, for 0 ≤ ℓ ≤ M − 1

(define 0^0 = 1). For these coefficients,

(8.2) ∫ x^ℓϕ_{jk}(x) dx = 1 √ 2^j M−1∑ m=0 α^p_m( k + m 2^j

)^ℓ,

for any 0 ≤ ℓ ≤ M − 1. That is, the approximation

(8.3) ∫ f(x)ϕ_{jk}(x) dx ≈ 1 √ 2^j M−1∑ m=0 α^p_mf( k + m 2^j ) is exact for any polynomial of degree ≤ M − 1. (There is a mistake in the original paper.)

Actually the formula (8.3) chooses nodal points x_m = 2^{−j} (k + m), for 0 ≤ m ≤ M − 1. Let p_M (x) be the interpolation polynomial of degree ≤ M − 1 for f(x) at these nodal points, then

f(x) = p_M (x) + 1 M! f^{(M)}(ξ_x) M−1∏ m=0 (x − x_m), if f ∈ C^M (suppϕ_{jk}). Therefore the error of the quadrature rule (8.3) is

(8.4) 2^{−j(M+1/2)} 1 M! ∫ f^{(M)}(ξ_x) M−1∏ m=0 (x − x_m)ϕ(x) dx. Here ξ_x is assumed to have properly modified with the change of variables. Hence (8.3) is an order M method.

Note that the multi-point rules (8.3) do not reduce to the one-point rule (4.1) when M = 1, which is ∫ f(x)ϕ_{jk}(x) dx ≈ 1 √ 2^j f( k 2^j ) (note that c_0 = ∫ ϕ(x) dx = 1). This is a first order method instead of a third-order method for the one-point rule. Theoretically, multi-point methods of this kind must have M ≥ 4 to perform better than the one-point rule.

Recall that suppϕ_{jk} = [2^{−j} k, 2^{−j} (k + 2p − 1)].

There are two problems with the nodal points for (8.3). First, if M > 2p, the points x_m might fall out of the support of ϕ_{jk} . For some problems f(x) may not be defined out there. Choices are either an extrapolation or a lower order method. Secondly we note that, for smaller M, the nodal points x_m are gathered on the left hand side of the support. This need not be a severe problem since the interpolation error is larger near the right hand side of suppϕ_{jk} where ϕ_{jk}(x) itself is usually very small.

However, Sweldens and Piessens [36] have addressed both of the problems. On the one hand, they shorten the distance between nodal points to raise the order M for a fixed p, while keeping all points within the support of ϕ_{jk}. On the other hand they introduce one shift parameter to move the set of equally spaced nodal points to an optimal position and raise the approximation order by one.

Technically, (8.1) is modified to

(8.5) M^p_ℓ = M−1∑ m=0 α^{p,s}_m ( m 2^s + τ_{p,s})^ℓ, for 0 ≤ ℓ ≤ M, for some prescribed integer s ≥ 0. There are now M + 1 variables to solve: α^{p,s}_m and τ_{p,s}. To insure that the points 2^{−s}m + τ_{p,s} lie in [0, 2p − 1], there are constraints for τ_{p,s} and s: M − 1 2^s < 2p − 1, 0 ≤ τ_{p,s} ≤ 2p − 1 − M − 1 2^s . Because of these constraints, there may not have a solution for each triplet (p, M, s). When there is a solution, the quadrature rule ∫ f(x)ϕ_{jk}(x) dx ≈ 1 √ 2^j M−1∑ m=0 α^{p,s}_m f( k + 2^{−s}m + τ_{p,s} 2^j ) is exact for polynomials of degree ≤ M, hence it is an order M + 1 method.

The system of nonlinear equations (8.5) (in τ_{p,s}) is highly ill-conditioned. Sweldens and Piessens provide an alternative by requiring that Chebyshev polynomials of degree ≤ M are exactly integrated. Algorithms are provided in [36].

The multi-point methods can be derived in the same idea as (8.2) to the integrals of the forms (2.2)–(2.6). In this case we shall raise the levels to a same height. Then for each kind of combination of the common supports, we will need a set of parameters and nodal points. For instance the nodal points for ∫ f(x)ϕ^2(x) dx should be around [0, 1] but those for ∫ f(x)ϕ(x)ϕ(x − 2) dx should be around [2, 3].

When the integrals are evaluated on a finite interval, some ϕ_{jk} may “cross the boundary.” The basic schemes of the multi-point rule do not address directly on this issue. However, it can be modified with the same spirit. For instance we first evaluate the integral ∫_∞ 0 x^mϕ(x) dx, including the case of m = 0. Then supply the results to compute the quadrature coefficients.

As the wavelets on closed intervals are getting widely applied, the boundary may no longer impose any difficulties.

