ê�

ÏŒa èĚąÝÜőÐó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1-1 ÔÑøÜőÐóğąÃą . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1-2 ÔÑøìÝ9ěŁ5Ů . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1-3 èĚŁ}Ðó^ÜőÐó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1-4 ÔÑøÜőÐóÝ5Ł^żð . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1-5 Ł}Ðó^94P . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 ÏÞa bğ-ôř . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2-1 Îpf˝ó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2-2 Galerkin ]ř . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2-3 f˝ó5Ů . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2-4 0-5Ů . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 Ïëa Wavelet-Galerkin ]ř . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3-1 Scaling-Galerkin ]ř . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3-2 Wavelet-Galerkin ]ř . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 Ïřa óÂ@Ź 37 4-1 Scaling-Galerkin ]ř0-^f˝óčŇ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 4-2 Wavelet-Galerkin ]řÝčŇ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 ćĄZď . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

ąZ‘Ł

Ï Œ a & Æ è Ň Œ ˚ è Ě Ł } Ð ó ^ Ü ő Ð ó £ » » æ Ý ] ř , £ à h ř İ | Þ Daubechies ÑøŁ}Ðó^ÑøÜőÐóè>‚Œ˚ÔÑøÝŁ}Ðó^ÜőÐó, Íı Ł}Ðó^ÍŁ‚Ý£É£{Ñø, ÜőÐóÝ0Ðó^ÍŁ‚£ÉÑø, Ćv^Ł}Ðó Ý0ÐóôÑø. 9ËŁ5ąÑøÝľPEyŁ5]-ÝóÂŁľ¡bQÃ. hÃ9ìXß ÕÝâŮÎpİćãŁ5Ñø|CÜőżðÝľP, ÿßÎpšbĄş (sparse) ^łśf ˝ó (condition number) ÝPš.

ĺš, 3"DÔÑøÜőğą‘, &ÆŞßŒÍbűÝˇŤŇ. ČŁ}Ðó Φ, ~Φ 3Ô Ñø-Ùì, Č’ M_n, ~M_n 5¡‚‚ Φ ^ ~Φ Ý n gŻ„, JbìńÝŤŇ

M_n = n∑ k=1 (−1)^{k+1} ( n k ) M_k ~M_{n−k} n = 1, . . . , m, m = max(N, Ñ)

Íı N, ~N 5¡Ć“ Φ ^ ~Φ »Śâ N ^ ~N $94P. Ah&Æu|á Φ ÝE„ M_n, J İ|ť"ÕŇEĽŁ}ÐóÝŻ„ ~M_n.

ÏÞa&Æ| Helmholtz ^ Poisson ]-‚ż, £àFÙÝbğ-ôř, ÞŁ5]-; Ł3ŁlP, „|5n 1 $Ã9Ðó ϕ(x) ÞÿżŐ‚aPÐñ]-P Au = F , QąOŇ£ »Ł u_h(x) = ∑ u_iϕ_i(x). ´Œř Zďı, &ÆáĳÎp A Ýf˝ó κ(A) ^£»Ł u_h Ý 0-Kž^ç}ÝMŮbn, ĆvËïbÍETÝPš.

Ï ëaÞ+ ÛĺŒË Galerkin ]ř ÝÃ9 : èĚą ÝŁ}Ð ó, ÿ ňÌbŒ fflbğ -Ã9ÝĹ?Pš ( =ˇP, İŁP^¯IP ), ňvÌb0Ðó£Éą£{Ñø^9ěŁ ŮÝ»æ. &Æ›´ťŊŐÝ Poisson ]-ìW, DąÍETÝâŮÎp (stiffness matrix); #¡űï!øÝMż, Tà3 Helmholtz ]-, „.0Ňš„Îp (mass matrix). ňvÿà Wavelet-Galerkin ]ř ^ (1.19) ÝP š, ÿßâ ŮÎpÝf ˝ółś . ‚Ý^ÏÞ afť, &Æóà8!ÝőÞ.

