ż ñ ı ş ´ .

ó . @ ~ X

Helmholtz ] ¨ ÝÜő-bğ-óÂ Ł

^ % fflP5Ů

ĳ 0>0: Ő îR . SS: Á iŢ

ą Z ‘ Ł

Helmholtz ]-3 ˛-î6Ľ¡ŒÍ ě Ł ÝŊŚ , À .æ\ , ˛ĳîÝ&Óû P?Ő,

»^ő ;, íť" ŽĞK3 Ę Helmholtz ]-ÝóÂ ĽÕř@ ~. 3 9SąZı, &Æ › ĲÝŁ Helmholtz ]-ÝŒřó.CÎ ğ ÃÍPš, „ ã ğ -ôřC Wavelet-Galerkin ]řOßóÂ Ł, ňEó Â ŁÝ0-Ę5ŮCfť.

Ï Œ, Þa, |éÂ.ıÝ Maxwall ]- ‚ ż~, . 0Ň Helmholtz ]-

u^{′′} + k^2u = f,

# ¡Dą Helmholtz ıŁ, Ő5 P C n îÃÍŁÝPš.

3 b ğ -ôřı, › .Ł5]-;W Ť5]-, „ |5n n $Ã9Ðó p(x) ĲOŇ

Ť5]-Ý£»Ł uh(x) =^{∑n}_{i=1} uipi(x); ´ ŒřZ ď ı, & Æ Ĳ z ¡Ýáĳ, 3 óÂ Ł OŁÝÄ-ı, žßÕŒ Í Ò œ;ąÝőó k^′; ć ¡ |k − k^′|, & Æ »ÈŁ Õ ó Â ŁÝ

H^1-seminorm 0-5Ů%ı, őó k, ;F ó^0-‘ a Ýn ;, 3 Ï ëaıb ?ŊÞ

Ý1Ă.

Ï řaã Fourier 5Ů‚ 0S, Ŋ Ő+Û Wavelet 5ŮC^@Ź8 n Ýě Ł Pš. à

Wavelet-Galerkin ]řĳO˘˚ Helmholtz ]-‘, 5¡ |ÑJ (orthonormal) Ł }Ðó

ϕ(x) CèĚąÝÔ ÑøŁ }Ðó Φ(x), ãĆb ğ -ôřıÝÃ9Ðó, @ŹŤŇßÕ^

b ğ -Łv ń Ý% fflPC0-. 9“î&Æ Þb ^ž£ à(èĚ)Ü őÐóÝ5Ł - ě Ÿ Pš, ĳę˙óÂ ŁÝã@P, ňDąőó k ^5Ł - ě Ÿ g ó Ý n ;.

ê � Ï Œa 0Æ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1 Ï Þa ó.ßl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 Ï Œ; ŁÝPš . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .6 Ï Þ; Ő5 P õ3Ł . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 Ï ë; ÃÍŁ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 Ï ëa b ğ -Ł . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 Ï Œ; Ò œóÂ Ł . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 Ï Þ; H^1-seminorm 0-č Ň . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 Ï ë; L^2-norm 0- č Ň . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 Ï řa Wavelet - Galerkin ]ř . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 Ï Œ; ´ Fourier 5ŮÕ Wavelet 5Ů . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 Ï Þ; ÑJ Ü őÐóÝŒřPš . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 Ï ë; Helmholtz ]-ø˚Ł . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 Ï ř; èĚ Ü őÐó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 ćĄ Zď . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

i

Ï Œ a 0 ą

ßaőF0 ĺ éÝ]-Ì‚ ő]-(wave equation), ffű W

Ψ_{tt} = c^2∇ · (a∇Ψ), a = ( v c )^2. (1.1)

ÍıFX>Ů v 3 è ıÎİŐÝ, Ć c ÎćĄ >Ů, 9Í ]-İffŊ ;W ÎO‘ -§ õ(time-harmonic)ÝŁ. Č’ Ψ(x, t) 3 è Ω ı¸¡ØŒÍ ÝŊȷč w ĘMŻ, čĆ Ψ(x, t) = u(x) · e^{−iwt}, x ∈ Ω (1.2) Ćá (1.1), −w^2u(x) · e^{−iwt} = c^2∇ · (a(x)∇u(x)) · e^{−iwt}. h ‘fflLőó(wave-number) k = w/c, ßÕ

∇ · (a∇u) + k^2u = 0, (1.3)

9ţÎõ‘ P n ÝŔŁ5]- Helmholtz equation. |@jÝż~ĳ1, Œ Í 3 í 8 Ý, Ğ ’ PÝ, PÙ(source-free)+š, Ć vÎ Ł ãè (free-space)ıÝéÂőÄ6ñ F

Maxwell ]- ∂E ∂t = − c μϵ ∇ × B, ∂B ∂t = c∇ × E, ∇ · E = 0, ∇ · B = 0, Íı E = (E1, E2, E3) õ B = (B1, B2, B3) 5 ¡ ÎéİõÂİ, c Î˛ >, ϵ õ μ Î+š ıÝ+éõ0Â;ó. 9 Í éÂő 3 Œ Í ıèiÖÝő0(waveguide)ıG˙, Č’éÂ őÝ‘ ˘˚Î e^{−iwt}, J Maxwell ]-ŐW ∇ × E = −i w c B, (1.4) ∇ × B = iμϵ w c E, (1.5) ∇ · E = 0, ∇ · B = 0,

E (1.4) õ (1.5) P ã I Ů(curl), ∇ × (∇ × E) = −i w c (∇ × B), ∇ × (∇ × B) = iμϵ w c (∇ × E). EŒ Í ’ „ A, b ∇ × (∇ × A) = ∇(∇ · A) − ΔA, . h 5 ¡ ßŇ E õ B Ý Helmholtz ]-_( Δ + μϵw^2 c^2 ) [ E B ] = 0. (1.6)

Č’éİ E õÂİ B 3 x1 Ý] ’ îKÎ˘˚Ő;, űW [ E(x_1, x_2, x_3, t) B(x_1, x_2, x_3, t) ] = [ E(x_2, x_3) B(x_2, x_3) ] e^{i(kx1−wt)}, čĆ E õ B ŤŢÞîÝ Helmholtz ]- [ Δ_⊥ + (μϵ w^2 c^2

− k^2) ] [ E B ] = 0, (1.7)

Íı Δ⊥ ≡^{∂2}_{∂x}2 +^{∂2}_{∂x}2_3 , . E õ B 5ŁW x1 ]’ C^ x1 kà] ’ Ý5„

E = E_1 + E_⊥, E_1 = (e_1 · E)e_1, E_⊥ = (e_1 × E) × e_1, B = B_1 + B_⊥, B_1 = (e_1 · B)e_1, B_⊥ = (e_1 × B) × e_1,

(1.8)

Íı e1 Î x1 ]’ ÝŐŻ ’ „, ã (1.4), (1.5) C (1.8) P , İ|. E⊥ õ B⊥ "W E1 õ

B_1 Ýn ;P E_⊥ =(μϵ w^2 c^2

− k^2)^{−1} [ ∇_⊥( ∂E_1 ∂x_1 ) − i w c e_1 × ∇_⊥B_1 ] , B_⊥ =(μϵ w^2 c^2

− k^2)^{−1} [ ∇_⊥( ∂B_1 ∂x_1 ) − iμϵ w c e_1 × ∇_⊥E_1 ] , Íı ∇⊥ ≡ (0,^∂_{∂x2} ,^∂_{∂x3} ). ľŁ E1 õ B1 ffXffl, ţİ|OŇJÍ éÂİ. Č’ő0Ý\ & Î˝“ 0Ż, 3 0Ż“ ń , 6a] ’ Ýéİõřa]’ ÝÂİKĞyë, n × E = 0, n · B = 0, on (−∞, ∞) × ∂Ω. (1.9) ∂Ω Îő03 x2, x3 £ń îÝ \ & , ßŇ

E_1 = 0, on ∂Ω,

„ ã (1.8) P õ n · B = 0 ßŇ ∂ ∂n (B_1 · e_1) = 0, on ∂Ω.

Č E1 · e1 = Ê1 õ B1 · e1 = B̂1, EŻfflÝȷč w, ľb Øř~őó(axial wavenumber) k b &ëŁ Ê1 õ B̂1, ň Ê1 õ B̂1 Ý \ & f ˝ ! , ã (1.7) P , üb Â őÞ

[Δ_⊥ + (μϵ w^2 c^2

− k^2)]Ê_1 = 0, Ê_1 = 0, on ∂Ω, (1.10)

[Δ_⊥ + (μϵ w^2 c^2

− k^2)]B̂_1 = 0, ∂B̂_1 ∂n = 0, on ∂Ω, (1.11)

ž ! ‘sSS, . h b ËËİ»Ý› ȷ:

(i) TM(transverse magnetic)ő, B̂_1 ≡ 0, on ∂Ω, ľb (1.10) P W ñ.

(ii) TE(transverse electric)ő, Ê_1 ≡ 0, on ∂Ω, ľb (1.11) P W ñ.

Ć (1.10) õ (1.11) P KÎ Helmholtz ]-.

]- (1.3) P b ÃÍŁ(fundamental solution) u = e^{ikx} õ u = e^{−ikx}, 8 ¯yőF0 ]-Ý% fflŁ u = e^{i(kx−wt)}, u = e^{−i(kx+wt)}. b 8 Ż >Ů(phase velocity) vϕ = w/k. ¯ 8 Ż >ŮõÎ> 8 Ğ, ţÎľ^+šÝC]P

šb n , ^ȷč Pn [3], 9øÝőÎ^b 5œÝ(non-dispersive). XÛ5œ(dispersive)Î ĳ¸¡! őffTőó k Ýő|! Ý>ŮG˙, w üffl‘, k œ´, őffœˇ, 8 Ż > Ůôœˇ.

à b ğ -ôřO Helmholtz equation XßÕÝ£»Ł, ň1 b 5œÝPš. . æ ă |ťŮ h Ğ5, Ő W Xh, Ò œąÝóÂ ŁİűW u_h = e^{i(k} 0_{x−wt)} , u_h = e^{−i(k} 0_{x+wt)} , x ∈ X_h. Ò œÝőó(discrete wavenumber) k^′ õȷč (æ ĳÝ k )b n , 9‘óÂ ;ąÝő| 8 Ż >Ů v^h_ϕ = w/k^′ G˙, „ ĞyÎ> c. . 5œ ő SSÝ0S 8 Ż (phase lead)C W x Ł Ý óÂ 0-, Ć 0-Ý´ˇõ0S8 Ż b n .