9 More linear systems Now we shall come back to the integrals with more integrands like those in (2.5) and (2.6). The basic forms are those with polynomials. For those we can consider the reduced forms like (3.4) and (3.5), with f(x) = x^m. One will find that the case with m = 0 can be solved as an eigenproblem as in Section 7 and the rest of them can be solved by linear systems of the same matrices like those in Section 6. Only now the matrices are more complicated.

Let us start with m = 0 and construct the associated matrix. Following the notations of Dahmen and Micchelli [15], suppose that ϕ_i(x), 0 ≤ i ≤ n, are scaling functions (recall (3.1)) such that ϕ_i(x) = ∑ k c_i(k)ϕ_i(2x − k). For each (k_1, . . ., k_n) ∈^n, define H(k_1, . . ., k_n) = ∫ ϕ_0(x)ϕ_1(x − k_1) . . .ϕ_n(x − k_n) dx.

Then we have H(k_1, . . ., k_n) = ∑ (ℓ_1,...,ℓ_n) a_{2k1−ℓ1,...,2kn −ℓn} H(ℓ_1, . . ., ℓ_n), where (9.1) a_{k1,...,kn} = 1 2 ∑ ℓ c_0(ℓ) (^n∏ i=1 c_i(ℓ − k_i) ) . If ϕ_i(x) are either ϕ(x) or its derivative, we see that basicly the matrix is that constructed with c^i(k) in (9.1) replaced by c_k. The derivatives involved will contribute a factor 2^s to the matrix. Hence for the case of m = 0 it is an eigenproblem, whose existence and uniqueness is guaranteed if ϕ is smooth enough. For higher m we will have a linear system of equations similar to (6.2), involving the same matrix here.

The multipoint scheme can be derived for general smooth functions f(x). If it is too complicated to determine each case for all the combinations of ϕ_{jk}’s, it may be feasible now to first approximate f(x) by a polynomial interpolation. Then approximate the integral by the interpolation polynomial. Theoretically the result is the same as a multi-point method.

In practice, one might question the efficiency of this complicated construction of matrices. Of course one can always choose the brutal force method: Evaluate ϕ(x) to fine enough resolution, multiply its pointwise values with f(x) and apply the traditional trapezoidal or Simpson rules. As we mentioned in Section 7, Strang [34] has a method to determine the values of ϕ(x) at integers. It is an eigenproblem. Together with the techniques in Section 7 to normalize the eigenvectors formed by M_k and N_k, we can also determine the values of ϕ^{(s)}(x), if continuous, at integers. Once the integral values are settled, the scaling equation (1.1) can be applied to find the dyadic values (those at k/2^d).

Experiments show that the brutal force methods, although theoretically clumsy, may not be a problem for today’s workstations in terms of the large data arrays and high number of operations. However, since the linear algebraic approaches are theoretically exact and the involved matrices are very small in today’s scale, we have very reliable tools to solve the systems or eigenvectors. Therefore the brutal force methods are usually not as accurate as the linear algebraic methods. An example is that, with p = 4, using roughly 2^{11} data points, the trapezoidal rule got ∫ ϕ^′(x)ϕ(x) dx at the scale of 10^{−4}, while the answer should be 0.

REFERENCES

[1] B. K. Alpert, Construction of simple multiscale bases for fast matrix operations, in “Wavelets and their applications,” Jones and Barlett Publishers, Boston, 1992, pp. 211–226.

[2] L. Andersson, N. Hall, B. Jawerth and G. Peters, Wavelets on closed subsets of the real line, preprint.

[3] E. Bacry, S. Mallat and G. Papanicolaou, A wavelet based space-time adaptive numerical method for partial differential equations, RAIRO Math Modelling Numer. Anal., 26 (1992), pp. 793–834.

[4] G. Battle, Wavelets: A renormalization group point of view, in “Wavelets and their applications,” Jones and Barlett Publishers, Boston, 1992, pp. 323–349.

[5] G. Beylkin, R. Coifman and V. Rokhlin, Fast wavelet transforms and numerical algorithms, I, Comm. Pure Appl. Math., 44 (1991), pp. 141–183.

[6] G. Beylkin, R. Coifman and V. Rokhlin, Wavelets in numerical analysis, in “Wavelets and their applications,” Jones and Barlett Publishers, Boston, 1992, pp. 181–210.

[7] A. P. Calderón, Intermediate spaces and interpolation, the complex method, Studia Math., 24 (1964), pp. 113–190.

[8] I-L. Chern, M.-H. Chou and W.-C. Shann, Wavelets and multiscale computational methods, Project Report NSC 83-0208-M-008-052, November, 1993.

[9] C. K. Chui and J. Z. Wang, A cardinal spline approach to wavelets, Proc. Amer. Math.

Soc., 113 (1991), pp. 785–793.