Ïřa‚Ýfť5naPbğ-Ý-š, &ÆŇÕ^ÏÞa8!ÝőÞ, !øÝ&Æô Żffl˘˚PÝ!Ŕf˝, £àèĚąÝŁ}Ðó Φ(x) ‚Ã9Ý Scaling-Galerkin řĳ£» ËŁ, 5¡ŇÕ0-^f˝óÝ´ˇ, ňvÌDĂÆ^ç}ÕÛÝn;, Ćvf˝ó^£» ŁÝ0-bÛ5Ýn;. ňv£à Wavelet-Galerkin ]ř, łśâŮÎpÝf˝ó, ňv 3ËŁ^£»ŁßÕ?ˇÝ0-. 93OŁ!ßť´ÝÎp]-8¯bà.

ÏŒa èĚąÝÜőÐó

ÏŒa&Æ+ÛŒ˚èĚŁ}Ðó^ÜőÐó£»»æÝ]ř, £àhřİ|Þ Daubechies ÑøŁ}Ðó^ÑøÜőÐóè>‚Œ˚ÔÑøÝŁ}Ðó^ÜőÐó, ÍıŁ}ÐóÝ0 Ðó^ÍŁ‚Ý£É£{Ñø, ÜőÐóÝ0Ðó^ÍŁ‚£ÉÑø, Ćv^Ł}ÐóÝ0 ÐóôÑø. 9ËŁ5ąÑøÝľPEyŁ5]-ÝóÂŁľ¡bQÃ. hÃ9ìXßÕÝ âŮÎpİćãŁ5Ñø|CÜőżðÝľP, ÿßÎpšbĄş (sparse) ^łśf˝ó (condition number) ÝPš.

ĺš, 3"DÔÑøÜőğą‘, &ÆŞßŒÍbűÝˇŤŇ. ČŁ}Ðó Φ, ~Φ 3Ô Ñø-Ùì, Č’ M_n, ~M_n 5¡‚‚ Φ ^ ~Φ Ý n gŻ„, JbìńÝŤŇ

M_n = n∑ k=1 (−1)^{k+1} ( n k ) M_k ~M_{n−k} n = 1, . . . , m, m = max(N, Ñ)

Íı N, ~N 5¡Ć“ Φ ^ ~Φ »Śâ N ^ ~N $94P. Ah&Æu|á Φ ÝE„ M_n, J İ|ť"ÕŇEĽŁ}ÐóÝŻ„ ~M_n.

1-1 ÔÑøÜőÐóğąÃą

3+ÛèĚÜőÐófiG, ŕ&Æ›ÝŁÔÑøÜő-ÙÝÃÍÚx^Pš.

Č ϕ(x) ^ ϕ̃(x) ËÍŁ};ó, ϕ(x) = ∑ n c_nϕ(2x − n), ϕ̃(x) = ∑ n c̃_nϕ̃(2x − n) (1.1)

/İ"‚9ěŁŮè ÝŁ}Ðó, CÍETÝÜőÐó ψ(x) = ∑ n d_nϕ(2x − n) ψ̃(x) = ∑ n d̃_nϕ(2x − n) (1.2)

u {ϕ(x), ψ(x), ϕ̃(x), ψ̃(x)} ‚ŒàÔÑø-Ù, J ⟨ϕ̃(x), ϕ(x − n)⟩ = ⟨ψ̃(x), ψ(x − n)⟩ = δ_{0,n} (1.3) ⟨ϕ̃(x), ψ(x)⟩ = ⟨ψ̃(x), ϕ(x)⟩ = 0 (1.4) Č ϕ̂(ω), ψ̂(ω) 5¡‚ ϕ(x), ψ(x) Ýmñfżð. JqAĞP (1.1) |Cmñfżð, İßÕ

ϕ̂(ω) = ∑ n c_nF[ϕ(2x − k)](ω) = 1 2 ∑ n c_ne^{−i k2 ω}ϕ̂( ω 2 )

