Proceedings of the workshop on cumputational sciences National Taiwan Univ, Taipei, Taiwan, June 1994.

Cyclic Reduction Method and Difference Wavelets *

I-LIANG CHERN^1 AND WEI-CHANG SHANN^2

Abstract. The study of a family of direct methods for solving sparse banded linear systems motivated by multiresolution decomposition gives a new look of the classical cyclic reduction method. From this point of view we derive a family of difference wavelets associated with difference operators, which forms a generalized multiresolution analysis in a different sense of measure.

Key words. banded sparse matrix, cyclic reduction, multiresolution decomposition, wavelet

Subject classifications: AMS(MOS): 65F05, 65L12

1. Introduction. Fast algorithms for solving differential and integral equations are important for large-scale scientific computing. It usually brings down computational complexity for several orders of magnitude. This ability makes many difficult scientific and engineering problems become analyzable through computational methods.

Examples of fast algorithms are, for instance, multigrid methods, domain decomposition methods, multipole methods. Recently, a new direction of fast algorithms is being developed based on the wavelets theory.

Because of their similarities with Fourier transforms and finite elements, wavelets are studied as being a tool in the numerical solution of differential equations. Among the recent articles, we refer to the works by Bacry, Mallat and Papanicolaou [1], Beylkin, Coifman and Rokhlin [4], Glowinski, Lawton, Ravachol and Tenenbaum [6], Jaffard [7], Liandrat, Perrier and Tchamitchian [8], Maday, Perrier and Ravel [9] and Xu and Shann [10].

In [5], we took an approach that was motivated by the multiresolution analysis in the wavelets theory. Our approach was based on a decomposition process such that the size of the problem can be reduced and this process can be recursive. More precisely, our method is a fast direct method for solving banded sparse linear systems, which are originated from discretizing differential equations by finite difference or finite element methods. The method is of linear computational complexity.

This method was later found to be the same as the classical cyclic reduction method which appeared in late 60’s [3]. Thus, our study [5] gave a new look of the cyclic reduction method from the point of view of multiresolution analysis. Further, we also found that the cyclic reductuion method induces a new sets of wavelets which we name them “difference wavelets” for their relation to the difference operators. These “wavelets” can be used to diagonalize difference operator D^p. They can be used for data compression. They can also be used as a hierarchical basis for constructing preconditioner for general difference equations.

2. Basic idea and generalized multiresolution analysis. Suppose we are given a normalized tridiagonal system

(2.1) a_j u_j�_1 + u_j + c_j u_{j+1} = f_j , for j = 1, . . ., N,

* This work was supported by the National Science Council in Taiwan; grant #83-0208-M-008-052. 1 Department of Mathematics, National Taiwan University, Taipei, Taiwan, R.O.C. E-mail address:

chern@math.ntu.edu.tw.

2 Department of Mathematics, National Central University, Chung-Li, Taiwan, R.O.C. E-mail address: shann@math.ncu.edu.tw.

2 I-L Chern and W-C Shann

where N is the number of unknowns which is assumed to be 2^L − 1 for some positive integer L. The basic idea is the multiresolutional decomposition. Suppose the numerical solution u_L of a differential equation is computed in a finite dimensional space V_L, we decompose

u_L = u_L�_1 + (u_L − u_L�_1) = · · · = u_0 + w_0 + · · · + w_L�_1.

Here u_ℓ is considered the resolution of u_L at level ℓ; while w_ℓ = u_{ℓ+1} − u_ℓ is the difference, or “detail,” between the two resolutions. We want to design a sequence of spaces V_0 ⊂ V_1 ⊂ · · · ⊂ V_L such that V_ℓ = V_0 + W_0 + · · · + W_ℓ�_1

with u_ℓ ∈ V_ℓ, w_ℓ ∈ W_ℓ. The decomposition shall satisfy the following criteria.