¯&Æ àb ğ -ôřOŁ‘, Ä6ěŇÕóÂ ŁÝÞ@Ůõç}ÝťŮ h Cőó k Kb n . f A 1, &Æ Þs ĺ 5naP b ğ -Ł 3 H^1-seminorm Ý 8 E0-İ|ű W

ẽ ≤ C_1hk + C_2h^2k^3,

ÍıÝ C1 õ C2 Î^ h, k P n Ýðó. § \ Ý Ï Œ4 C1hk “ ĺ Ýtů£»Ł0-, Ï Þ4 C2h^2k^3 ÎtůŁ0-č Ň õ h, k 8 n Ýź ó, Ì‚ pollution 4. Ć 5œÝľP ţffŚ â 3 9Ě. E{$ b ğ -Ã9|C Ü őÐó(wavelet)Ã9Ý£»Ł, Þ 3 ąń Ý a;ıĘ?Ŋ Þ ÝDą.

3 H^1 Ý~è V_h î, EaPÃ9Ć Ő, ¯ hk^2 Èˇ‘, H^1-seminorm Ý0-č Ň

žŤŢ quasioptimal č Ň |u − u_{fe}|_1 ≤ C inf_{v∈Vh} |u − v|_1, (1.12) Íı C Îõ h, k Pn Ýðó. H^1-seminorm ÝtůŁÎæÂ Ðó, ň^b 0S8 Ż , ţ Î^b 5œÝ, X| 3 ¿Õ quasioptimal ‘“î8 EytůŁ, b ğ -ŁıÝ5œPš ‹İffEÚÝ.

3 Ï Þaı, ÞDąŁÝD 3 PõřŒP, b Ő5P C3ŁÝPš. Ï ëajEÒ œ;ą, Dąb ğ -ŁÝ8 Ż -E0-č Ň ÝÅ(. Ï řaJÎ|Ü őÐó‚ Ã9, àý ã Galerkin ]řO£»ŁÝŒř@ŹŤŇ.

Ï Þ a ó.ß l

Ą ÊŒîÝ Helmholtz ]-õ Dirichlet-Robin \ & f ˝ . Żffl Ω=(0,1). 3 Ω̄ îÝ \ & őÞ Lu = −f

u^{′′}(x) + k^2u(x) = −f(x) (2.1a) B_0u := u(0) = 0 (2.1b) B_1u := u^′(1) − iku(1) = 0 (2.1c)

Íı f(x) ∈ C^1(0, 1), k Î´y 0 Ý@óðó. A ŇšI \ & f ˝ ő Þ (2.1) P ŤŢ

Sommerfeld radiation condition ţÎ1, ¯ x → ∞ ‘, (^∂_{∂x} − ik)u = o(1/ √ x) J b řŒ Ł [12, Theorem 7.5.5]. 3 Œî‘, Rokin \ & f ˝ ÎŒÍ ˝“ Ú [ (PD )\ & f ˝ , Î ã3 x ĞyP ğ ´Ý Sommerfeld radiation f ˝ . 0Ň 3 b ğ ă ÝSSC \ & .

9Ě L^2(Ω) ÎX b fflL 3 Ω î£]İŤÝŘóÐóȷW Ýè , fflL/Ť (u, v) := ∫ Ω u(x)v̄(x)dx, norm ||u|| := √ (u, u). &Æ à H^m(Ω) Ć“ m $ 3 L^2(Ω) /Ý Sobolev è , H^m(Ω) := {u ∈ L^2, ∂^iu ∈ L^2, i = 1, · · · , m} Č H^1_{(0)}(0, 1) := {v ∈ H^1(0, 1) Ć v v(0) = 0}. A ŇŒÍ Ðó u 3 Ω îÎ ℓ g 3İŁÝ, JÌ u Î ℓ Ñ!(regularity ℓ), ţÎ u ∈ V^ℓ := H^ℓ(Ω) ∩ H^1_{(0)}(Ω).

|u|_m Ć“ H^m-seminorm |u|_m := ||∂^mu||, ||u||_m Ć“ full-norm ||u||^2_0 = ∫ |u|^2dx, ||u||^2_m = ||u||^2_{m−1} + |u|^2_m.

Ï Œ ; Ł ÝP š

Theorem 2.1 3 őÞ (2.1)P ıÝŁ D 3 Ć vřŒ.

proof: Č’ u_1 õ u_2 Î (2.1) P ıÝË Í Ł, Č u = u_1 − u_2. J u(0) = 0, ê 0 = ∫ ūLudx = ∫ (−ū^′u^′ + k^2|u|^2)dx + u^′(1)ū(1). (2.2)

Þ (2.1c) Ćá (2.2) P ı, ´ ÌIİßŇ u(1) = 0, „ ñ / (2.1c), OŇ u^′(1) ôĞy 0. ã›ÿÂ őÞ ÝřŒP [16, p41], ßŇ u ≡ 0. E BVP (2.1) P b Green Ðó G(x, s) = 1 k { sin(kx)e^{iks} 0 ≤ x ≤ s, sin(ks)e^{ikx} s ≤ x ≤ 1. (2.3)

EX b Ý k > 0, D 3 Ł u(x) = ∫_1 0 G(x, s)f(s)ds (2.4)

Fig 1. Fig 2.

%ŒC%Þ5 ¡ Î3 f = −1, k = 10 C k = 50 ‘ËŁ u(x) Ý%ȷ.

|ì9 Í Lemma 3 1Ă u(x) 3 H^0, H^1 C H^2-seminor fiìÝ% fflP.

Lemma 2.1 ŕ u ∈ H^2(0, 1) Î BVP (2.1) P ÝŁ, u f ∈ L^2(0, 1), J ||u|| ≤ k^{−1}||f||, |u|_1 ≤ ||f||, |u|_2 ≤ (1 + k)||f||. proof: u(x) = 1 k ( e^{ikx} ∫_x 0 sin(ks)f(s)ds + sin(kx) ∫_1 x e^{iks}f(s)ds ) , X| ||u|| ≤ 1 k ||f||, ||u_x|| ≤ ||f||, ê u_{xx} = −f − k^2u, . h |u|_2 ≤ ||f|| + k^2||u|| ≤ (1 + k)||f||. Ï Þ ; Ő 5Põ 3 Ł (Variational Formulation and Weak Solution)

OŁ u ∈ H^1_{(0)} ÿß B(u, v) = ∫_1 0 [u^′(x)v̄^′(x) − k^2u(x)v̄(x)]dx − iku(1)v̄(1) = F (v), (2.8)

EX b Ý v ∈ H^1_{(0)}, Íı

F (v) =

∫_1 0 f(x)v̄(x)dx (2.9) ¯ŁŇÝ u ∈ H^2 ‘, čĆ (2.8) P ÝŁţÎ (2.1) P ÝŁ. Í JÌ u ∈ H^1_{(0)} Î3Ł.

Theorem 2.2 3 őÞ (2.8) P ıÝŁ D 3 vřŒ.

proof: ť › J Ă u = 0 Î (2.8) P ÝřŒĎg (homogeneous)Ł, J (2.8) P ÝŁřŒ

. EX b Ý v ŤŢ F (v) = 0, ¯ v = u ‘, B(u, u) = ∫_1 0 (u^′(x)ū^′(x) − k^2u(x)ū(x)dx − iku(1)ū(1) = 0. ãÌIßŇ u(1) = 0. J

∫_1 0 u^′(x)v̄^′(x)dx = k^2

∫_1 0 u(x)v̄(x)dx, v ∈ H^1_{(0)} Č v = x, ßŇ

k^2

∫_1 0 uxdx = ∫_1 0 u^′dx = u(1) − u(0) = 0.

EŁ Qó n, Č’^{∫ 1}_0 ux^ndx = 0, „ ã5IŤ5 0 = −1 n + 1

∫_1 0 u^′x^{n+1}dx = −k^2 (n + 1)(n + 2)

∫_1 0 ux^{n+2}dx. ´ h ûřßŇ 0 = ∫_1 0 ux^sdx, s = 1, 3, 5, · · · ´ Müntz’s ffl ğ [13, p.45], / ) span{x^s|s = 1, 3, 5, · · ·} 3 L^2(0, 1) ıå[, X| u ≡ 0.

EÕ~ B, ã Gȧrding ĞP Re(B(u, u)) + C||u||^2 ≥ ||u||^2_1.

3 C = C(k) = 1 + k^2 ‘ W ñ. 3 [7, p.194] ıèÕ|ìËË › ȷľ b ŒËžsSS: E Dirichlet \ & Â 0, Ďg őÞ Lu = 0 D 3 &ëŁ; E Dirichlet \ & Â 0, őÞ Lu = f Ý

Ł D 3 . Ć &Æ ‹BJ ĂÝ 3 Lu = 0 ‘ u = 0, X|ãÏ ÞË › ţáĳŁD 3 , ôţÎ

(2.8) P ÝŁD 3 Ć vřŒ.

