COHEN’S CYCLES AND ORTHONORMAL SCALING FUNCTIONS^∗ WEI-CHANG SHANN^1 AND CHIEN-CHANG YEN^2

Abstract. There is a set of equivalence conditions for the orthonormality of the scaling functions. Among them, there is the Cohen’s cycle condition. We will give more criteria for this condition: If the corresponding filter characteristic function has no zeros in certain closed intervals, then there are finitely many points to be checked for the validity of Cohen’s cycle condition. However, these closed intervals cannot be made arbitrarily small.

Key words. orthogonal scaling function of compact support, Cohen’s cycle

Subject classifications: AMS(MOS): 42C05, 05A99, 68R99

1. Introduction. A function ϕ(x) ∈ L^2(R) that satisfies

(1.1) ϕ(x) = ∑ k c_kϕ(2x − k)

with ∫ ϕ dx = 1 is called a scaling function with the scaling coefficients c_k. Suppose that ϕ(x) are compactly supported, and the coefficients c_k are nonzero only for 0 ≤ k ≤ N (for some integer N). Let m_0(ξ) = 1 2 ∑ k c_k e^{ikξ} be the corresponding filter characteristic function for ϕ(x). Then m_0(ξ) is a 2π-periodic trigonometric polynomial.

In order to build a family of wavelets of compact supports, Daubechies [3] started with the study of the characteristic function m_0(ξ). Assume that m_0(ξ) is a 2π-periodic trigonometric polynomial satisfying |m_0(ξ)|^2 + |m_0(ξ + π)|^2 = 1, m_0(0) = 1, and having a factor ( 1 + e^{iξ} 2 )^p,

for some integer p ≥ 1. It is summarized in Daubechies’ “Ten Lectures” [4] that, with one of a few equivalence conditions (to be described below) the function ϕ(x) defined by the inverse Fourier transform of ϕ̂(ξ) =^∞ ∏ j=1 m_0( ξ 2^j ) is a compactly supported L^2-function that satisfies (1.1) and {ϕ(x − k)} is an orthonormal set. Here ϕ̂(ξ) is the Fourier transform of ϕ(x), that is,

ϕ̂(ξ) = ∫ ϕ(x)e^{−ixξ} dx. ∗ Technical Report 9703, Department of Mathematics, National Central University, Taiwan. May 12, 1997.

1 Department of Mathematics, National Central University, Chung-Li, Taiwan, R.O.C. This work was supported by the National Science Council in Taiwan; grant # 83-0208-M-008-052. E-mail address: shann@math.ncu.edu.tw.

2 Department of Mathematics, National Taiwan University, Taipei, Taiwan, R.O.C. E-mail address: yccen@math.ntu.edu.tw

2 W. Shann and C. Yen

When such a ϕ(x) is determined, the subspaces V_j = span{ √ 2^j ϕ(2^j x − k) : k ∈ Z}, for j ∈ Z, form a multiresolution approximation of L^2(R) and the functions √ 2^j ψ(2^jx − k), for j, k ∈ Z, constitute an orthonormal basis for L^2(R). Here ψ(x) = ∑ k (−1)^kc_{1−k} ϕ(2x − k), it is called a wavelet.

We now proceed to state the equivalent statements. The first statement is itself a set of equivalences:

{ϕ(x − k)} orthonormal ⇐⇒ { √ 2^j ψ(2^jx − k)} orthonormal ⇐⇒ ‖ψ(x)‖_L2 = 1 ⇐⇒ ∑ k |ϕ̂(ξ + 2kπ)|^2 = 1 (O)

Define α_ℓ = ∫ ϕ(x)ϕ(x − ℓ) dx. Then, by (1.1) we have

α_ℓ = 1 2 ∑ m ( ∑ k c_kc_{m−2ℓ+k} ) α_m. Define the square matrix A =^1_2 (a_{ℓm}) of proper dimension with a_{ℓm} = ∑ k c_kc_{m−2ℓ+k} . We see that (α_ℓ) forms an eigenvector of A associated with eigenvalue 1. The following statement is by Lawton [6]:

λ = 1 is a nondegenerate eigenvalue of A (E) Let K ∈ R be a compact set such that (1) the measure of K is 2π, (2) 0 is in the interior of K, and (3) for any x ∈ [−π, π] there is an integer ℓ such that x + 2ℓπ ∈ K. Note that K is actually a cut and shift-and-paste of the interval [−π, π]. The following statement is by Cohen [1]:

There is such a K that |m_0(ξ)| has no zeros on 1 2^m

K, for m ≥ 1 (K)

Given an element ξ ∈ [−π, π], let τ be the operator that τξ = 2ξ (mod 2π). In the following, given a real number ξ, let [ξ] be the (unique) number in [−π, π) such that [ξ] = ξ (mod 2π). In other words, τξ = [2ξ]. We now define the τ-cycle of length k.

Definition 1.1. The set ¸ = {ξ_i | ξ_i ∈ [−π, π), 0 ≤ i ≤ k − 1} is a τ-cycle of length k if (1) ξ_{i+1} = τξ_i; (2) ξ_i = τ^kξ_i;

(3) ξ_i ≠ ξ_j for any i ≠ j.

It is clear that if ¸ and ȷ are two τ-cycles and their intersection is nonempty, then actually

¸ = ȷ. The only τ-cycle of length 1 is ([0]); we call it the trivial cycle. The Cohen’s cycle

condition is the following statement: There is no nontrivial τ-cycle ¸ such that m_0([ξ_k − π]) = 0 for all ξ_k ∈¸ (C)

Cohen’s cycles 3

Finally, let T be the operator defined on 2π-periodic functions f(ξ) such that T f(ξ) = | | |m^0( ξ 2 ) | | | 2 f( ξ 2 ) + | | |m^0( ξ 2 + π) | | | 2 f( ξ 2 + π). This operator is related to the matrix A by the observation that if f(ξ) = ∑ k f_ke^{−ikξ} , then T f(ξ) = 1 2 ∑ ℓ ∑ m ∑ k c_kc_{k−2ℓ+m} f_m e^{−ikξ}.

The last statement is:

The only trignometric polynomials that are invariant under T are the constants (P )

Then we have an equivalence relation among the previous statements:

(O) =⇒ (K) =⇒ (C) =⇒ (P ) =⇒ (E) =⇒ (O)

The proof can be found in the “Ten Lectures” [4], in which the original works by Cohen [1, 2] and Lawton [6] are cited. A simpler proof is discovered by Gröchenig [5].

Among the set of equivalence conditions, we will give a more detailed study of the Cohen’s cycle condition (C). In the next section, we give some sufficient conditions for (O) based on the condition (C).

2. About the cycles. We list two simple facts about the τ-cycles, then we derive special cases about the Cohen’s cycle condition. Theorem 2.3 below, which covers a result by Mallat [7], was originally shown by Cohen [1] and also included in the “Ten Lectures” [4]. We include it here to make this article self-contained.

Proposition 2.1. Suppose ([ξ_0], [ξ_1], . . ., [ξ_{k−1}]) is a τ-cycle of length k. Then

ξ_i = 2m 2^k − 1 π for some m ∈ Z.

Proof. By definition, [2^kξ_i] = [ξ_i] for all i. Thus 2^kξ_i = ξ_i + 2mπ for some m ∈ Zand the result follows.

Proposition 2.2. Let ξ = 2m 2^k − 1 π ≠ 0, for some m ∈ Z,

where k is the smallest positive integer such that ξ has the above form. Then ([ξ], [2ξ], . . ., [2^{k−1}ξ]) is a τ-cycle of length k.

4 W. Shann and C. Yen

Proof. We check for the three conditions in . Condition (1) is easily satisfied. For condition (2), it suffices to check for [2^kξ] = [ξ]. Indeed,

2^kξ = 2^k ( 2m 2^k − 1 π ) = 2m 2^k − 1 π + 2mπ = ξ + 2mπ. Now suppose [2^iξ] = [2^j ξ]. Then (2^i − 2^j )ξ = 2m_0π for some m_0 ∈ Z. That is,

m_0 =

2^i − 2^j 2^k − 1 m. Assume that 0 ≤ j < i ≤ k − 1, we see that 2^j is a factor of m_0. Thus ξ = 2 · 2^{−j} m_0 2^{i−j} − 1 π. It contradicts to the assumption of k. Hence i = j.