Suppose u_ℓ is solved by the linear system A_ℓu_ℓ = f_ℓ; here A_L = A. After one step of decomposition, we shall have the linear system ( A_ℓ�_1 B_ℓ�_1 C_ℓ�_1 D_ℓ�_1 ) ( u_ℓ�_1 w_ℓ�_1 ) = ( f_ℓ�_1 g_ℓ�_1 ) . We would like the decomposition to be done in spaces V_ℓ�_1 and W_ℓ�_1 such that, (1) B_ℓ�_1 = 0 or C_ℓ�_1 = 0; (2) D�^1_ℓ�_1 can easily be computed; and (3) A_ℓ�_1 keeps the same sparsity pattern as that of A_ℓ, such that the process can be applied recursively.

3. The cyclic reduction scheme. The cyclic reduction process will reduce system (2.1) to a similar system with roughly half size in every reduction step. This process is then applied recursively until we arrive a very small system which can easily be solved. From the point of view of multiresolutional analysis, we define the number of unknowns at level ℓ to be N_ℓ = 2^ℓ − 1, 1 ≤ ℓ ≤ L. The approximate solution space V_ℓ at level ℓ is defined to be R^{N‘}, whose elements are denoted by u_ℓ = (u^ℓ_j )^{N‘}_{j=1}. To illustrate the reduction process from level ℓ to level ℓ − 1, let us assume that at level ℓ we have a system of equations

a^ℓ_j u^ℓ_j�_1 + u^ℓ_j + c^ℓ_j u^ℓ_{j+1} = f^ℓ_j , for j = 1, . . ., N_ℓ,

We can eliminate the odd-numbered variables and reduce the system to the even-numbered variables by performing −a^ℓ_{2j} × (2j − 1) + (2j) − c^ℓ_{2j} × (2j + 1),

then normalizing the result equations by 1 − a^ℓ_{2j} c^ℓ_{2j}�_1 − a^ℓ_{2j+1}c^ℓ_{2j} and then relabeling the variables and coefficients. Finally we arrive the equation

a^ℓ�^1_j u^ℓ�^1_j�_1 + u^ℓ�^1_j + c^ℓ�^1_j u^ℓ�^1_{j+1} = f^ℓ�^1_j , for j = 1, . . ., N_ℓ�_1.

Here u^ℓ�^1_j ≡ u^ℓ_{2j} . The new set of coefficients can be derived from those in the higher level:

a^ℓ�^1_j = − a^ℓ_{2j} a^ℓ_{2j}�_1 1 − a^ℓ_{2j} c^ℓ_{2j}�_1 − a^ℓ_{2j+1}c^ℓ_{2j}

c^ℓ�^1_j = − c^ℓ_{2j} c^ℓ_{2j+1} 1 − a^ℓ_{2j} c^ℓ_{2j}�_1 − a^ℓ_{2j+1}c^ℓ_{2j}

f^ℓ�^1_j = f^ℓ_{2j} − a^ℓ_{2j} f^ℓ_{2j}�_1 − c^ℓ_{2j} f^ℓ_{2j+1} 1 − a^ℓ_{2j} c^ℓ_{2j}�_1 − a^ℓ_{2j+1}c^ℓ_{2j}

Cyclic reduction and multiresolution 3

Thus, at level ℓ if we define the change-of-variable

(3.1) u^ℓ�^1_j = u^ℓ_{2j}

w^ℓ�^1_j = a^ℓ_{2j+1}u^ℓ_{2j} + u^ℓ_{2j+1} + c^ℓ_{2j+1}u^ℓ_{2j+2}

in the domain of A_ℓ and the change-of-variable

f^ℓ�^1_j = f^ℓ_{2j} − a^ℓ_{2j} f^ℓ_{2j}�_1 − c^ℓ_{2j} f^ℓ_{2j+1} 1 − a^ℓ_{2j} c^ℓ_{2j}�_1 − a^ℓ_{2j+1}c^ℓ_{2j} g^ℓ�^1_j = f^ℓ_{2j+1}

in the range of A_ℓ, then the system A_ℓu_ℓ = f_ℓ is reduced to ( A_ℓ�_1 0 0 I ) ( u_ℓ�_1 w_ℓ�_1 ) = ( f_ℓ�_1 g_ℓ�_1 ) . Thus, the change-of-variable u^L ←→ (u^1, w^1, w^2, · · ·, w^L�^1) f^L ←→ (f^1, g^1, g^2, · · ·, g^L�^1)

diagonalizes the system. From (u^1, w^1, w^2, · · ·, w^L�^1) we can find u^L recursively by

u^ℓ_{2j} = u^ℓ�^1_j u^ℓ_{2j+1} = w^ℓ�^1_j − a^ℓ_{2j+1}u^ℓ�^1_j − c^ℓ_{2j+1}u^ℓ�^1_{j+1}.