Ï ë ; Ã Í Ł (fundamental solution)

3 G ń Ë;, & Æ Ą ÊÝ 3 Œîè ı, ŁÝ D 3 řŒP, CŐ5 P õ3ŁÝPš, 9;ÞE n îè ı (n ≥ 2), Helmholtz ]-ÝÃÍŁŕ ĘDą.

3 n îè ıÝ Helmholtz ]-

(Δ + k^2)E(x) = δ(x), (2.10) Δ = n∑ i=1 ∂^2 ∂x^2_i , x ∈ R^n, k = α + iβ, β = Imk ≥ 0. (2.11)

ãy Helmholtz Õ~õ Laplace Õ~ Δ Œø, KÌb ę ÏEÌ(spherical symmetry), .

h D 3 (2.10) P Ýľ¡ Ł u(x) 3 I ż ąŤŢ

(Δ + k^2)u(x) = 0, (2.12)

Íı u = u(|x|) = u(r), r = |x| =^√x^2_1 + · · · + x^2_n > 0. . ‚ ∂u ∂x_i = ∂u(r) ∂r ∂r ∂x_i = ∂u(r) ∂r x_i r , ∂^2u ∂x^2_i = ∂^2u(r) ∂r^2 ( x_i r )^2 + ∂u(r) ∂r r − x^2_i /r r^2 , X| 0 = (Δ + k^2)u(r) = ∂^2u(r) ∂r^2 n∑ i=1 ( x_i r )^2 + ∂u(r) ∂r n∑ i=1 r − (x_i)^2/r r^2

+ k^2u(r) = ∂^2u(r) ∂r^2 + n − 1 r ∂u(r) ∂r + k^2u(r), ∀ r > 0. (2.13)

Č w = r^n2^{−1}u, čĆî P Ő W Bessel’s ]- d dr (r dw dr ) + [k^2r −

(^n_2 − 1)^2 r ]w = 0. (2.14)

E Bessel’s ]- b ľĎŁ H^{(1)}n_{2 −1}(kr) õ H^{(2)}n_{2 −1}(kr), Íı

H^{(1)}_α (z) = J_α(z) + iN_α(z),

H^{(2)}_α (z) = J_α(z) − iN_α(z), Ć J_α(z) = ( z 2 )^2 ∞∑ p=0 (−1)^p p!(p + α)! ( z 2 )^{2p}, α ≥ 0, N_α(z) = 1 sin(πα)

[cos(πα)J_α(z) − (−1)^αJ_α(z)].

čĆ (2.12) P ÝŁţÎ u(x) = r^{1− n2} [ C_1H^{(1)}n_{2 −1}(k|x|) + C_2H^{(2)}n_{2 −1}(k|x|) ] . (2.15)

# ìĳĄ Ê (2.10) P ÝŁ E. Č B(0, r) ÎŒÍ | 0 ‚ iT, r > 0 ‚ Ű5Ýb & ffi /, Þ (2.10) P 3 B(0, r) îŤ5: ∫ B(0,r) (ΔE + k^2E) dV = ∫ B(0,r) δ(x) dV = 1. Č x = ρwn, ρ ∈ (0, r), wn =^{2(√π)n}_{Γ(} n_{2 )} , n ≥ 2, ãœŮ(divergence)fflğ , 1 = ∫ ∂B(0,r) ∇E(x) · n_xdS + k^2 ∫ B(0,r) E(x)dV = ∫ ∂B(0,r) ∇E(x) · x − 0 ρ dS + k^2 ∫ B(0,r) E(x)dV = ∫ ∂B(0,1) ∇E(rw_n)w_nr^{n−1}dS_{wn} + k^2 ∫ B(0,r) E(ρw_n)dV = r^{n−1} ∫ ∂B(0,1) ∂E(rw_n) ∂r dS_{wn} + k^2 ∫_r 0 E(ρw_n)ρ^{n−1}w_ndρ = r^{n−1} d dr ∫ ∂B(0,1) E(rw_n)dS_{wn} + k^2w_n ∫_r 0 ρ^{n−1}E(ρw_n)dρ = w_n [ r^{n−1}E^′(rw_n)w_n + k^2 ∫_r 0 ρ^{n−1}E(ρw_n)dρ ] , ∀r > 0, Íı dS = r^{n−1}dSw_n , Ć dSw_n Î n îŐŻ ę “ń ŤÝŁ5-ô(differential element).¯

r → 0 ‘,

lim_{r→0} r^{n−1}E^′(rw_n) = 1 w^2_n

. (2.16)

. ‚ H^{(1),(2)} α (z) ∼ ( 2 πz )^{1/2}e^{±i(z−απ/2−π/4)}, as |z| → ∞, 9Ě +, − 8 Ey^{(1)},^{(2)}. ãy k ÎŘó, &Æ ŕ (2.15) P ıÝ C2 = 0, 9ø 3 r → ∞ ‘, u(x) –ž|ĳó W ff. ć ã^d_{dr} (r^{−α}H^{(1)}α (r)) = −r^{−α}H^{(1)}_{α+1}(r) C

lim_{z→0} H^{(1)}_α (z) = {_{2i} π ln z α = 0, −^{i2α(α−1)!}_π z^{−α} ∀α > 0. ßŇ_{u′(rwn)wn = du(x)} dr =C_1k^{n2 −1} ( d d(kr) [ (kr)^{1− n2} H^n_{2 −1}(kr) ])d(kr) dr =C_1r^{1−n}k^{1− n2} i2^{n2} (^n_2 − 1)! π , ôţÎ¯ r → 0 ‘,

r^{n−1}u^′(rw_n) = C_1k^{1− n2} i2^{n2} (^n_2 − 1)! πw_n . „ ^ (2.16) P fť, ßŇ

C_1 = − iπ2^{− n2} k^{n2 −1} (^n_2 − 1)!w_n = − i 4 ( k 2π )^{n2 −1},

. h (2.10) P ÝŁ E(x) = − i 4 ( k 2πr )^{n2 −1}H^{(1)}n_{2 −1}(kr), n ≥ 2, (2.17) Íı r = |x|.

Ï ë a b ğ - Ł

3 Œîă Ω îà n + 1 Í F Ğ5W n ¯ ,

X_h = {x_j = j n , j = 0, 1, · · · , n} ⊂ [0, 1] (3, 1) NŒĞ ¯ ÝťŮ h = 1/n, [xj−1, xj ] JÌ ‚ Œ Í -ô , xi Ì ‚ ; F . ČÃ9Ð ó ϕi ∈ H^1(0, 1), i = 0, 1, · · · , n, Î$ óˇy Ğy p Ý 9 4 P , b ğ - ~è

S^p_h(Ω)=span{ϕ_0, ϕ_1, · · · , ϕ_n} ⊂ H^1(Ω), Č

V^p_h := {v ∈ S^p_h(0, 1), v(0) = 0}.

E u ∈ V^p_h , A ŇXb Ý v ∈ V^p_h ÿß B(u, v) = F (v), J u Ì ‚ b ğ -Ł, fflL3 V^p_h î ÝÐóÌ‚ ç}Ðó(mesh function), õç}ťŮ h b n , Ey3 Xh î u = uh, &Æ ffl Lĳ§Ł5

d^iu := u(x_i) − u(x_{i−1}) h_i ; D^iu := u(x_{i+1}) − u(x_i) h_{i+1} . 3 ç}ÐóÝaPè ı, fflL/Ť

(f_h, g_h)_h := h n∑ j=1 f_jḡ_j , Ò œ;Ý L^2-norm & Æ “îW || · ||, Ć Ò œ;Ý H^1-seminorm Î

|u_h|^2_1 := h n∑ i=1 |d^iu_h|^2. Ï Œ ; Ò œ óÂ Ł

&Æ àýãÝ Galerkin b ğ -ôř3 í 8Ýç}î, à p $ÝÃ9OŁ]- (2.8) P , žßÕŒ à Ò œÝaP]- [L_h]{u_h} = {R_h}. (3.2)

L_h ÎŒÍ ŘóÝ n × n Îp

[L_h] =

2S_p(K) T_p(K) T_p(K) 2S_p(K) T_p(K) . . . T_p(K) 2S_p(K) T_p(K) T_p(K) S_p(K) − iK ,

K = hk = wh/c Îýã;ąÝȷ č (normalized frequency). S_p(K) õ T_p(K) Î K Ý

@ Â b ğ (rational)9 4 P Ðó, {uh} Î b ğ -ôŁ ufe 3 ; F îÝ Â Xȷ W Ý ’ „,

{R_h} = {h(f, ϕ_i)} = {r_i}, ϕ_i ∈ S^p_h(Ω) ÎÃ9Ðó.

3 (2.8) P ıÝĎg Ł(homogeneous solution)Î

F_h = { e^{−ik} 0_x , e^{ik} 0_x | x ∈ { j n : j = 0, 1, · · · , n} } , (3.3)

k^′ Î Ò œąÝő;ó, &Æ Ą Ê 3 ]-/I x_j = j/n, 0 < j < n ÝŁ T_p(K)e^{ik} 0_{(j−1)h} + 2S_p(K)e^{ik} 0_{jh} + T_p(K)e^{ik} 0_{(j+1)h}

= 0, (3.4)

Č λ = e^{ik0h}, ßŇ

T_p(K)λ^2 + 2S_p(K)λ + T_p(K) = 0, čĆ λ_± = − S_p(K) T_p(K) ± √ S^2_p(K) T^2_p (K)

− 1 = { (∗)Řó, if |^{Sp (K)}_{Tp (K)} | < 1, (∗∗)@ó, if |^{Sp (K)}_{Tp (K)} | ≥ 1. (3.5)

ã λ İ . Ň k^′ 3 (∗) ıÎ@ó, 3 (∗∗) ıÎöÌó, Î ğ ŇLî, (∗) à Ű ÝG˙ő,

(∗∗) Ć“<[ő. Ą ÊG˙ő (∗) Ý› ţßÕ

cos k^′h = − S_p(K) T_p(K) , (3.6)

8 EyË@Ýő]-, (3.6) P “ ĺ Ýó Â ŁÝË Í œ ľP cutoff frequency õ phase

lead.

(i) Cutoff frequency K_0: | cos(k^′h)| = |S_p(K_0)/T_p(K_0)| = 1, A ŇË@ŁÎG˙ő, č

ó Â Łľb 3 K ˇy K0 ‘Î“îG˙ő, Ć ã (3.9) P İ: Ň K0 ¸¡ p Ć ęŔ, ţ

ÎÃ9$óœ{, X6Ýb ğ -ôœK, 3 ! øÝb ğ -ôóê‘, A Ň p $ÝÒ œő; óÎŘó, čĆ3 p − 1 $ôÎŘó.

(ii) óÂ ŁÝ0S8 Ż (phase lead): 3 p=1 ‘, S_1(K) = 1−k^2/3, T_1(K) = −1−k^2/6,

Ćá (3.6) Ę Taylor "ffi P

k^′h = arccos ( − S_1(K) T_1(K) )

=hk − k^3h^3 24 + 3(hk)^5 640 + O((hk)^7).