!øÝ ψ̂(ω) = 1 2 ∑ n d_ne^{−in ω2} ϕ̂( ω 2 ) Č m_0(ω) = 1 2 ∑ n c_ne^{−inω} , m_1(ω) = 1 2 ∑ n d_ne^{−inω} (1.5) Ţ Q m_0(ω) ^ m_1(ω) Î 2π ˘ ˚ Ð ó , Ć^1_2 c_n,^1_2 d_n 5 ¡ Î m_0 ^ m_1 Ý m ñ f ; ó . Ì m_0(ω) ^ m_1(ω) 5¡Î ϕ(x) ^ ψ(x) ÝľÇÐó. J

ϕ̂(ω) = m_0( ω 2 )ϕ̂( ω 2 ), ψ̂(ω) = m_1( ω 2 )ϕ̂( ω 2 ) (1.6)

űïîŰÝMż,&ÆŒøb m̃_0(ω), m̃_1(ω) ÿß

^̃ϕ(ω) = ~m_0( ω 2 )^̃ϕ( ω 2 ), ^̃ψ(ω) = ~m_1( ω 2 )^̃ϕ( ω 2 ) (1.7)

.h, qA Parseval ĞPßÕ δ_{0,k} = ⟨ϕ̃(x), ϕ(x − n)⟩ = 1 2π ∫ ^ϕ̃(ω)ϕ̂(ω)eiωn dω

= 1 2π ∫_{2π} 0 e^{iωn} ∑ n ^̃ϕ(ω + 2πn)ϕ̂(ω + 2πn) dω (1.8)

Č F_ϕ(ω) = ∑ n ^̃ϕ(ω + 2πn)ϕ̂(ω + 2πn) (1.9)

ãy e^{inω} Î 2π ˘˚Ðó, .h (1.8) İ|“îW

δ_{0n} = 1 2π ∫_π −π F_ϕ(ω)e^{inω} dω qAmñfùóÝ)W2P, İß

F_ϕ(ω) = 1 2π ∑ n e^{inω} ∫_π −π F_ϕ(ω)e^{−inω} dω = ∑ n δ_{0n}e^{inω} = 1

?˙ŒM, ãÔÑøÝPš (1.3) ^ (1.4), .ĹŇľÇÐó m_0(ω), m̃_0(ω), m_1(ω), m̃_1(ω) Ý n;. ãyF_ϕÎðóÐó, &Æİ|Þÿźê:

1 = F_ϕ(ω) = F_ϕ(2ω)

Ćá (1.6), ßÕ F_ϕ(2ω) = ∑ n m̃_0(ω + πn)m_0(ω + πn) = 1

ĺ3, &ÆÞˇó4õĽó4tffiňg) (1.10)õ m_0, m̃_0 Î 2π ˘˚Ðó. ÆİÞîPŊ ;‚ m̃_0(ω)m_0(ω) + m̃_0(ω + π)m_0(ω + π) = 1 ûïîŰÝ]ř, qA (1.3) õ (1.4) &Æİ|ßÕ

m̃_0(ω)m_1(ω) + m̃_0(ω + π)m_1(ω + π) = 0

m̃_1(ω)m_0(ω) + m̃_1(ω + π)m_0(ω + π) = 0 m̃_1(ω)m_1(ω) + m̃_1(ω + π)m_1(ω + π) = 1 9řf P~ÎÔ ÑøÜő Ðótě ŁÝP~ . ľŁbË àŁ}Ð ó^Üő ÐóÝľ ÇÐó m_0, m_1, m̃_0, m̃_1 ŤŢîŰÝP~, JhËàÐóŁŻȷWŒ˚EĽÝÔÑøÃ9. á)|î ÝŤŇ, &ÆfflL M(ω) = [ m_0(ω) m_0(ω + π) m_1(ω) m_1(ω + π) ] , M̃(ω) = [ m̃_0(ω) m̃_0(ω + π) m̃_1(ω) m̃_1(ω + π) ]

u M̃(ω)M t(ω) = 1 (1.10)

JETÝË˚Ł}ÐóŁŻȷWŒàEĽÝÔÑøÃ9.