The cyclic reduction method is stable for diagonally dominant matrix. Some other sufficent conditions for stability of the cyclic reduction method were reported in [2,5].

4. Relations to hierarchical bases and the difference wavelets. An interesting case for the cyclic reduction method is the case when the coefficients (a^ℓ_j , c^ℓ_j) are constants. It is easy to check that this only occurs when (a, 1, c) = (−1, 1, 0), or (0, 1, −1), or (−1/2, 1, −1/2), which correspond to the backward, forward and central difference operators, denoted by D�, D_+ and D^2, respectively. When applying the cyclic reduction method to matrices with wider bandwidth, we find that only those matrices generated from the difference operators D^p, p ∈ Zare invariant. Thus, the cyclic reduction method provides a change-of-variable to diagonalize these kinds of matrices. Now from this change-of-variable, we show that for each p ∈ Zthere exists a generalized multiresolution analysis and a hierarchical basis under which the difference operator D^p is diagonal. In the explanation of the idea below, we shall take D^2 as an example.

First, let us briefly review the concept of multiresolution analysis. The notion of multiresolution analysis was introduced by Mallat to provide a framework for wavelet theory. According to him, multiresolution analysis consists of a sequence of successive approximation spaces · · · ⊂ V_ℓ�_1 ⊂ V_ℓ ⊂ · · · ⊂ L^2(R) such that (i) ⋃ V_ℓ = L^2 and ⋂ V_ℓ = ϕ, (ii) u(·) ∈ V_ℓ ↔ u(2�^ℓ·) ∈ V_0, (iii) u(·) ∈ V_0 ↔ u(· − j) ∈ V_0, ∀j ∈ Z, and (iv) there exists ϕ ∈ V_0 such that {ϕ(· − j) | j ∈ Z} is an orthonormal basis in V_0. Notice that {ϕ^ℓ_j ≡ √ 2^ℓϕ(2^ℓ − j) | j ∈ Z} forms an orthonormal basis in V_ℓ. ϕ is called the scaling function. Let W_ℓ�_1 be the orthogonal complement of V_ℓ�_1 in V_ℓ. Then L^2 = ⨁ W_ℓ. Moreover, there exists a function ψ ∈ W_0 (called mother wavelet) such that the functions {ψ^ℓ_j ≡ √ 2^ℓψ(2^ℓ − j) | j, ℓ ∈ Z} forms an orthonormal basis in L^2(R).

4 I-L Chern and W-C Shann

To construct a scaling function ϕ and a multiresolution analysis associated to the difference operator D^2, we first require that ϕ has the property: ϕ(0) = 1 and ϕ(j) = 0, otherwise. Suppose at level ℓ, our grids are T_ℓ = {x^ℓ_j }, x^ℓ_j = j h_ℓ and h_ℓ = 2�^ℓ. Then

u(x^ℓ_k) = ∑ j u^ℓ_j ϕ^ℓ_j (x^ℓ_k),

where u^ℓ_j = u(x^ℓ_j and ϕ^ℓ_j (·) ≡ ϕ(2^ℓ · −j). Let V_ℓ =span{ϕ^ℓ_j | j ∈ Z}. It is easy to see that V_ℓ�_1 ⊂ V_ℓ. We shall decompose V_ℓ = V_ℓ�_1 ⊕ W_ℓ�_1 in such a way that there exists a function ψ ∈ W_0 such that

(4.1) ∑ j u^ℓ_j ϕ^ℓ_j = ∑ j u^ℓ�^1_j ϕ^ℓ�^1_j + w^ℓ�^1_j ψ^ℓ�^1_j ,

where the relation between u^ℓ_j and (u^ℓ�^1_j , w^ℓ�^1_j ) are given by the change-of-variable (3.1). This change-of-variable induces a relation between ϕ^{ℓ+1} and (ϕ^ℓ, ψ^ℓ). Because diag(−1/2, 1, −1/2) is invariant under the cyclic reduction process, these relations (4.1) are identical for each level. In particular, at level 0 we have

ϕ(2x) = ϕ(x) + 1 2 ψ(x) + 1 2 ψ(x − 1) ϕ(2x + 1) = ψ(x).