EüfflÝ k

k − k^′ = k O(k^2h^2), (3.7)

ã Fh, b Ò œÝ Green Ðó G(x, s) = 1 sin k^′h { sin k^′x(A sin k^′s + cos k^′s) 0 ≤ x ≤ s, sin k^′s(A sin k^′x + cos k^′x) s ≤ x ≤ 1.

(3.8) Íı A = t^2 sin k^′ cos k^′ + i √ 144 − 12t^2 12 − t^2 cos^2 k^′ , EŒfflÝ p $Ã9Ðó, 3 [2] ıb ìń fflğ .

Theorem 3.1 (Phase difference) Č p ≥ 1, k^′ Î (2.8) P h-p b ğ -ôŁ 8 Ey

ő;ó k ÝÒ œő;ó, A Ň hk/p < 1, J |k − k^′| ≤ kC(p) ( hk 2p )_{2p} , (3.9)

Íı C(p) = C1(e/4)^{2p}(πp)^{−1/2}/4, C1 Îõ h, k, p P n Ýðó, e ÎŰE0-.

´ fflğ 3.1 İ| : Ň, A Ň Ł 3K 8 Ż -(phase difference), ffl Œ p ÝęŔfźˇ h ĳÝb [. %ëC%řÎ5naPb ğ -ôŁ3 ő;ó k = 10, £»Ł3 @ICÌIÝ › ȷ, İ|Ĳ z ¡Ý : Ň Ò œ;ąXCW Ý8 Ż -.

Fig 3.

Fig 4.

Ï Þ ; bğ- Ł Ý H^1-seminorm 0 - čŇ

3 V^1_h (Ω) î Ý 0 - č Ň

& Æ ‹Báĳ 3 Œî‘, E u ∈ H^1(Ω) Ý H^1-seminorm tů5naP£»ÐóÎ /æÐó uI .

Lemma 3.1 ŕ u ∈ H^2(0, 1), uI ∈ S^1_h(0, 1) Î u Ý5naP/æÐó, J inf_{v∈Sh} ||u − v|| ≤ ||u − u_I || ≤ ( h π )^2|u|_2, inf_{v∈Sh} |u − v|_1 = |u − u_I|_1 ≤ ( h π )|u|_2, ||u − u_I|| ≤ ( h π )|u − u_I|_1. proof: See e.g., [14, p45].

Theorem 3.2 ¯ (2.8) P ıÝ f ∈ L^2(Ω) ‘, u u ∈ H^2(Ω) Î (2.8) T (2.1) ÝŁ , J |u − u_I|_1 ≤ h π (1 + k)||f||. proof: ã Lemma 3.1 õ Lemma 2.1 ßSS.

3 Douglas [5] ıèÕÝ Theorem 3.3 Ý quasioptimal 0-č Ň .

Theorem 3.3 (Asymptotic estimate on V^1_h ) E BVP (2.1) P . Č f ∈ L^2(0, 1),

u ∈ H^2(0, 1) ÎËŁ, u_{fe} ∈ V^1_h Î b ğ -Ł, Č’ h õ k ŤŢì Ű ðóıÝ5ÒKÎÑ

Ý, J |u − u_{fe}|_1 ≤ C_s inf_{v∈Vh} |u − v|_1. (3.10) Íı C_s :=

2(1 + (^{hk}_{2π} )^2)^{1/2} (^1_2 − 6C^2_1 k^2h^2(1 + k)^2)^{1/2} , õ C_1 := 2 (1 − 2(1 + k)^{k2h2}_{π2} )π . ?˙ŒM, |u − u_{fe}|_1 ≤ C_s(1 + k)h||f||. (3.11) proof: See [1, Appendix A].

3 îń Ýfflğ ı, Ä6Ł h^2k^2, h^2k^3 õ h^2k^4 ÎÈˇ, Cs Ý5Ò–žÎÑÝ. A Ň h õ k ŤŢfflğ ıÝČ’, čĆb ğ -Łž|tů£»ŁÝ>Ů[ e, ôţÎ1, 3 óÂ @ Źı Ł hk^2 Èˇ–žŇĺ quasioptimal ÝPš.

A ŇEØÍ α > 0, hk^2 < α, J h ≤ α/k^2, Ć v |u − u_{fe}|_1 ≤ C(1 + k) 1 k^2 ||f||. (3.12) ¯ k ę´‘, fflğ ıÝ0-č Ň ž ¸ »Õ 0.

Lemma 3.2 (Stability on V^1_h ) Č ufe ∈ V^1_h Î (2.8) P 3 Żffl f ∈ L^2(0, 1) ‘Ý b

ğ -Ł, A Ň h Èˇ, ÿß hk ≤ 1, ţžD 3 ŒÍ õ h, k Pn Ýðó C, ÿß |u_{fe}|_1 ≤ C||f||. (3.13)

proof: . ‚ u_{fe} Î5naPÐó, ||u^′_{fe}||^2 = h n∑ i=1 (d^iu_{fe})^2.

Č uh := ufe|X_h , | Ò œÝ Green Ðó“¿

u_i = h n∑ j=1 G_{ij} r_j , čĆ d^iu = h n∑ j=1 d^iG_{ij} r_j , Ć v |d^iu| ≤ ||d^iG|| · ||u||, (3.14) Íı ||d^iG||^2 = h^{∑n}_{j=1}(d^iG·j )^2, ||r||^2 = h^{∑n}_{j=1} r^2_j . ã rj = h(f, ϕj ), D 3 ðó C1, ÿß ||r|| ≤ C_1h^2||f||.

ê Green ÐóÝ0Ðó d^iG_{·l} = 1 h^2 cos(^k0^h_2 ) { cos(^k

0_{h2}

(2i − 1))(A sin(k^′s_l) + cos(k^′s_l)), i ≤ l,

sin(k^′s_l) ( A cos(^k

0_{h2}

(2i − 1)) − sin(^k

0_{h2} (2i − 1)) ) , i ≥ l. ã (3.9) P CŢÈˇÝ hk (ŤŢ hk < 1) . ßD 3 α, ÿß k^′h ≤ α < π; ôţÎ h^2|d^iG·l| Îb & Ý. X| D 3 C2 ÿß |d^iG_{·j} | ≤ C_2 h^2 , ∀ i, j. . h ||d^iG|| ≤ C_2 h^2 , ∀ i.

Theorem 3.4 (Preasymptotic estimate on V^1_h ) Č u ∈ H^2(0, 1) Î (2.8) P 3

f ∈ L^2(0, 1) ‘ÝËŁ, u_{fe} ∈ S^1_h(0, 1) Î (2.8) P Ýb ğ -Ł, A Ň hk ≤ 1, J |u − u_{fe}|_1 ≤ ( hk π + C( hk π )^2(1 + k) ) ||f||, (3.15) Íı C Îõ h, k Pn Ýðó.

proof: Č u_I ∈ V^1_h Î u Ý/æÐó, fflL z ∈ V^1_h , z := u_{fe} − u_I. čĆãaPÕ~ B

C V^1_h ÝÑøP B(u − u_I, v) =B(u − u_{fe}, v) + B(u_{fe} − u_I, v) =B(u_{fe} − u_I, v) = B(z, v), ∀v ∈ V^1_h . . ‚ ((u − u_I)^′, v^′) = (u − u_I)v^′|^1_0 −

∫_1 0 (u − u_I)v^{′′}dx = 0, X| B(u − u_I , v) = k^2(u − u_I, v), ôţÎ z Î B(z, v) = k^2(u − uI , v) ÝŁ, ã Lemma 3.2 İß |z|_1 ≤ Ck^2||u − u_I ||,

ãëŊĞP |u − u_{fe}|_1 ≤ |u − u_I |_1 + |z|_1 ≤ |u − u_I |_1 + Ck^2||u − u_I||. (3.16) „ . Lemma 3.1 õ Lemma 2.1 Ćá (3.16) P ßSS.

Corollary 1 A Ň hk ≤ 1, JE k > 1, |u − u_{fe}|_1 ≤ Ck inf_{v∈Sh} |u − v|_1. (3.17) Íı C õ h, k Pn .

proof: ã (3.16) P |u − u_{fe}|_1 ≤ (1 + C_1k^2h)|u − u_I|_1 ≤ Ck inf_{v∈V 1h} |u − v|_1.

3 V^p_h (Ω) î Ý 0 - č Ň

3 Babuška [2] ıE h-p í 8ç}î b |ìfflğ 3.5 Ń 3.8 Ý0-č Ň .

Theorem 3.5 (Asymptotic estimate on V^p_h ) Č u ∈ V^{ℓ+1}, ufe ∈ V^p_h 5 ¡ Î (2.8)

P ı 3 í 8 h-p ç}îÝËŁõ b ğ -Ł, J

|u − u_{fe}|_1 ≤ C_1(p)C_2 ( h 2p )_m |u|_{m+1}, (3.18) Íı C1(p) = (e/2)^p(πp)^{−1/4}, m = min(ℓ, p), Ć v

C_2 =

4 + (^{hk}_{2p} )^2 1 2 − 6k^2(^{hk}_p )^2(1 +

√_3 2 (^{hk}_p )^2) 1/2 , h, k Ä6Ł ŤŢ C_2 ÎÑÝ.

. ‚ Ł ŤŢ C2 ÎÑÝ, X| hk^2 p < c^∗ = 1 √ 12 . (3.19)

A ŇŤŢ (3.19), č C2 õ h, k, p P n , J (3.18) õ k Pn , |u − u_{fe}|_1 ≤ C_2|u − u_I |_1, (3.20). Íı uI Î u Ýtů£»Ł, ôţÎ (3.18) P “îÝ^b œ Ý ĺ é. Äã%"İ: Ň3 f (3.18) P ıÝ h Õ Ýç}ţ‹BsSS quasioptimal [ eÝ.

E BVP (2.1) P Żffl f = −1, Jb ËŁ u(x) = 1 k^2

(1 − e^{ikx} + i sin(kx)e^{ik}), (3.21) ŤŢ Ak^ℓ|u|_1 ≤ ||u^{(ℓ+1)}|| = |u|_{ℓ+1} ≤ Bk^ℓ|u|_1. (3.22) ðó A, B ľõ u ÝMżb n , &Æ Ì9øÝŁÎMŻÝ(oscillatory). „ .ĞP (3.22) ñ/ (3.18) P ~e := |e|_1 |u|_1 ≤ C( hk 2p )^p,

ôţÎ 3 ŤŢ (3.19) P Ýf ˝ ì, H^1-seminorm Ý8 E0-Î^ b œ Ý, Ć vEüffl Ý p, 8 E0- ~e ≤ Cpk^{−p} ¸¡ k ÝęŔ, | k^{−p} Ý>ŮL3.