ã (1.10) ßá, ÔÑø-ÙÝÜőÐóÎřŒXfflÝ. ŤŢ (1.10) Ý m_1(ω) õ m̃_1 Ý›ţb:

m̃_1(ω) = −e^{−iω} m_0(ω + π)s(2ω), m_1(ω) = −e^{−iω}m̃_0(ω + π)s(2ω)

Íı s(ω) ÎëŊ94P. 3hąZı, &ÆóàtŊŐÝ]ř s(ω) = 1, ÇÎ ψ(x) = ∑ k (−1)^kc̃_{1−k}ϕ(2x − k), ψ̃(x) = ∑ k (−1)^kc_kϕ(2x − k) (1.11)

1-2 ÔÑøìÝ9ěŁ5Ů

3ÑP+ÛèĚÝÜőÐófiG, &ÆbÄŁÝŁ9ěŁ5Ů. 3ÔÑø-ÙìÝ9ěŁ5 ŮbËà$VÐóè V_j , ~V_j 5¡ŤŢ: (A) . . . ⊂ V_{−1} ⊂ V_0 ⊂ V_1 ⊂ . . . , . . . ⊂ ~V_{−1} ⊂ ~V_0 ⊂ ~V_1 ⊂ . . . (B) ∪^∞_{j=−∞} V_j ^ ∪^∞_{j=−∞} ~V_j 3 L^2(R) ı4Û. (C) ∩^∞_{j=−∞} V_j = {∅}, ∩^∞_{j=−∞} ~V_j = {∅} (D)f(2^jx) ∈ V_j ⇔ f(x) ∈ V_0, f̃(2^j x) ∈ ~V_j ⇔ f̃(x) ∈ V_0 Č’ ϕ(x) ‚Ł}Ðóv {ϕ(x − k)}, {ϕ̃(x − k)} 5¡Î V_0 ^ ~V_0 ÝŒà Riesz basis, fflL ϕ_{jk}(x) = √ 2^j ϕ(2^jx − k) (1.12) ã (D) ßá {ϕ_{jk}}, {ϕ̃_{jk}} ô5¡Î V_j ^ ~V_j Ý Riesz base, ÇÎ V_j = span{ϕ_{jk}(x)|k ∈ Z}, ~V_j = span{ϕ̃_{jk}|k ∈ Z} &ÆfflL W_j , ~W_j 5¡Î V_{j+1} C ~V_{j+1} ÝĆ/, ã (1) ßÕì»ËfP~: V_j = V_{j−1} ⊕ W_{j−1}, ~V_j = ~V_{j−1} ⊕ ~W_{j−1} (1.12) AŇ W_j ^ ~W_j 5¡ãŐŒÝÜőÐó ψ_{jk}(x), ψ̃_{jk}(, x) £ÉźêX"WÝ, ÇÎ W_j = span{ψ_{jk}(x) | k ∈ Z}, ~W_j = span{ψ̃_{jk} | k ∈ Z} îŰÝ (1.12) PÎÜőÐóÝ5ŁCěŸÝÐđ, bnÜő5ŁCěŸbťŊÞÝ+Û.

E˚ŇÝ f(x) ∈ L^2(R) Õ V_j T ~V_j Ý7ÅÕ~ P_j ,P̃_j J

P_j f(x) = ∑ k ⟨f, ϕ̃_{jk}⟩ϕ_{jk}(x), P̃_j f(x) = ∑ k ⟨f, ϕ_{jk}⟩ϕ̃_{jk}(x). ´ (2), (3) ÝP~ßá

lim_{j→∞} P_j f = lim_{j→∞} P̃_j f = f, f ∈ L^2(R) ^ lim j→−∞ P_j f = lim_{j→−∞} P̃_j f = 0 f ∈ L^2(R) 9Ěß[eÎE L^2 ŇLÝ[e, ĆÎF[e. 3@jÝžàî, &ÆÑŇŁOËàÃ 9KòyL^2(R). ľŁÍıŒàÃ9òy L^2(R) ňv^ĺŒàKÎbğĹ‹, Ahţ»˝W ">Ã9żð.