From this we deduce that ϕ(x) is the hat function (i.e. ϕ is piecewise linear, ϕ(0) = 1 and ϕ(j) = 0 otherwise). Notice that {ϕ(· − j) | j ∈ Z} no longer forms a Riesz basis in L^2(R). However, if we define a measure dμ_ℓ in V_ℓ by dμ_ℓ = ∑ j δ_j (δ is the delta measure) and the inner product in V_ℓ by (u, v)_ℓ = ∫ u(x)v(x)dμ_ℓ, then {ϕ^ℓ_j | j ∈ Z} forms a Riesz basis in V_ℓ with this inner product.

Thus, (V_ℓ, dμ_ℓ) forms a generalized multiresolution analysis. We also notice that the functions ψ^ℓ_j diagonalizes the difference operator D^2 in the sense that ∫ Dψ^k_i Dψ^ℓ_j dx = 2δ_{kℓ}δ_{ij} . We shall call the function ψ the difference wavelet of order 2.

The above difference wavelets of order 2 can be extended to any order p. Figure 1 shows the scaling functions and the difference wavelets of order 3 and 4. Notice that for smooth function u, as expanded in the difference wavelets of order p, its coefficients w^ℓ_j ≡ D^pu(x^ℓ_j ) are of O(h^p_ℓ ). We also notice that the transformation and its inverse transformation between u^ℓ and (u^ℓ�^1, w^ℓ�^1) are of linear computational complexity. Thus, these difference wavelets can be used for data compression in signal processing. Further, since the difference wavelets diagonalize the difference operator, they can also be used as a hierachical basis for constructing a preconditioner for solving more general differtential equations.

REFERENCES

[1] E. Bacry, S. Mallat and G. Papanicolaou, A wavelet based space-time adaptive numerical method for partial differential equations, RAIRO Math Modelling Numer. Anal., 26 (1992), pp. 793–834.

[2] O. Buneman, A compact non-iterative Poisson solver, Report 294, Stanford University Institute for Plasma Research, Stanford, Calif., 1969.

[3] L. Buzbee, G. H. Golub and C. W. Nielson, On direct methods for solving Poisson’s equations, SIAM J. Numer. Anal., 7 (1970), pp. 627–656.

Cyclic reduction and multiresolution 5

Difference scaling function (left) and wavelet (right) of order 3.

Difference scaling function (left) and wavelet (right) of order 4.

Figure 1.

[4] G. Beylkin, R. Coifman and V. Rokhlin, Wavelets in numerical analysis, in “Wavelets and their applications,” Jones and Barlett Publishers, Boston, 1992, pp. 181–210.

[5] I-L. Chern and W.-C. Shann, Multiresolutional methods for difference equations, in “Proceeding of the workshop on nonlinear PDEs II,” Chiao-Tung Univ, Taiwan, 1994, pp. 221– 233.

[6] R. Glowinski, W. M. Lawton, M. Ravachol and E. Tenenbaum, Wavelets solution of linear and nonlinear elliptic, parabolic and hyperbolic problems in one space dimension, in “Computing methods in applied sciences and engineering,” SIAM, Philadelphia, 1990, pp. 55–120.

[7] S. Jaffard, Wavelet methods for fast resolution of elliptic problems, SIAM J. Numer. Anal., 29 (1992), pp. 965–986.

[8] J. Liandrat, V. Perrier and Ph. Tchamitchian, Numerical resolution of nonlinear partial differential equations using the wavelet approach, in “Wavelets and their applications,” Jones and Barlett Publishers, Boston, 1992, pp. 211–226.

[9] Y. Maday, V. Perrier and J.-C. Ravel, Adaptativité dynamique sur bases d’ondelettes pour l’approximation d’équations aux dérivées partielles, C. R. Acad. Sci. Paris, Série I, 312 (1991), pp. 405–410.

[10] J. Xu and W. Shann, Galerkin-wavelets methods for two-point boundary value problems, Numer. Math., 63 (1992), pp. 123–144.