Theorem 3.6 (Stability on V^p_h ) Č ufe ∈ V^p_h Î (2.8) P 3 f ∈ L^2(Ω) ‘Ýb ğ -

Ł, Č’ hk ≤ α < π(constant resolution), J |u_{fe}|_1 ≤ C||f||. (3.23)

Theorem 3.7 (Preasympotic estimate on V^p_h , I) Č (2.1) P ÝËŁ u ∈ V^{ℓ+1}, (2.8)

P Ý b ğ -Ł ufe ∈ V^p_h , Č’ hk ≤ α < π, J |u − u_{fe}|_1 ≤ C_1(p) ( 1 + C_2k ( hk 2p )) ( h 2p )_m |u|_{m+1}, (3.24)

Íı C1(p) = (e/2)^p(πp)^{−1/4}, m = min(ℓ, p), C2 Îõ h, k, p Pn Ýðó.

A Ň (3.24) P ıÝ k^2h/2p Î b & Ý , čĆ (3.24) P ţİ|; W (3.18) P Ý

asymptotic č Ň . EyMŻŁb

~e ≤ C_1(p) ( hk 2p )_m + C_1(p)C_2k ( hk 2p )_{m+1} . (3.25)

Definition (Pollution) Ą Ê k ÎćóÝ Helmholtz ő Þ , 3 è V ıfflL norm

‚ || · ||_V ÝŐ5P , Č’ËŁ u ≠ 0, u ∈ V D 3 Ć vřŒ, b ğ -Ł u_{fe} ∈ V_h ⊂ V , ňv

~e := ||u − u_{fe}||_V ||u||_V ≤ C(k) inf_{v∈Vh} ||u − v|| ||u|| (3.26)

W ñ. A Ň C İffű W

C(k) = C_1 + C_2k^βθ^γ , (3.27)

Íı β > 0, γ ≥ 0, θ = hk/p, Ć v C1, C2 õ h, k, p P n , čĆ b ğ -ŁÌ ‚ polluted, Ć v C2k^βθ^γ eba ffÌ‚ pollution 4.

b pollution 4“îóÂ Łb œ Ýĺ ésSS, A Ň0-č Ň Î non-polluted, čb ğ

-ŁţÎ^b œ , (3.25) P §ÐÝ Ï Œ4Ś â Mż0-(amplitude error), Ć pollution 4Ś â Ý 8 Ż 0-(phase error).

¯ő Þ (2.1) P ıÝ f = −1, k = 50, & Æ à5naPÐó(p=1)Ĳ£»ËŁ‘, b 0- č Ň

~e ≤ C_1(hk) + C_2k(hk)^2, (3.28)

Íı C1, C2 õ h, k Pn .

Fig 5.

%" (log-log2ý) İ5‚ ř Í I5,

(1) n < n_0: k/n_0 = hk = √ 12, 3 n < n_0 ‘Ýb ğ -ŁÎ<[(decaying)ő.

(2) n_0 < n ≤ N_0 = √ k^3/24: b ğ -ŁÎG˙ő, ň 0-|øÄ 100% ĘMŻ, h ‘

0- č Ň ıÝ pollution 4´yMż0-, E N0 Ý č Ň , & Æ Č’Ł u = sin(kx), £» Ł uh = ufe|X_h = sin(k^′xh), MżÝ- | sin(kxh) − sin(k^′xh)| 3 [0,1] Ýt´ Â sSS 3 ê » 1 Ý2 ], ¯ x = 1 ‘,

| sin k − sin k^′| = 2| cos k + k^′ 2 || sin k − k^′ 2 |, 3 k È´‘, || sin(kx)||∞ = 1, A Ň | sin^{k−k0}_2 | ≤ 1/2, J L^∞ Ý 8 E0-ˇy 1, ôţÎ

3 k − k^′ ≤ π/3 ≈ 1 Ý‘Î , 3 ã (3.10) P ßŇ k^3h^2/24 ≈ k − k^′ ≈ 1.

(3) N_0 < n ≤ N_s, 3 n = N_s ‘, b ğ -Ł^ b œ Ć vÎ quasioptimal [ e, ã

Theorem 3.5 Ý ğ Œ f ˝ Õ ŕ č Ň ßŇ N_s = k^2/c^∗, 3 9 Í ăðı, 0-)ff pollution

4ffl Œ, ň | superoptimal (f n^{−1} ") Ý>Ů[ e. ¯&Æ ã c^∗ = 1 ‘, Ns = 2500, ň 3 %"ıXýîÝ Ns, ŢîÝ 3 f 2500 ?K-ô‘Ý0-ţ‹Î optimal >Ů [ e,

3 Theorem 3.8 ıž0Ň?Þ@Ý N_s.

(4) n > N_s, b ğ -Ł| optimal (n^{−1})>Ů% ffl[ e.

Fig 6.

Fig 7.

%0õ%ÚÎ 3 k = 50 C k = 100 ‘ H^1-seminorm Ý b ğ - 8 E0-, %ıÝ ‘ aã§ Ń ĳ5 ¡ Ć“ÝaP, Þ g , ë g , ř g C" g 9 4 P Ã9, ÍıÝő F sSS

3 kh = lπ, l = 1, 2, · · ·. h ‘ k^′ = k(1 − l^2π^2), ñ / (3.2) P ąžs ĺ , tÝ æ Í BVP

(2.1) P Ý b ğ -Łš , êęŔÝ]- u^{′′} + K^2u = 0 ÝŁ sin(Kx) T cos(Kx), Íı K = klπ √ l^2π^2 − 2, Î% fflÝü b Â (eigenvalue)őÞ .

Theorem 3.8 (Preasymptoric estimate on V^p_h , II) Č’ (2.1) P ıÝ f ∈ H^{ℓ−1}(Ω)

ÿßËŁ u ∈ V^{ℓ+1} ÎMŻŁ , ufe ∈ V^p_h Î (2.8) P Ý b ğ -Ł , hk ≤ α < π, J

H^1-seminorm Ý8 E0- ~e ≤ C_1(p) (( hk 2p )_m + C_1(p)C_2k ( hk 2p )_{p+m}) , (3.29)

Íı m = min(ℓ, p), C1(p) õ Theorem 3.7 ÝfflLŒø.

3 fflğ 3.8 ı, (i) u ℓ ≥ p J ẽ ≤ C_1 [ 1 + C_1C_2k( hk 2p )^p ] ( hk 2p )^p, (3.30)

h ‘ pollution 4õŻ 8 -! ù, A Ň0- ẽ Î3 quasioptimal ă , J k( hk 2p )^p ≤ c^∗, (3.31)

Íı c^∗ Ł Èˇ, 9Ě0ŇĳÝ h f (3.19) P ĂŢb ?´Ý quasioptimal ă .

(ii) u ℓ < p, J ẽ ≤ C_1 [ 1 + C_1C_2k( hk 2p )^p ] ( hk 2p )_m , (3.32)

h ‘ pollution 4f8 Ż -ˇ, ňÎC W 0-ÝxŁ æ . .

Ï ë ; L^2-norm Ý0 - čŇ

3 Þî‘, Bayliss [19] 1Č p Îb ğ -Ã9Ý$ó, m = p + 1, A Ň hk^2 Èˇ, J ||u − u_{fe}|| ≤ C_mh^m(1 + k^{m+1})||u||, (3.33)

Íı Cm ľõ m b n .

Theorem 3.9 Č u, ufe Î (2.8) P ÝËŁõ5naP b ğ -Ł, Č’ hk < 1,

f ∈ L^2(Ω), J ||u − u_{fe}|| ≤ (1 + Ck)( h π )^2|u|_2. (3.34)

proof: õfflğ 3.4 ÝSSř8 ń , Č u_I Î u Ý/æÐó, z = u_I − u_{fe}, J

||u − u_{fe}|| ≤ ||u − u_I|| + ||z||, EX b Ý v ∈ V^1_h , B(z, v) = k^2(u − u_I , v). ãÒ œÝ Green Ðóİ|. Ň ||z|| ≤ Ck||u − u_I||, Íı C õ h, k Pn . X| ||u − u_{fe}|| ≤ (1 + Ck)||u − u_I || ≤ (1 + Ck)( h π )^2|u|_2.

´ %âİ : Ň H^1-seminorm õ L^2-norm Œffi»K b v ń ÝîìMŻsSS, ffi» [ eą, H^1-seminorm ž ¸ ’ % fflÝ n^{−1} >Ů [ e, L^2-norm J|üfflÝ n^{−2} >Ů [ e, õ H^1-seminorm ! ÝÎ, L^2-norm 3 [ eă Ý[ eðóõ k b n , Ć vÒ œŁÝœ P»ffEÚ.

Fig 8.

Ï řa Wavelet - Galerkin ] ř

Ï Œ ; ´ Fourier 5ŮÕ Wavelet 5Ů

ť › fflL

L^2(0, 2π) = {f : ∫_{2π} 0 |f(x)|^2dx < ∞, f(x) = f(x − 2π), ∀x ∈ R}. E˚ ŇÝ f ∈ L^2(0, 2π), b Fourier "ffiP f(x) = ∞∑ n=−∞ c_ne^{inx}, (4.1) Íı f Ý Fourier ;óÎ

c_n = 1 2π ∫_{2π} 0 f(x)e^{−inx}dx. (4.1) P ž 3 L^2(0, 2π) ı [ e , Ć v w_n(x) = e^{inx}, n ∈ Z Î L^2(0, 2π) ıÝÑJ

(orthonormal) Ã9, ôÎŒ Í Ñ< (sinusoidal) ő. ã {w_n(x)} ÝÑJP, (4.1) P ŤŢ

Parseval Ğ P 1 2π ∫_{2π} 0 |f(x)|^2dx = ∞∑ n=−∞ |c_n|^2, (4.2)

w_n(x) Ýȷč ¸¡ |n| Ý´ˇĆ ;Ő, . h (4.1) P “îÝ3 L^2(0, 2π) ıÝÐó, İã&

Ë ! ȷ č ÝőÐó à W .