1-3 èĚŁ}Ðó^ÜőÐó

39Œ;&Æ+ÛŒËŊŐÝèĚ Daubechies ÜőÐó£»»æ^£âŮÝ]ř. 3&Æ +ÛèĚÜőÐófiG, ŕ&Æ›ÕŕÝŁ Daubechies ÜőÐó. ť›, 3^bľ¡ÎĂÝ ›ţì, ϕ(x) Îĳ Daubechies ÝÑøŁ}Ðó. Č ϕ(x) ŤŢŁ}ĞP ϕ(x) = ∑ k c_kϕ(2x − n), Íı c_k = 0, k ∉ {0, . . . , 2p − 1}, vŤŢ|ìÝf˝ ∑ k c_k = 2, ∑ k (−1)^kk^mc_k = 0, for 0 ≤ m ≤ p − 1, ∑ k c_kc_{k−2m} = 2δ_{0m}. ,

p ÎŒÍÑJó, Ì‚ Daubechies ÝÜőÐóÝ$ó. J3 ϕ(x) àWÝ V_0 Ýè ıŚâ Ý3bğă /$ó < p Ý94P. Č ψ(x) Î8ETy ϕ(x) ÝÑøÜőÐó, J ⟨x^m, ψ(x)⟩ = 0, 0 ≤ m ≤ p − 1. fflL Φ(x) = ∫_x −∞ ϕ(t) − ϕ(t − 1)dt. (1.13) Ì‚ Φ(x) Î ϕ(x) ÝÝèĚ. &ÆÞJĂ Φ(x) ôÎŁ}Ðó, &ÆóãtŊŐÝ]řĳC ÜőÐó, Ç g_n = (−1)^nh_{1−n}, Íı (h_n) Î Φ(x) ÝŁ};ó, (g_n) Î Ψ(x) ÝŁ};ó. .‚èĚąÝ Φ(x) õ Ψ(x) „ÌbÑøP, .hmŁCŇĺŒàEĽÃ9 {Φ̃(x), Ψ̃(x)}, ȷWÔÑø-Ù, |-y&Æ 3 V_{j+1} ^ V_j + W_j ő">Üőżð.

îPÍ@ţÎ ϕ(x) ^]żÐó X_{[0,1]} ÝPŤ, Φ(x) = X_{[0,1]} ∗ ϕ(x) (1.14) .h&Æb Φ̂(ω) = ^X_{[0,1]}(ω)ϕ(ω) = sin^ω_2 ω 2 e^{−i ω2} ϕ̂(ω) = ( 1 2 + 1 2 e^{−i ω2} ) ^X_{[0,1]}( ω 2 )m^ϕ_0 ( ω 2 )ϕ̂( ω 2 ) = ( 1 2 + 1 2 e^{−i ω2} )m^ϕ_0 ( ω 2 )Φ̂( ω 2 )

Č m^Φ_0 = ( 1 2 + 1 2 e^{−iω} )m^Φ_0 (ω) = 1 2 ( 1 2 + 1 2 e^{−iω} ) ∑ n c_ne^{−inω} = 1 2 ∑ n h_ne^{−inω} (1.15)

Íı h_k =

(c_{k−1} + c_k) 2 , (1.16) c_{−1} = c_{2p} = 0. J Φ̂(ω) = m^Φ_0 ( ω 2 )Φ̂( ω 2 ) őYmhżðßÕ Φ(x) = ∑ n h_nΦ(2x − n). X| Φ(x) ÎŁ}Ðó. !øÝ, Φ(x)ôİ"ŇŒ9ěŁ5Ů, Ćv 2p∑ n=0 (−1)^nn^mh_n = 0, m = 0, . . . , p. (1.17)