Theorem 2.3. Every non-trivial τ-cycle has an element in [−π, −^2_3 π] ∪ [^2_3 π, π]. Proof. Let ([ξ_0], [ξ_1], . . ., [ξ_{k−1}]) be a τ-cycle of length k with k ≥ 2 such that there is no element in [^2_3 π, π] ∪ [−π, −^2_3 π]. That is, for any i,

[ξ_i] ∉ [ 2 3 π, π] ∪ [−π, − 2 3 π]. Since k ≥ 2, we have [ξ_{i+1}] ∉ [− 2 3 π, 0] ∪ [0, 2 3 π]. But i is arbitrary, therefore [ξ_i] ∉ [−π, π]. This contradicts to the definition of τ-cycles.

By the above theorem, if we shift the τ-cycles by π, then they all have elements in [−π/3, π/3]. That means, if m_0(ξ) ≠ 0 in the interval [−π/3, π/3], then the cycle condition (C) is satisfied. Therefore {ϕ(x − k)} is an orthonormal set.

Let us note that, the only τ-cycle of length 1 is ([0]), and the only τ-cycle of length 2 is ([−^2_3 π], [^2_3 π]). In the next theorem, we will show that any τ-cycle of length ≥ 3 will have an element inside of [−π, −^4_5 π] ∪ [^4_5 π, π]. Consequently, we have the following conclusion:

(2.1)

If m_0(ξ) ≠ 0 in the interval [−^π_5 ,^π_5 ], and if m_0(^π_3 ) ≠ 0, then the cycle condition (C) is satisfied.

Theorem 2.4. Let ([ξ_0], [ξ_1], . . ., [ξ_{k−1}]) be a τ-cycle of length ≥ 3. Then there exists some [ξ_i] ∈ [−π, −^4_5 π] ∪ [^4_5 π, π].

Proof. Let ([ξ_0], [ξ_1], . . ., [ξ_{k−1}]) be a τ-cycle of length k, where k ≥ 3. Suppose that, (2.2) [ξ_i] ∉ [−π, − 4 5 π] ∪ [ 4 5 π, π], ∀i.

Cohen’s cycles 5

Then

(2.3) [ξ_{i+1}] ∉ [ −2 5 π, 2 5 π]. Note that (2.2) can also be written as [ξ_i] ∉ [− 6 5 π, − 4 5 π] ∪ [ 4 5 π, 6 5 π] (mod 2π),

therefore

(2.4) [ξ_{i−1}] ∉ [− 3 5 π, − 2 5 π] ∪ [ 2 5 π, 3 5 π]. By (2.3) and (2.4), and since i is arbitrary, we have (2.5) [ξ_i] ∉ [−π, − 4 5 π] ∪ [− 3 5 π, 3 5 π] ∪ [ 4 5 π, π], ∀i. Now, the cycle has elements only inside of the intervals (−^4_5 π, −^3_5 π) or (^3_5 π,^4_5 π). That is,

[ξ_{i+1}] ∈ (− 4 5 π, − 2 5 π) ∪ ( 2 5 π, 4 5 π). But, by (2.5), [ξ_{i+1}] ∉ [− 3 5 π, − 2 5 π] ∪ [ 2 5 π, 3 5 π]. Go back to [ξ_i], we conclude that the cycle can only has elements inside of the intervals

(2.6) (− 1 2 ( 3 5 + 4 5 )π , − 3 5 π) or ( 3 5 π, 1 2 ( 3 5 + 4 5 )π). In other words

(2.7) [ξ_i] ∉ [− 4 5 π, − 1 2 ( 3 5 + 4 5 )π] ∪ [ 1 2 ( 3 5 + 4 5 )π, 4 5 π], ∀i. Then again, by (2.6), we have

[ξ_{i+1}] ∈ (− 4 5 π, − 3 5 π) ∪ ( 3 5 π, 4 5 π). But, by (2.7) and going back to [ξ_i], actually the cycle can only appear in (− 1 2 ( 3 5 + 4 5 )π, − 1 2 ( 3 5 + 1 2 ( 3 5 + 4 5 ))π) or ( 1 2 ( 3 5 + 1 2 ( 3 5 + 4 5 ))π, 1 2 ( 3 5 + 4 5 )π), which also implies that

[ξ_i] ∉ [ 3 5 π, 1 2 ( 3 5 + 1 2 ( 3 5 + 4 5 ))π] ∪ [ 1 2 ( 3 5 + 4 5 )π, 4 5 π] or [ξ_i] ∉ [− 4 5 π, − 1 2 ( 3 5 + 4 5 )π] ∪ [− 1 2 ( 3 5 + 1 2 ( 3 5 + 4 5 ))π, − 3 5 π] ∀i.

