THE LEVERING SCHEME OF BIORTHOGONAL WAVELETS

Wei-Chang Shann

Department of Mathematics National Central University Chung-Li, Taiwan, R.O.C. shann@math.ncu.edu.tw

Jeng-Nan Tzeng

Department of Mathematics National Taiwan University Taipei, Taiwan, R.O.C. jengnan@math.ntu.edu.tw

ABSTRACT We present a scheme that will lever orthonormal or biorthogonal wavelets to a new system of biorthogonal wavelets. If we start with orthonormal wavelets, the raised scaling functions and wavelets are compactly supported and are differentiable. The derivatives of the raised biorthogonal scaling/wavelets forms an almost orthonormal system. If we start with B-splines and cooperating with the lifting scheme of Sweldens, our levering scheme can reproduce all of those biorthogonal wavelets of compact support by Cohen, Daubechies and Feauveau. There is a simple algorithm to construct from the old filter coefficients to the new filter coefficients.

1. MOTIVATION

The motivation of this work is the following formula

Φ(x) = ∫_x −∞ ϕ(t) − ϕ(t − 1) dt (1) that was suggested by Xu and Shann in their paper on Galerkin-wavelets methods [7]. Here ϕ(x) is an orthonormal scaling function. In that paper, they were studying the Galerkin basis functions derived from orthonormal wavelets that will produce well-conditioned stiffness matrices and will satisfy the Dirichlet boundary conditions. The formula (1) was suggested to ensure the compact supportedness of the basis functions. We follow this hint and discovered that it is actually the starting point of a general scheme to derive from a wavelet to another wavelet with some new properties. We call it the levering scheme of biorthogonal wavelets.

The idea that to integrate the orthonormal wavelets before applying them to the numerical solution of differential equations has been explored in other articles. For instance, an earlier work of Jawerth and Sweldens

This work was supported by National Science Council, Taiwan, 86-2115-M-008-013.

[3] has exactly the same approach as ours. And more recently we found that Ponenti and Liandrat [2] have done a good job in this approach.

Although the goal of this scheme was to the solution of differential equations, it is very interesting to realize that the levering scheme and the lifting scheme of Sweldens [5] can work together to re-produce all of the compactly supported biorthogonal wavelets by Cohen, Daubechies and Feauveau [1].

This article is an abridged version of our technical report [4].

2. THE LEVERING SCHEME

We assume that the readers are familiar with common notations in the theory of wavelets. Actually, we adopt almost the same notation from [1].

To have a quick start, let ϕ(x) be a scaling function which satisfies ϕ(x) = ∑ c_kϕ(2x − k). We normal- ize ∑ c_k = 2 and ϕ̂(0) = 1. We say that ϕ(x) has an approximation degree of p if linear combinations of ϕ(x − k) can (locally) express polynomials of degree 0 through p − 1. Here p ≥ 1 is an integer. Furthermore, ϕ(2^jx − k) generate a Multiresolution Analysis (MRA) {V_j} of L^2 and {ϕ(x − k)} forms a Riesz basis of V_0.

We shall introduce the levering scheme by compactly supported orthonormal wavelets. That is, let ϕ(x) be a compactly supported orthonormal scaling function of approximation degree p, and let ψ(x) be the orthonormal wavelet associated with ϕ(x). Let Φ(x) be the function defined in (1), it is the scaling function raised from ϕ(x).

It is easy to check that Φ(x) satisfies a scaling equation

Φ(x) = 2p∑ k=0 h_kΦ(2x − k) with 2p + 1 nonzero scaling coefficients h_0, h_1, . . ., h_{2p}.

Here h_k =

(c_{k−1} + c_k) 2 , (2)

note that c_{−1} = c_{2p} = 0. Furthermore, note that suppΦ(x) = [0, 2p] and ∑ h_k = ∑ c_k = 2.

Since

Φ(x) = ∫_x −∞ ϕ(t) − ϕ(t − 1) dt = ∫_x x−1 ϕ(t) dt, we have Φ(x) = χ_{[0,1]} ∗ ϕ(x). (3)

Here ∗ stands for the (continuous) convolution operator. Hence

Φ̂(ω) = ^ χ_{[0,1]}(ω)ϕ̂(ω) = e^{−i}

!_2 sin^ω2 ω 2 ϕ̂(ω).

Note that Φ̂(0) = ∫ Φ dx = 1 and Φ̂(2kπ) = 0 for all integers k ≠ 0.