ãyÔÑøŁ};óÄ6ŤŢ (1.3), „ã h_k ^ c_k Ýn;P(1.16),İßÕ

h̃_k = 2c_k − h̃_{k+1} k = 1, 2, . . . , 2p − 1 Č m^{Φ̃}_0 = 1 2 ∑ k h̃_ke^{−ikω} (1.18) Þ h̃_k ðW c_k, îPİßÕ^ m^ϕ_0 bnÝP~:

m^{Φ̃}_0 (ω) =

{_2 1+e^{iω} m ϕ 0 (ω), if ω ≠ (2n + 1)π ;

0, otherwise

(1.19) ňóã m^{Φ̃}_1 (ω) = −e^{−iω} m^Φ_0 (ω + π), m^Φ_1 (ω) = −e^{−iω} m^{Φ̃}_0 (ω + π).

Bã9øÝóã, İD|ÝlãŇîPİŤŢ (1.10). 8Ey9řľÇÐó, Üő;ó (g_n) CEĽÜő;ó (g̃_m) 5¡‚,

g_n = (−1)^nh̃_{1−n}, g̃_n = (−1)^nh_{1−n}.

ôţÎ Ψ(x) = 2∑ k=2−2p g_kΦ(2x − k), Ψ̃(x) = 1∑ k=1−2p g̃_kΦ̃(2x − k). Ah&Æ-CŇśÝÔÑø-Ù {Φ, Ψ, Φ̃, Ψ̃}. !øÝ, Φ̃ İȷWŒ9ěŁŮ, ňvb 2p−1∑

k=1 (−1)^kk^mh̃_k, 0 ≤ m ≤ p − 2. (1.20)

39Ëľ¡Ýóãì, Φ(x) õ Ψ(x) ĹťÝÑøP, ň Φ^′ (x) õ Ψ^′ (x) Qb£{ÑøÝ n;. &Æİã Φ fiy ϕ ^ Ψ fiy ψ Ýn;ßÕ9řPš. ã (1.14), &ÆĲffi|ßÕ Φ^′ (x) = ϕ(x) − ϕ(x − 1) (1.21) Ńy Ψ^′ (x), .‚ m^Φ_0 (ω) ŤŢ (1.15) C m^Φ_1 ŤŢ (1.19), İßÕ

m^Φ_1 (ω) = e^{−i ω2} ( 1 + e^{−i(ω+π)} 2 )^{−1}m_0(ω + π)

= m_1(ω)( 1 + e^{−i(ω+π)} 2 )^{−1} ã ^Ψ^′ (ω) = iωΨ̂(ω), .h

iωΨ̂(ω) = iωm_1( ω 2 )( 1 + e^{−i( ω2 +π)} 2 )^{−1}Φ̂( ω 2 ) = iωm_1( ω 2 )( 2 1 − e^{−i ω}2 ) 2(1 − e^{−i ω2} ) iω ϕ̂( ω 2 ) = 4m_1( ω 2 )ϕ̂( ω 2 ) = 4ψ̂(ω) ÞîPőYmñfżðßÕ Ψ^′ (x) = 4ψ(x). (1.22) X|&Æbì»ÝŤŇ:

⟨Ψ^′ (x), Ψ^′ (x − k)⟩ = 16δ_{0k}, ⟨Ψ(x), Φ(x − k)⟩ = 0 for k ∈ N (1.23) C ⟨Φ^′ (x), Φ^′ (x − k)⟩ =

{ 2, if k = 0,

−1, if k = −1 or −1, 0, otherwise for k ∈ N (1.24) ¯ÿàÂLÝ Galerkin ]řOŁ5]-ÝóÂŁ‘, u&Æ»ŁX\&f˝ÝőÞ,3hÃ 9 ì X ß Õ Ý â Ů Î p , İ ć ã Ł 5 ą Ñ ø | C Ü ő Ð ó ż ð Ý P š , ! ‘ š b Ą ş Î p (sparse) Cłśf˝ó (condition number) ÝPš.