6 W. Shann and C. Yen

Continue with the above cut-and-paste process we have the following result: [ξ_i] ∉ ⋃ n {[ 3 5 π, a_nπ] ∪ [b_nπ, 4 5 π]} [ξ_i] ∉ ⋃ n {[− 4 5 π, −b_nπ] ∪ [−a_nπ, − 3 5 π]} ∀i

Here a_0 = 3 5 , b_0 = 4 5 , and b_n = a_{n−1} + b_{n−1} 2 , a_n = a_{n−1} + b_n 2 . We then solve the linear equation ( a_n b_n ) = A ( a_{n−1} b_{n−1} ) = A^n ( a_0 b_0 )

where A = ( 3/4 1/4 1/2 1/2 ) . A can be decomposed into BDB^{−1} with B = ( 1 1 −2 1 ) , D = ( 1/4 0 0 1 ) . We get lim_{n→∞} ( a_n b_n ) = lim_{n→∞} ( 1 1 −2 1 ) ( (1/4)^n 0 0 1^n ) ( 1/3 −1/3 2/3 1/3 ) ( 3/5 4/5 ) . Hence we have lim a_n = lim b_n =^2_3 . That means [ξ_i] ∈ {[^{−2}_3 π], [^2_3 π]}. But it is a τ-cycle of length 2, contradicts to the assumption that k ≥ 3. Therefore (2.2) is wrong and we have the theorem.

By a similar cut-and-paste argument on the intervals (but with more labors), we have the following fact:

(2.8)

If m_0(ξ) ≠ 0 in the interval [−^3_{17} π,^3_{17} π], and if m_0(^π_3 ) ≠ 0, m_0(^π_5 ) ≠ 0, then the cycle condition (C) is satisfied.

The proof has no new ideas, it is just a repetition of the techniques that are used in the previous proof. So we decide to omit it here and refer the interested readers to [8].

We observe a pattern from (2.1) and (2.8). That is, when m_0(ξ) ≠ 0 in [−π/3, π/3], the Cohen’s cycle condition (C) is satisfied. When m_0(ξ) ≠ 0 in a closed interval slightly smaller than [−π/3, π/3], the situation is not getting much worse all of a sudden. Namely, we can still verify the cycle condition (C) by examining m_0(ξ) at certain (finitely many) points.

It is natural to ask whether a sequence of propositions in the pattern of (2.1) and (2.8) can be established for arbitrarily small intervals? To be precise, we consider the intervals of the form (2.9) [−απ, απ], for 0 < α < 1. Now we want to know, when m_0(ξ) ≠ 0 inside of [−απ, απ], whether or not there are finitely many points ξ_1, ξ_2, . . ., ξ_n such that if m_0(ξ_i) ≠ 0, for 1 ≤ i ≤ n, then the cycle condition (C) is satisfied? The answer is negative if α is too small. It is the subject of the last section.

Cohen’s cycles 7

3. The making of new cycles. We start with two more simple facts about the τ-cycles. Then we present a general algorithm for building a τ-cycle of length 2k from a τ-cycle of length k. Actually, we can build a τ-cycle of length 2mk from a τ-cycle of length k for any integer m > 0.

Lemma 3.1. Let ([ξ_0], [ξ_1], . . ., [ξ_{k−1}]) be a τ-cycle of length k. Then

[ξ_i] = [ ξ_{i+1} 2 − π] or [ξ_i] = [ ξ_{i+1} 2 ] Lemma 3.2. Let ([ξ_0], [ξ_1], . . ., [ξ_{k−1}]) be a τ-cycle of length k, then ([−ξ_0], [−ξ_1], . . ., [−ξ_{k−1}]) is also a τ-cycle of length k.