# ¡fflL

L^2(R) = {f : ∫_∞ −∞ |f(x)|^2dx < ∞}. Eyò y L^2(R) ıÝÐó, 3 x Ğy ±∞ ˛Ä6L3Õ 0, . h Ñ<őÐó wn ňò y L^2(R). ň &Æ b L3>ŮĲ"Ý Ü őÐó(wavelet)İ|"W L^2(R).

Ą ÊÑJÜ őÐó, Ingrid Daubechies fflLÝđÎÝb ğ Ĺ ‹Ü őÐó. Č ck = 0, k ∉ {0, 1, · · · , 2p − 1}. ŤŢ (1) ∑ k c_k = 2 (4.3a)

(2) ∑ k (−1)^kk^mc_k = 0, 0 ≤ m ≤ p − 1, (0^0 := 1), (4.3b) (3) ∑ k c_kc_{k−2m} = 2δ_{0,m}. (4.3c) Íı p ÎŒÍ ÑJó, ôÌő Daubechies Ü őÐóÝ$ó. ENÍ p ≥ 1, b 2p Í &ë Ý ck Ł. 3 p = 2 ‘,

c_0 = 1 + √ 3 4 , c_1 = 3 + √ 3 4 , c_2 = 3 − √ 3 4 , c_3 = 1 − √ 3 4 . ČŁ }Ðó ϕ(x) = ∑ k c_kϕ(2x − k), (4.4) Îb ğ Ĺ ‹Ý Ć v supp ϕ(x) = [0, 2p − 1].

Definition (9 ě Ł5Ů): Č V_j ÎŒ H L^2(R) Ý~è , ŤŢ

(1) · · · ⊂ V_{−1} ⊂ V_0 ⊂ V_1 ⊂ · · · ,

(2) ∪^∞_{j=−∞} V_j 3 L^2(R) ı4Û, (3) ∩^∞_{j=−∞} V_j = {0}, (4)f(x) ∈ V_j ⇐⇒ f(2x) ∈ V_{j+1}. Č ϕ(x) Îò y L^1(R) ∩ L^2(R) ÝŁ }Ðó, fflL ϕ_{j,k}(x) = √ 2^j ϕ(2^j x − k), j, k ∈ Z, V_j =span{ϕ_{j,k}(x) : k ∈ Z}. A Ň ϕ̂(0) = 1, Ć v {ϕjk} Î Vj Ý Riesz Ã9, Jã [9] Ý proposition 5.31 õ proposition

5.32, ó» V_j Ł ŻŤŢ 9 ě Ł5Ů.

8 Ey Ł }Ðó ϕ(x), Č dk = (−1)^kc1−k, Ì ψ(x) = ∑ k d_kϕ(2x − k), (4.5) ÎŒ Í Ü őÐó. ĂŢÝ, ψ(x) ∈ V1, ňv ⟨ψ(x − k), ψ(x − l)⟩ = δ_{k,l}, ⟨ψ(x − k), ϕ(x − l)⟩ = 0.

fflL_{ψj,k(x) =√2jψ(2j x − k), j, k ∈ Z,} W_j =span{ψ_{j,k}(x) : k ∈ Z}. J {ψjk}^∞_{k=−∞} ȷW Œà ÑJ/ ) , Ć v V_j = V_{j−1} ⊕ W_{j−1}. ôţÎ L^2(R) = ∞⨁ j=−∞ W_j = · · · ⊕ W_{−1} ⊕ W_0 ⊕ W_1 ⊕ · · · .

%ÜC%èÎ Daubechies 3 p = 2 ÝÑJŁ }CÜ őÐó.

Fig 9. ϕ_2 Fig 10. ψ_2

E f ∈ L^2(R), b Wavelet "ffiP f(x) = ∞∑ j,k=−∞ c_{j,k}ψ_{j,k}(x), (4.6) Íı cj,k =< f, ψj,k >, ðŋŢ1, A Ň& Æ 3 L^2(R) ıfflL ( W_ψf ) (b, a) := |a|^{− 12} ∫_∞ −∞ f(x)ψ( x − b a )dx, f ∈ L^2(R), (4.7) J c_{j,k} = ( W_ψf ) ( k 2^j , 1 2^j

). (4.8)

! øÝEy f ∈ L^2(R), b Fourier ż ð

f̂ (w) = ∫_∞ −∞ f(x)e^{−iwx} dx. (4.9)

(4.9) P G“ĺ Ýȷč , ôXfflÝ“ĺ ȷč XmŁ Ý‘ fflL¡. *rÝȷč õø˚Ý

ffŮW Ñf, ôţÎœˇÝ‘ fflL¡–»Þ@Ý“ĺ œ{ȷÝ*r, œ´Ý‘ fflL ¡–»˝JŢîœś ȷÝÐó. ň ´ (4.9) P ıİsĺ , ąÎE ś ȷTÎ{ȷÝ*r,

Fourier ż ðXmŁ Ý‘ ¡KÎ [−∞, ∞]. ´ (4.8) P İ|: Ňb ğ Ĺ ‹ÝÜ őÐó–

ź ÝîŰ Ýþ F .

|ìDąÜ őÐóÝ5ŁCě Ÿ, EÑJÜ őÐó, . ‚ V1 = V0 ⊕ W0, ϕ(2x) ∈ V1, ϕ(x) = ∑ k c_kϕ(2x − k), (4.10)

ψ(x) = ∑ k d_kϕ(2x − k), (4.11) X| D 3 {ak}, {bk} ËÍ «» , ÿß

ϕ(2x) = ∑ k a_{−2k}ϕ(x − k) + b_{−2k}ψ(x − k), ňv ϕ(2x − ℓ) = ∑ k a_{ℓ−2k}ϕ(x − k) + b_{ℓ−2k}ψ(x − k), ℓ ∈ Z. (4.12) 9ţÎ ϕ C ψ řŒffXfflÝ Ü ő5ŁC ) W n ;P . Ą Ê Vj = Vj−1 ⊕ Wj−1, Č f 3 Vj=N Ý7Å fN ∈ VN , J f_N = f_{N−1} + g_{N−1},

Íı fN−1 ∈ VN−1, gN−1 ∈ WN−1, Ć vb řŒÝùó"ffi P

f_j (x) = ∑ k p^j_kϕ(2^j x − k), (4.13)

õ g_j(x) = ∑ k q^j_kψ(2^j x − k), (4.14)

9Ě {p^j_k} C {q^j_k} 5¡ KÎ£]õˇyPğ ´Ý« » , „ ţ ˇ . 0İß f_N = g_{N−1} + g_{N−2} + · · · g_{N−M} + f_{N−M} , ã (4.12)–(4.14) P İßŇ5ŁĽÕř:

p^{j−1}_k = ∑ ℓ a_{ℓ−2k}p^j_ℓ, q^{j−1}_k = ∑ ℓ b_{ℓ−2k}p^j_ℓ. (4.15)

q^{N−1} q^{N−2} q^{N−M} ↗ ↗ ↗ ↗ p^N → p^{N−1} → p^{N−2} → · · · → p^{N−M} „ ã (4.10), (4.11), (4.13) C (4.14) P İßŇě ŸĽÕř:

p^j_k = ∑ ℓ c_{k−2ℓ}p^{j−1}_ℓ + d_{k−2ℓ}q^{j−1}_ℓ . (4.16)

q^{N−M} q^{N−M+1} q^{N−1} ↘ ↘ ↘ p^{N−M} → p^{N−M+1} → · · · p^{N−1} → p^N Ï Þ ; Ñ J ÜőÐóÝ Œ řP š

E ϕ(x) Ę Fourier ż ð,

ϕ̂(w) = ∫_∞ −∞ ϕ(x)e^{−iwx}dx = ∫_∞ −∞ ( ∑ n c_nϕ(2x − n))e^{−iwx}dx = 1 2 ∑ n c_n ∫_∞ −∞ ϕ(x)e^{−iw x+n2} dx = 1 2 ∑ n c_ne^{−i w2 n}ϕ̂( w 2 ),

ČľÇÐó M^ϕ_0 (w) =^1_2^∑_n cne^{−iwn} ÎŒ Í ˘˚‚ 2π ÝÐó, J

ϕ̂(w) = M^ϕ_0 ( w 2 )ϕ̂( w 2 ). (4.17)

! øÝE ψ(x) Ę Fourier ż ð, ßÕ

ψ̂(w) = M^ϕ_1 ( w 2 )ϕ̂( w 2 ). (4.18)

Íı M^ϕ_1 (w) =^1_2^∑_n dne^{−iwn}, ‚ Ý Ŋ -, 5 ¡ | M0(w) C M1(w) ĳĆ˝ M^ϕ_0 (w) C

M^ϕ_1 (w). ã (4.3b) P İ. ß M^{(m)}_1 (0) = 0, m = 0, · · · , p − 1, ñ/ (4.18) P

ψ̂^{(m)}(0) = 0, m = 0, 1, · · · , p − 1,

ôţÎ_{∫ ∞} −∞ x^mψ(x)dx = 0, m = 0, 1, · · · , p − 1. (4.19) X|^∑_{k∈Z} k^mϕ(x − k), İ|"ffiW ť 4Î 1 Ý m $Ý9 4P , ÍıÝ m = 0, 1, · · · , p − 1.