The frequency response function for Φ(x) shall be defined by m^Φ_0 (ω) =^1_2 ∑ h_ke^{−ikω}. And we also have

m^Φ_0 (ω) = ( 1 2 + 1 2 e^{−iω})m^ϕ_0 (ω). Therefore,

(h_n) = ( 1 2 , 1 2 ) ∗ (c_n).

Here ∗ stands for the (discrete) convolution operator.

It is easy to verify that 2p∑ k=0 (−1)^kk^mh_k = 0

for 0 ≤ m ≤ p and ∑ k Φ(x − k) = 1.

That is, Φ(x) is also a scaling function and its approximation degree is p + 1. We can also prove that if ϕ ∈ L^1 ∩ L^2 is a scaling function and {ϕ(x − k)} is a Riesz basis, then {Φ(x − k)} is also a Riesz basis and Φ(2^jx − k) generate another multiresolution analysis of L^2. Since in general ∑ h_kh_{k+2m} ≠ 0, the raised Φ(x) will not be an orthonormal scaling function. Following the guideline of [1], we can construct a biorthogonal system {Φ, Ψ, Φ̃, Ψ̃}.

We choose the frequency response function for Φ̃(x) to be

m^{Φ̃}_0 (ω) = 2 1 + e^{iω} m^ϕ_0 (ω) if ω ≠ (2n + 1)π,

0 otherwise.

The high pass filters can be constructed by

m^{Φ̃}_1 (ω) = −e^{−iω}m^Φ_0 (ω + π) and m^Φ_1 (ω) = −e^{−iω}m^{Φ̃}_0 (ω + π).

With these choices, the wavelet coefficients g_k and g̃_k are g_k = (−1)^kh̃_{1−k}, g̃_n = (−1)^kh_{1−k}.

The associated biorthogonal wavelets are

Ψ(x) = ∑ g_kΦ(2x − k), Ψ̃(x) = ∑ g̃_kΦ̃(2x − k). Here h̃_k are the coefficients in

m^{Φ̃}_0 (ω) = 1 2 ∑ k h̃_ke^{−ikω}.

They are nonzero only for k = 0, . . ., 2p − 2, and they satisfy h̃_k = 2c_k − h̃_{k−1}. (4)

With all the construction made above, we have

χ_{[−1,0]} ∗ Φ̃ = ϕ (5)

and_{2p−2} ∑ k=0 (−1)^kk^mh̃_k = 0,

for 0 ≤ m ≤ p − 2. That is, Φ̃ has an approximation degree of p − 1.

In the sense of (3) and (5), and in the sense that the approximation degrees of Φ and Φ̃ are respectively p + 1 and p − 1, we see that the levering scheme has raised Φ from ϕ and lowered Φ̃ from ϕ.

The raised wavelet Ψ will be a primitive of ψ. One can verify that

Ψ(x) = 4 ∫_x −∞ ψ(t) dt. (6) So {Ψ^′(x − k)} is an orthogonal set and they are orthogonal to Φ^′(x − k). Note that, by the construction of Φ, Φ^′(x) will be orthogonal to Φ^′(x − k) for |k| > 1.

The entire procedure of construction can apply to a biorthogonal system {ϕ, ψ, ϕ̃, ψ̃}. Essentially everything will follow except that Ψ^′(x − k) will not be an orthogonal system.

3. EXAMPLES

Let us start with the most fundamental case of orthonormal scaling function ϕ_{(1)}(x) = χ_{[0,1]} and the Haar wavelet ψ_{(1)}(x). ϕ_{(1)} has the approximation degree p = 1. The coefficients are c_k = {1, 1}, h_k = { 1 2 , 1, 1 2 }, h̃_k = {2}. The raised Φ_{(1)} is the standard piecewise linear finite element basis function (the “hat” function, or the Bspline of order 2). The associated wavelet Ψ_{(1)}(x) = 2Φ_{(1)}(2x), it is a scaled “hat” function. Observe that Φ_{(1)} and Ψ_{(1)} are essentially the one-dimensional piecewise linear hierarchical finite element basis functions. In this case, Φ̃_{(1)} and Ψ̃_{(1)} are δ-functions, and we do not have a system in L^2.