We omit the proofs for the above two simple facts.

Theorem 3.1. Let ([ξ_0], [ξ_1], . . ., [ξ_{k−1}]) be a τ-cycle of length k and 2γ = min{|[ξ_i]| : 0 ≤ i ≤ k − 1}. Without loss of generality (by Lemma 3.2), let [ξ_0] = −2γ =^{2m0}_{2k −1} π. Then

(3.1) {[2^i(ξ_{k−1} + β)] : 0 ≤ i ≤ 2k − 1}, where β = 2γ 2^k + 1 , is a τ-cycle of length 2k.

Proof. In order to prove that (3.1) is a τ-cycle of length 2k, it suffices to show that

(3.2) [2^iξ_{k−1} + 2^iβ] ≠ [2^jξ_{k−1} + 2^j β], ∀ 0 ≤ i ≠ j ≤ k − 1, and (3.3) [2^kξ_{k−1} + 2^k β] = [−(ξ_{k−1} + β)].

To prove (3.2), suppose [2^iξ_{k−1} + 2^iβ] = [2^jξ_{k−1} + 2^j β] for some integers 0 ≤ i ≠ j ≤ k − 1. It can be reduced to

[2^ℓξ_{k−1} + 2^ℓβ] = [ξ_{k−1} + β] =⇒ (2^ℓ − 1)ξ_{k−1} + (2^ℓ − 1)β = 2mπ,

for some integer m and 1 ≤ ℓ ≤ k − 1. This means

(3.4)

2mπ = (2^ℓ − 1) · (

2^{k−1} · 2m_0

2^k − 1 π − 2m_0 (2^k + 1)(2^k − 1) π)

= 2^ℓ − 1 2^k − 1 · 2^k(2^k + 1)m_0 − 2m_0 2^k + 1 π

= 2m_0(2^ℓ − 1) 2^k − 1 · 2^{k−1}(2^k + 1) − 1 2^k + 1 π. Since 2^k + 1 and 2^{k−1}(2^k + 1) − 1 are relative primes for any k > 0, 2^ℓ − 1 < 2^k − 1 and |2m_0| < 2^k + 1, so m cannot be an integer. This is a contradiction and (3.2) is proved.

8 W. Shann and C. Yen

Next we prove (3.3). Since [ξ_0] is the absolute minimum, by Lemma 3.1 and Lemma 3.2, we have [ξ_{k−1}] = [^{ξ0}_2 − π] = [π − γ] or [−π + γ]. For our choice of [ξ_0], [ξ_{k−1}] should be positive. So we take [ξ_{k−1}] = [π − γ]. Then

[2^kξ_{k−1} + 2^kβ] = [π − γ +

2^k · 2γ 2^k + 1 ] = [π − γ + 2γ − 2γ 2^k + 1 ] = [π + γ − 2γ 2^k + 1 ] = [−π + γ − 2γ 2^k + 1 ] = [−(ξ_{k−1} + β)].

Similar to (3.2), we have

[2^{k+i}ξ_{k−1} + 2^{k+i}β] ≠ [2^{k+j}ξ_{k−1} + 2^{k+j} β], ∀ 0 ≤ i ≠ j ≤ k − 1. And [2^{2k}ξ_{k−1} + 2^{2k}β] = [−2^k(ξ_{k−1} − β)] = [ξ_{k−1} + β].

Therefore, (3.1) forms a τ-cycle of length 2k.

Corollary. Let ([ξ_0], [ξ_1], . . ., [ξ_{k−1}]) be a τ-cycle of length k, 2γ = min{|[ξ_i]| : 0 ≤ i ≤ k − 1}, and take [ξ_0] = −2γ. Then, for any integer m > 0,

{[2^i(ξ_{k−1} + β)] : 0 ≤ i ≤ 2mk − 1}, where β = 2γ 2^{mk} + 1 , is a τ-cycle of length 2mk.