ã ϕ(x) ÎÑJÐó,

δ_{0,k} = ∫_∞ −∞ ϕ(x)ϕ(x − k)dx = ∫_∞ −∞ ϕ(x) ( 1 2π ∫_∞ −∞ ϕ̂(x)eiw(x−k)dw ) dx = 1 2π ∫_∞ −∞ ϕ̂(w)e−iwk (∫ ∞ −∞ ϕ(x)e^{−iwx}dx ) dw = 1 2π ∫_∞ −∞ |ϕ̂(w)|^2e^{ikw}dw = 1 2π ∫_{2π} 0 ∑ n∈Z |ϕ̂(w + 2nπ)|^2e^{ikw}dw, ã Parseval Ğ P ,_∑ n∈Z |ϕ̂(w + 2nπ)|^2 = 1, a.e. (4.20) ê ϕ̂(0) =^∫ ϕ = 1, ôţÎ ϕ̂(2nπ) = 0, ∀ k ∈ Z, k ≠ 0. (4.21)

?˙ŒM,_{1 = ∑} n∈Z |ϕ̂(2w + 2nπ)|^2 = ∑ n∈Z |M_0(w + nπ)|^2|ϕ̂(w + nπ)|^2 = ∑ n∈Z |M_0(w + 2nπ + π)|^2|ϕ̂(w + 2nπ + π)|^2 + ∑ n∈Z |M_0(w + 2nπ)|^2|ϕ̂(w + 2nπ)|^2 = |M_0(w + π)|^2 ∑ n∈Z |ϕ̂(w + 2nπ + π)|^2 + |M_0(w)|^2 ∑ n∈Z |ϕ̂(w + 2nπ)|^2, X| |M_0(w)|^2 + |M_0(w + π)|^2 = 1, (4.22) Ć v |M_0(w)|^2 + |M_1(w)|^2 = 1. (4.23) . ‚ ϕ(x) Î b ğ Ð‹, supp ϕ(x) = [0, 2p − 1]. Č g(x) = ∑ k∈Z ϕ(x − k), ¯ x ∈ [0, 1] ‘ , ľ b b ğ Í &ë4 à ) W g(x), ôţÎ x − k a 3 [0, 2p − 1] Ýčř4 , Ć v

g(x) ∈ L^1[0, 1] ∩ L^2[0, 1], ê {e^{i2nπx}}_{n∈Z} Î L^1[0, 1] ∩ L^2[0, 1] ÝÑJÃ9, . h g(x) = ∑ n a_ne^{i2nπx}, Íı_a n = ∫_1 0 g(x)e^{i2nπx}dx = ∫_1 0 ∑ k∈Z ϕ(x − k)e^{−i2nπx}dx = ∫_∞ −∞ ϕ(x − k)e^{−i2nπx}dx = e^{−i2nπk}ϕ̂(2nπ) = { 1 if n = 0, 0 if n ≠ 0.

ðŋŢ1, g(x) = ∑ k∈Z ϕ(x − k) = 1, a.e. x ∈ [0, 1]. (4.24)

Ą ÊŤ5

H_k = ∫_∞ −∞ ϕ^′(x)ϕ^′(x − k)dx, (4.25) . ‚ ϕ(x) Ý Ĺ ‹Î [0,2p − 1], ţÎ¯ k ≥ 2p − 1, k ≤ 1 − 2p ‘ , H_k = 0. 3

2 − 2p ≤ k ≤ 2p − 2 ‘,

H_k = ∫_∞ −∞ (∑ n 2c_nϕ^′(2x − n) )(∑ l 2c_lϕ^′(2x − 2k − l) ) dx = 2 ∑ n,l c_nc_lH_{2k+l−n}. (4.26) h aP- Ù İűW Ax = 1 2 x, (4.27) Íı x = (H2−2p, · · · , H2p−2)^T , A = [aij ], aij =^∑_n cncn+j−2k, 2 − 2p ≤ j , k ≤ 2p − 2. Hk ţÎ (4.27) P ıETüb Â Î 1/2 üb ’ „Ýðóź ó. Č^∑_k k^2ϕ(x − k) = x^2 + ax + b, a õ b Îðó, ã5IŤ5 1 = ∫_∞ −∞ ϕ(x)dx = ∫_∞ −∞ (x)^′ϕ(x)dx = − ∫_∞ −∞ xϕ^′(x)dx = − ∫_∞ −∞ (x + a 2 )ϕ^′(x)dx = − 1 2 ∫_∞ −∞ (x^2 + ax + b)^′ϕ^′(x)dx = − 1 2 ∫_∞ −∞ [ ∑ k k^2ϕ(x − k)]^′ϕ^′(x)dx = − 1 2 ∑ k k^2 ∫_∞ −∞ ϕ^′(x)ϕ^′(x − k)dx, X| b_∑ k k^2H_k = −2, (4.28)

. h , İ|Ñ@ÝOŇ H_k Ý Â .

# ¡Ą Ê ϕ(n) C ϕ^′(n), n = 0, 1, · · · , 2p − 2. ã ϕ(x) = ∑ k c_kϕ(2x − k), ϕ^′(x) = ∑ k 2c_kϕ^′(2x − k). İű W Bx = λx, (4.29) Íı B = [bij ], bij = c2i−j−1, Ć v ck ŤŢ (4.3b) P , ¯ p ≥ 3 ‘, ϕ Ń KÎŒ g İŁÝ Ðó, ãîë P İ . ßÎp B Ń Kž b ü b Â λ = 1, 1/2, Ć ϕ(n) C ϕ^′(n) 5 ¡ ÎE T λ = 1 C λ = 1/2 ü b ’ „Ýðó ź ó. . ‚^∑_{k∈Z} ϕ(x − k) = 1, x ∈ R, X| b ∑_{2p−1} n=0 ϕ(n) = 1, Ć v ∑ k∈Z kϕ(x − k) = x + c, c Îðó, . h b ∑_{2p−1} n=0 kϕ^′(n) = 1.

Ï ë ; Helmholtz ] ¨ � � Ł

&Æ Þ|Ü őÐó‚ Ã9, ÿà Galerkin ]řĳOŁ Helmholtz ]-, ť › Ą Ê]-

u^{′′} + k^2u = 0, x ∈ [0, 1], (4.30a)

u(0) = u(1), u^′(0) = u^′(1). (4.30b)

Íı k = 2nπ, n ∈ N, J u = a cos(kx) + b sin(kx), a, b ∈ C, í Î (4.30) P ÝŁ, . h „ Ŕá_{∫ 1} 0 xudx = − 1 k , (4.30c) ∫_1 0 xu^′dx = 0, (4.30d) İ|@1 b řŒŁ u = sin(kx).

Ey (4.30) P , Ą ÊŐ5(variational)őÞ . OŁ u ∈ H^1, u(0) = u(1), ÿß B(u, v) = ∫_1 0 (u^′(x)v̄^′ (x) − k^2u(x)v̄(x))dx B(u, v) =0, ∀v ∈ H^1, v(0) = v(1). (4.31)

Wavelet Galerkin method

& Æ óà p = 3 3 Ï j ůÝ Daubechies ÑJ Ł }Ðó {ϕjk}k∈N ‚ Ã9 . Č

u_h = ∑_m i=1 u_iϕ_{ji}, Íı m = 2^j , Ć v ϕ_{ji} 3 ă [0,1] ĘÇŢ. 9ĚŤ5PŽ4 Qľ b 3

[0,1] ă , ň . ‚ ÎÇŢ, X|)İ|à (4.27) P Ý]řOŇ. ã (4.31) P ßŇ

[L](u) = (r), (4.32)

Íı L ÎŒÍ m × m Ý@óEŊÎp, u Îã ui ȷW Ý’ „, r Î m × 1 Ýë’ „. „ . (4.30c) C (4.30d) Ò œ;ą5¡ ãĆ L C r ÝtąË» ą, OŇ u.

Fig 11.

# ¡& Æ ã@ŹóA, ĳfť Waavelet-Galerkin ]řCýã Galerkin ]řÝ-¡ , ňDą0- č Ň . |ì%ȷıÝU2ýÎ;F ó, Á2ýÎ8 E0-, u ; F óĞy m, J L ÎŒÍ m × m ÝÎp.

%èŒÎ 3 k = 4π, Ü őÐó p = 3, 3 V4, b ğ -5naPÃ9 3 16 Í -ô‘Ý £»Ł, )Qİ|: ÝŇ8 Ż -ÝD 3 , A Ň˝ðÝ! Ýğ Œf ˝ ( (4.30c) õ (4.30d) ), Jb ! -ŮÝ 8 Ż -.

Fig 12. Fig 15.

Fig 13. Fig 16.

Fig 14. Fig 17.

%èÞ, %èëõ%èřÎÜ őÐó p = 3, b ğ -aPõÞ$Ã9, 5 ¡ E ! ő ;ó k Ý H1-seminorm 8 E0-, Ü őÐó (p = 3)Ý [ e>Ů+yb ğ -Œ$õÞ$ Ã9fi , ô Ó ĺ Ý superoptimal õ optimal Ëðă .

%è" , %è0õ%èÚJÎ Ü őÐó p = 3, b ğ -aPCÞ$E ! k Ý

L_2-norm 8 E0-, 9ĚÜ őÐóÝ[ e>Ů£{ Ł õ b ğ -Þ$Ã9Œø"Ý.

Boundary Condition

„ / Õő Þ (2.1) P , Č f = 1, u(0) = u(1) = 0, u^′(0) = u^′(1) = 0, k = 2nπ, n ∈ N.

b Green Ðó G(x, s) = 1 k { − cos(ks) sin(kx) 0 ≤ x ≤ s, sin(ks) cos(kx) s ≤ x ≤ 1. (4.33)

ËŁ u = (1 − cos(kx))/k^2, Ć vŤŢ Robin \ & f ˝ . „ (4.32) P ßŇ L C r ą, ã (4.29) P Oß ϕ(n), ϕ^′(n), n = 0, 1, · · · , 2p − 2. Č r = 2p − 3, m = 2^j , J

u(1) = m∑ i=m−r u_iϕ_i(1),

u^′(1) = m∑ i=m−r u_iϕ^′_i(1).