In case of p = 2, we have the coefficients

c_k = { 1 + √ 3 4 , 3 + √ 3 4 , 3 − √ 3 4 , 1 − √ 3 4 }, h_k = { 1 + √ 3 8 , 2 + √ 3 4 , 3 4 , 2 − √ 3 4 , 1 − √ 3 8 }, h̃_k = { 1 + √ 3 2 , 1, 1 − √ 3 2 }. The dual scaling coefficients h̃_k = {^{1+√3}_2 , 1,^{1−√3}_2 } are very interesting. Among all length-3 low-pass filters of the form ( 1 + √ α 2 , 1, 1 − √ α 2 ), there is always a corresponding scaling function ϕ_α(x), and ϕ_α(x−k) can always span the constant 1. But α = 0 is the only case that can span the linear function x, which is the case of B-spline of order 2. If α < 3 then ϕ_α(x) ∈ L^2, otherwise ϕ_α is a distribution, see [6]. The coefficients h̃_k listed above corresponds to the case of α = 3.

Although Φ̃_{(2)}(x) is not an L^2-function, we can determine its values at all dyadic points. Let x be a real number in [0, 1] with the binary expansion x = ∑ a_n 2^n where a_n is either 0 or 1, and τ_n is defined by

τ_n = n∑ ℓ=1 a_ℓ − 1. Let β =^{1−√3}_2 and γ =^{1+√3}_2 . The explicit form of Φ̃_{(2)} is given by

Φ̃_{(2)}(x) = { ∑ a_nβ^τn γ^{n−τ}n for x ∈ (0, 1] 1 − Φ̃_{(2)}(x − 1) for x ∈ (1, 2] 0 otherwise.

4. THE BIORTHOGONAL SYSTEMS

As we have noted in Section 2, the levering scheme can also be applied to biorthogonal systems. Let ϕ_{(N,Ñ )} be a compactly supported scaling function in a biorthogonal system constructed by Cohen, Daubechies and Feauveau [1]. Then the raised scaling function Φ_{(N,Ñ )} will be exactly ϕ_{(N+1,Ñ −1)}. This fact can be observed from the pair of scaling coefficients h_k and h̃_k.

For instance, in the case of ϕ_{(1,3)}, we have c_k = {1, 1}, c̃_k = {− 1 8 , 1 8 , 1, 1, 1 8 , − 1 8 }. Note that we have normalized c_k to ∑ c_k = 2. By (2) and (4), we have

h_k = { 1 2 , 1, 1 2 } h̃_k = {− 1 4 , 1 2 , 3 2 , 1 2 , − 1 4 }. These are exactly the coefficients for ϕ_{(2,2)}. ϕ_{(1,3)} is still χ_{[0,1]}, and Φ_{(1,3)} = ϕ_{(2,2)} is the hat function. The pictures of ψ_{(1,3)} and Ψ_{(1,3)} = ψ_{(2,2)} are already published in many articles.

The most fundamental case of the biorthogonal systems is that of (N, Ñ ) = (1, 1). In this case, it is actually an orthonormal system with ϕ_{(1,1)} = ϕ_{(1)} and ψ_{(1,1)} = ψ_{(1)}. The lifting scheme of Sweldens [5] can construct the coefficients c_k and c̃_k from the case of (N, Ñ ) to (N, Ñ + 2). For instance, from (1, 1) to (1, 3) or from (2, 2) to (2, 4). If we apply the levering scheme together with the lifting scheme, we can lift the coefficients from (1, 1) to (1, 3), and then lever it to (2, 2), then lift it to (2, 4), and then lever it to (3, 3), and so on. In this manner, we can construct all of these compactly supported biorthogonal wavelets from the most fundamental one; that is, the characteristic function and the Haar wavelet.

5. REFERENCES

[1] A. Cohen, I. Daubechies and J. Feauveau, Biorthogonal bases of compactly supported wavelets, Comm. Pure Appl. Math. 45(1992) 485–560.

[2] Pj. Ponenti and J. Liandrat, Numerical algorithms based on biorthogonal wavelets, preprint ICASE, 1996.

[3] B. Jawerth and W. Sweldens, Wavelet multiresolution analyses adapted for the fast solution of boundary value ordinary differential equations, in “Proceedings of the 6th Copper Mountain Multigrid

Conference,” NASA Conference Pub, 1993, 259– 273.

[4] W.-C. Shann and Z.-N. Tzeng, The levering scheme for orthonormal and biorthogonal wavelets, Technical Report 9802, Dept of Math, National Central University, 1998.

[5] W. Sweldens, The lifting scheme: A custom-design construction of biorthogonal wavelets, Appl. Comput. Harmonic Anal. 3(1996) 186–200.

[6] L. F. Villemoes, Energy moments in time and frequency for two-scale difference equation solutions and wavelets, SIAM J. Math. Anal 23(1992) 1519– 1543.

[7] J. Xu and W.-C. Shann, Galerkin-wavelets methods for two-point boundary value problems, Numer. Math. 63(1992) 123–144.