[10] C. K. Chui and J. Z. Wang, On compactly supported spline wavelets and a duality principle, Trans. Amer. Math. Soc., 330 (1992), pp. 903–916.

[11] A. Cohen, I. Daubechies, B. Jawerth and P. Vial, Multiresolution analysis, wavelets and fast algorithms on the interval, C. R. Acad. Sci. Paris, Série I, 316 (1993), pp. 417–421.

[12] R. Coifman, Y. Meyer, S. Quake and V. Wickerhauser, Signal processing and compression with wavelet packets, preprint, Numerical Algorithms Research Group, Yale University, 1990.

[13] R. Coifman, Y. Meyer and V. Wickerhauser, Wavelet analysis and signal processing, in “Wavelets and their applications,” Jones and Barlett Publishers, Boston, 1992, pp. 153–178.

[14] R. Coifman and G. Weiss, “Analyse Harmonique non commutative sur certains espaces homogènes,” Springer-Verlag, Berlin, 1971.

[15] W. Dahmen and C. A. Micchelli, Using the refinement equation for evaluating integrals of wavelets, SIAM J. Num. Anal., 30 (1993), pp. 507–537.

[16] I. Daubechies, Orthonormal bases of compactly supported wavelets, Comm. Pure Appl. Math., 41 (1988), pp. 909–996.

[17] I. Daubechies, The wavelet transform, time-frequency localization and signal analysis, IEEE Trans. Info. Theory, 36 (1990), pp. 961–1005.

[18] I. Daubechies, “Ten lectures on wavelets,” SIAM, Philadelphia, 1992. [19] D. L. Donoho and I. M. Johnstone, Minimax estimation via wavelet shrinkage, Technical Report, Department of Statistics, Stanford University, 1992.

[20] R. Glowinski, W. M. Lawton, M. Ravachol and E. Tenenbaum, Wavelets solution of linear and nonlinear elliptic, parabolic and hyperbolic problems in one space dimension, in “Computing methods in applied sciences and engineering,” SIAM, Philadelphia, 1990, pp. 55–120.

[21] P. Goupillaud, A. Grossmann and J. Morlet, Cycle-octave and related transforms in seismic signal analysis, Geoexploration, 23 (1984/85), pp. 85–102.

[22] A. Grossmann and J. Morlet, Decomposition of Hardy functions into square integrable wavelets of constant shape, SIAM J. Math., 15 (1984), pp. 723–736.

[23] A. Haar, Zur Theorie der orthogonalen Funktionensysteme, Math. Ann., 69 (1910), pp. 331– 371.

[24] S. Jaffard, Wavelet methods for fast resolution of elliptic problems, SIAM J. Numer. Anal., 29 (1992), pp. 965–986.

[25] W. Lawton, Necessary and sufficient conditions for constructing orthonormal wavelet bases, J. Math. Phys., 32 (1991), pp. 57–61.

[26] J. S. Liénard, “Speech analysis and reconstruction using short-time, elementary waveforms,” LIMSI-CNRS, Orsay, France.

[27] Y. Maday, V. Perrier and J.-C. Ravel, Adaptativité dynamique sur bases d’ondelettes pour l’approximation d’équations aux dérivées partielles, C. R. Acad. Sci. Paris, Série I, 312 (1991), pp. 405–410.

[28] S. Mallat, Multiresolution approximations and wavelet orthonormal bases of L^2(R), Trans.

Amer. Math. Soc., 315 (1989), pp. 69–87.

[29] S. Mallat, Multifrequency channel decompositions of images and wavelet models, IEEE Trans.

Acoust. Speech Signal Process, 37 (1989), pp. 2091–2110.

[30] Y. Meyer, “Principe d’incertitude, bases hilbertiennes et algebres d’operateurs,” Bourbaki Seminar, no. 662, 1985.

[31] Y. Meyer, Ondelettes sur l’intervalle, Rev. Math. Iberoamer. to appear. [32] Y. Meyer, “Ondelettes et opérateurs, I. Ondelettes,” Hermann, Paris, 1990. [33] W.-C. Shann and J.-C. Yan, Quadratures involving polynomials and Daubechies’ wavelets, Technical Report 9301, Department of Mathematics, National Central University, 1993.

[34] G. Strang, Wavelets and dilation equations: A brief introduction, SIAM Review, 31 (1989), pp. 614–627.

[35] J. Strömberg, A modified Franklin system and higher-order systems of R^n as unconditional bases for Hardy spaces, in “Conference on harmonic analysis in honor of Antoni Zygmund,” Wadsworth, Belmont, 1983, pp. 475–493.

[36] W. Sweldens and R. Piessens, Quadrature formulae for the calculation of the wavelet decomposition, preprint, obtained from ftp, 1993.

[37] J. Xu and W. Shann, Galerkin-wavelets methods for two-point boundary value problems, Numer. Math., 63 (1992), pp. 123–144.