Here is an example. Let [ξ_0] = −2γ = −^2_7 π, then

¸ = ([−27π], [−47π], [67π])

is a τ-cycle of length k = 3. Let m > 0 be any integer, define

[β] = 2γ 2^{mk} + 1 = 2 7(2^{3m} + 1) π. Then {[2^i( 6 7 + 2 7(2^{3m} + 1) )π] : 0 ≤ i ≤ 6m − 1} is a τ-cycle of length 6m.

4. The lower bound for the shrinking intervals. In this section, we will construct infinitely many τ-cycles whose elements are always in the interval (−^6_7 π,^6_7 π). We will see that the parameter α in (2.9) cannot be less than 1/7.

Note that ([ 4 7 π], [− 6 7 π], [ 2 7 π]) and ([ 6 7 π], [− 2 7 π], [− 4 7 π])

Cohen’s cycles 9

are two τ-cycles of length 3. We still let β = 2 7(2^{3m} + 1) π. Consider

¸_m := {[2^i(47π + β)] : 0 ≤ i ≤ 6m − 1}.

Use (3.4), one can show that 2^i(^4_7 π + β) are all distinct for 0 ≤ i ≤ 3m − 1. Note that

[2^{3m}( 4 7 π + β)] = [ 4 7 π + 2 · 2^{3m} 7(2^{3m} + 1)

] = [ 4 7 π + 2 7 π − β] = [ 6 7 π − β]. Use (3.4) again, one can show that 2^i(^6_7 π − β) are all distinct for 0 ≤ i ≤ 3m − 1. But

[2^{3m}( 6 7 π − β)] = [ 6 7 π − 2 · 2^{3m} 7(2^{3m} + 1)

] = [ 6 7 π − 2 7 π + β] = [ 4 7 π + β]. We conclude that ¸_m is a τ-cycle of length 6m, for any m > 0. The elements of ¸_m are:

[(^4_7 +^{2·23i}

7(23^m +1) )π] [(− 6 7 +^{2·23i+1}

7(23^m +1) )π] [( 2 7 +^{2·23i+2}

7(23^m +1) )π]

[(^6_7 −^{2·23i}

7(23^m +1) )π] [(− 2 7 −^{2·23i+1}

7(23^m +1) )π] [(− 4 7 −^{2·23i+2}

7(23^m +1) )π]

for 0 ≤ i ≤ m − 1

Therefore, all elements for all ¸_m are inside of the interval (−^6_7 π,^6_7 π). In other words, all of these τ-cycles of length 6m (for any integer m > 0) do not fall into the intervals [−π, −^6_7 π] and [^6_7 π, π].

The foregoing example shows that, after a shift of π, there are infinitely many τ-cycles whose elements do not fall into the interval [−^1_7 π,^1_7 π]. Then we have the following conclusion.

If m_0(ξ) ≠ 0 for ξ ∈ [−απ, απ], where α ≤^1_7 , then there are infinitely many points to be checked for the validity of Cohen’s cycle condition (C).

Acknowledgments. We thank Prof. Men-Chang Hu in our department for raising this problem, and giving us some inspiring advice.

REFERENCES

[1] A. Cohen, Ondelettes, analyses multirésolutions et filtres miroir en quadrature, Ann. Inst.

H. Poincaré, Anal. non linéaire, 7 (1990), pp. 439–459.

[2] A. Cohen, Ondelettes, analyses multirésolutions et traitement numérique du signal, Ph. D.

Thesis, Université Paris, Dauphine, 1990.

[3] I. Daubechies, Orthonormal bases of compactly supported wavelets, Comm. Pure Appl.

Math., 41 (1988), pp. 909–996.

[4] I. Daubechies, “Ten lectures on wavelets,” SIAM, Philadelphia, 1992.

10 W. Shann and C. Yen

[5] K. Gröchenig, Orthogonality criteria for compactly supported scaling functions, Appl.

Comput. Harmonic Anal., 1 (1994), pp. 242–245.

[6] W. Lawton, Necessary and sufficient conditions for constructing orthonormal wavelet bases, J. Math. Phys., 32 (1991), pp. 57–61.

[7] S. Mallat, Multiresolution approximations and wavelet orthonormal bases of L^2(R), Trans.

Amer. Math. Soc., 315 (1989), pp. 69–87.

[8] C. Yen, On the theory of wavelets, Master Thesis, National Central University, Taiwan, 1995.