.ÎáÝ um−1 C um É Ń ĳ4, J ğ ąßŇ n ;P

u_{m−1} = m−2∑ i=m−r A_iu_i + C, (4.34)

u_m = m−2∑ i=m−r B_iu_i + D. (4.35)

Íı Ai C Bi ÎETy ui Ýðó;ó, i = m − 4, · · · , m − 2. „ ñ / (4.32) P

L

m×m

u_1 . . u_{m−r} . . u_{m−2} ∑_{m−2} i=m−r Aiui + C ∑_{m−2} i=m−r Biui + D m×1

= 0

m×1

,

8 ¯y L̂ m×(m−2) u_1 . . u_{m−2} (m−2)×1 = r̂ m×1 , Íı L̂i = Li + AiLm−1 + BiLm, i = m − r, · · · , m − 2, Li ÎÎp L Ý Ï i Ţ ’ „ , r̂ = −Lr^′, r^′ = [0, · · · , 0, C, D]^T_{1×m}. h ‘& Æ b m ]-ĲOŁ m − 2 Í ÎáÝ u_i, . h

óã L̂ ıÝ m − 2 Í » ’ „CET r̂ ıÝ m − 2 Í -ô, ßŇ L̃ (m−2)×(m−2) u_1 . . u_{m−2} (m−2)×1 = r̃ (m−2)×1 . 3 ÿàŒfflÝb ğ -Ã9‘, &Æ Ă@Ýáĳ u(0) C u^′(1) 3 ;F îÝÂ (Dirichlet

to Neumann \ & őÞ ), ň Îã (4.34) C (4.35) P ľßÕ 2p − 2 Í u_i Ý!8 n ;, ô.

h J Í ó Â Ł b £ É Ý ĺ ésSS. %èâÎ 3 k = 4π, p = 3 3 Ï 6 ůÝ wavelet £» Ł, İ| z ¡Ý: Ň£É Ýĺ é.

Fig 18.

Ïř ; è ĚÜőÐó

3 9Œ;ı, & Æ ÞÿàŒ˚ã Daubechies ÑJ Ł }Ðó ϕ(x) èĚąÝÐó

Φ(x) = ∫_x −∞ ϕ(t) − ϕ(t − 1)dt, (4.36) ‚ Ã9, ĲOŁ Helmholtz ]-. EèĚą Φ(x) ÝPšľĘ Ŋ ŕ ÝàŰ , Ŋ Þ Ýğ ąC J ĂŽćå [18].

Č ϕ(x) C ϕ̃(x) / Îİ|"W 9 ě Ł5ŮÝŁ }Ðó, u {ϕ(x), ψ(x), ϕ̃(x), ψ̃(x)} ÎŒ à Ô Ñø-Ù , n ∈ N, J ⟨ϕ̃(x), ϕ(x − n)⟩ = ⟨ψ̃(x), ψ(x − n)⟩ = δ_{0,n}, (4.37) ⟨ϕ̃(x), ψ(x)⟩ = ⟨ψ̃(x), ϕ(x)⟩ = 0. (4.38) ^ 4.2 ;ÑJÐó v ń ÝĘř, Č M^ϕ_0 = M0, M^ϕ_1 = M1, M^{~ϕ}_0 = ~M0 C M^{~ϕ}_1 = ~M1, ã

(4.37) C (4.38) ËP İßÕ ~M_0(w)M_0(w) + ~M_0(w + π)M_0(w + π) = 1, a.e. (4.39a) ~M_1(w)M_1(w) + ~M_1(w + π)M_1(w + π) = 1, a.e. (4.39b) ~M_0(w)M_1(w) + ~M_0(w + π)M_1(w + π) = 0, (4.39c) ~M_1(w)M_0(w) + ~M_1(w + π)M_0(w + π) = 0, (4.39d)

ôţÎ1, ľ Ł b Ë˚ Ł }^ Ü őÐóÝľÇÐó M0, M1, ~M0 C ~M1 ŤŢ (4.39) P , Jh Ë˚ Ł } Ü őÐóŁ Żȷ W Œà EĽÝÔ ÑøÃ9.

3 [18] ıJ ĂÝ (4.36) P ıÝ Φ(x) ÎŒ Í Ł }Ðó Φ(x) = ∑ n h_nΦ(2x − n) Íı (hn) Îã (^1_2 ,^1_2 ) ^ Daubechies Ý p $ÑJ Ł };ó (cn) ő Ò œlÝPŤ Ć ĳ.

Φ(x) ô"ŇŒ 9 ě Ł5Ů, Ć v 2p∑ n=0 (−1)^nn^mh_n = 0, m = 0, · · · , p, (0^0 := 1), (4.40)

ãîP İ| : Ň Φ(x − n) ÝSS W /Ś â Ý p $|C p $|ìÝ 9 4 P , f Daubechies Ý p $ÑJŁ }Ðó£»»æęŔÝ. ãy Φ(x) ÎÑøÝ Ł }Ðó, . h Ą ÊŒffl ÝÔ Ñø-Ù , ôţÎć ã Φ(x) ÝEĽŁ }Ðó Φ̃(x) ĳ0ŇETy Φ(x) ÝÜ őÐó. Ć ś Ô Ñø- Ù {Φ(x), Ψ(x), Φ̃(x), Ψ̃(x)} ÝľÇÐóôÄ6ŤŢ 8 Ey (4.39) P Ý n ; P . ãy (4.36) P İ|àĺŒË] P “¿

Φ(x) = χ_{[0,1]} ∗ ϕ(x), . h Φ̂(w) = χ̂_{[0,1]}(w) · ϕ̂(w) = ( 1 + e^{−i w2} 2 )χ̂_{[0,1]}( w 2 )M^ϕ_0 ( w 2 )ϕ̂( w 2 ) := M^Φ_0 ( w 2 )Φ̂( w 2 ) Íı M^Φ_0 (w) = ( 1 + e^{−i w2} 2 )M^ϕ_0 (w).

&Æ óC

M^{Φ̃}_0 (w) =

{_{2e}�_{iw}

1+e�iw M^ϕ0 (w) if w ≠ (2n + 1)π, 0 otherwise , C M^{Φ̃}_1 (w) = −e^{−iw}M^Φ_0 (w + π), M^Φ_1 (w) = −e^{−iw}M^{Φ̃}_0 (w + π).

8 Ey9řľÇÐó, b Ł };ó (hn):

h_0 = c_0 2 , h_N = c_{N−1} 2 , h_n = c_{n−1} + c_n 2 , n = 0, · · · , N − 1, Íı cn ÎÑJŁ };ó. EĽ Ł };ó (h̃n):

h̃_{−1} = 0, h̃_n = 2c_n − h̃_{n−1}, n = 0, · · · , N − 2. Ü ő;ó (gn) CEĽ Ü ő;ó (g̃n):

g_n = (−1)^nh̃_{1−n}, g̃_n = (−1)^nh_{1−n}.

9øCŇĳ Ψ ÝŔœó(vanishing moments)žf ψ ÝŔœó9 Œ, Φ f ϕ Ł £â; D Äĳ1, Ψ̃ ÝŔœóf ψ ÝŔœóKŒ, Φ̃ f ϕ ĳÝ£â.

Fig 19. Φ_2(x) FIg 20. Ψ_2(x)

%èÜõ%ÞèJÎèĚąÝŁ }Ðó Φ2(x)CÜ őÐó Ψ2(x), fR%Ü Daubechies Ý ϕ2(x) C%èÝ ψ2(x) Ł £â&9 Ý. 9ì&Æ | Φ2(x) ‚ Ã9, ÿà Galerkin ]ř ĲOŁő Þ (4.30) P , %ÞèŒC%ÞèÞ5 ¡ Î H^1-seminorm C L^2-norm Ý 8 E0 -. õ%èÞC%è"Ęfť, èĚąÝ Φ2(x) [ e>Ůń ϕ3(x) Œø", Ć v8 E0- ôŐˇÝ; ´ H^1-seminorm C L^2-norm Ý0-%ȷı, ôİ|z ¡Ý: Ň8 Ż -ÝD 3 .

Fig 21. Fig 22.

Reference

1. F.Ihelnburg and I.Babuška, ’Finite element solution to Helmholtz equation with high wavenumber - part I: The h-version of FEM’, Comp. Math. Appl., 30(9), 9-37(1995).

2. F.Ihelnburg and I.Babuška, ’Finite element solution to Helmholtz equation with high wavebumber - part II: The hp-version of FEM’, SIAM J. Numer. Anal., 34(1), 315- 358(1997).

3. F.Ihelnburg and I.Babuška, ’Dispersion analysis and error estimation of Galerkin finite element methods for Helmholtz equation’, Internat. J. Numer. Methods Engrg., 38, 3745-3774(1995).

4. A.K.Aziz, R.B.Kellogg and A.B.Stephens, ’A two point boundary value problem with a rapidly oscillating solution’, Numer. Math., 53, 107-121(1988).

5. J.Douglas Jr., J.E.Santos, D.Sheen and L.Schreiyer, ’Frequency domain treatment of one-dimension scalar wave’, Math. Models and Methods in Appl. Sci., 3(2),171- 194(1993).

6. A.Zemla, ’On the fundamental solutions for the difference Helmholtz operator’, SIAM J. Numer. Anal., 32(2), 560-570(1995).

7. F.John, Partial Differential Equations, Fourth edition, Springer, New York, (1982).

8. G.Strang and T.Nguyen, Wavelets and Filter Banks, Wellesley-Cambridge Press, (1996).

9. I.Daubechies, Ten Lectures on Wavelets, SIAM, Philadelphia, (1992).

10. W.-C.Shann and C.-C.Yan, ’Quadratrues involving polynomials and Daubechies’ wavelets’, Technical Report 9301, Department of Mathematics, National Central

University, (1993).

11. S.C.Brenner and L.R.Scott, The Mathematical Theory of Finite Element Methods, Springer, New York, (1994).

12. G.Chen and J.Zhou, Boundary Element Methods, Academic Press Limited, London, (1992).

13. N.I.Achieser, Vorlesungen über Approximations Theory, Akademieverlag, Berlin, (1953).

14. G.Strang and G.J.Fix, An Analysis of the Finite Element Method, Prentice Hall, Englewood Cliffs, NJ, (1973).

15. A.Cohen and R.D.Ryan, Wavelets and Multiscale Signal Pricessing, Chapman & Hall, London, (1995).

16. G.Birkhoff and G.C.Rota, Ordinary Differential Equations, Fourth Edition, John Wiley & Sons, Singapore, (1989).

17. Ř ĹR, ”Ü őğ ą”, ış´.ó.-ÆßąZ, (1995).

18. ¨Ñv, ”Œ˚èĚ Ü őÐó£»»æ^£âŮÝ]ř” ış´.ó.-ÆßąZ,

(1997).

19. A.Bayliss, C.I.Goldstein and E.Turkel, ’On accuracy conditions for the numerical computation of waves’, J. Comp. Phys., 59, 396-404(1985).