1-4 ÔÑøÜőÐóÝ5Ł^żð

3TàÔÑøÜőżðfiG, &ÆÄ6S˙EĽÃ9. ŻfflŒàÃ9 {v_1, . . . , v_n}, E˚ŇÝ v ∈ V, D3řŒÝÎáö„ α_1, . . . , α_n ÿß

v = α_1v_1 + α_2v2 + . . . + α_nv_n (1.25)

XÛEĽÃ9ÎD3ČŒàľ¡ÝÃ9 { ~v_1, . . . , ~v_n}, ÿß v_kõ ~v_k fi D3!8ÑøÝn ;: ⟨v_i, ~v_j⟩ = δ_{ij} İŇXÛÝEĽÃ9n;Î£Ğ8EÝ. ôİ|1 v_k Î ~v_k ÝEĽÃ9. .hAŇ0ÕEĽ Ã9, J (1.25) Ý;óÉİß: α_i = ⟨v, ~v_i⟩ uÎÑøÜőÃ9, ÍŰţÎŁ‚ÝEĽÃ9, ľmŒàÜőÃ9Éİ˝WÜőżð. ňÎ 3Øř&ÑøvÝÜőÐó, ţÄ6CŇĺŒàÊ¯ÝEĽÃ9. ňÎNŒàÜőÃ9K Ê)¯őÜőżðÃ9. Œfflĳý, NàÜőÐóKb8!Ý£âŮõŔœ>Ů. |Íą ZÝÔÑøÜő-Ù {Φ(x), Ψ(x), ~Φ(x), ~Ψ(x)} ĆŐ, Φ(x), Ψ(x) =bť{Ý£âŮ, Ê) ő‚Ã9; Ć ~Ψ(x) bťúÝŔœP, İęŔżð‘Ý£»>Ů. AŇÍÏÅH, GŕźŘ Ű, İ»ľîÞ@Ů.

|ì &Æ|ÍąZ ÝÔÑøÜőÐ ó‚ż, ĳ+Û Üő5Ł^ě Ÿ. {Φ_{jk}(x) | k ∈ Z} ^ {~Φ_{ik}(x) | k ∈ Z} 5¡ȷW V_j õ ~V_j è ÝÃ9, Ćv {V_j }, {~V_j} 5¡ȷW L^2(R) ÝË à9ěŁŮè . ´ Φ(2x − k) õ ~Φ(2x − k) İ|%CŇ Ψ(x) õ ~Ψ(x), ňv5¡ȷW W_j õ ~W_j ÝÃ9. ĆXÛÝ5ŁÉÎĄÊ V_j = V_{j−1} ⊕ W_{j−1} ~V_j = ~V_{j−1} ⊕ ~W_{j−1} E˚ ŇÝ j ∈ N . Ą Ê| Φ(x) ‚ Ã9 . u v(x) 3 V_j Ý7Å v_k, 3 V_j ^ V_{j−1} ⊕ W_{j−1} fi őÃ9żð, J {Φ(2^j − k) | k ∈ Z} → {Φ(2^{j−1}x − k), Ψ(2^{j−1}x − k) | k ∈ Z} ÝżðÌ‚5Ł (decomposition); Ć {Φ(2^{j−1}x − k), Ψ(2^{j−1}x − k) | k ∈ Z} → {Φ(2^j − k) | k ∈ Z}

ÝżðÌ‚)W (reconstruction). ąAć, KÎ3˛ğ|ìĞP: ∑ k v_kΦ(2^jx − k) = ∑ k u_kΦ(2^{j−1}x − k) + ∑ k w_kΨ(2^{j−1}x − k)

BÄŐóŐð, ľmĄÊ V_1 ^ V_0 ⊕ W_0 ÝÜőżð, ôţÎ j = 1 Ý›ȷ: ∑ k v_kΦ(2x − k) = ∑ k u_kΦ(x − k) + ∑ k w_kΨ(x − k) (1.25)

›:5ŁÝMż. ‹á v_k, ŁO u_k ^ w_k. Þ (1.25) !‘E ~Φ(x − k) ő/Ť, J

u_n = ∑ k v_k⟨Φ(2x − k), ~Φ(x − n)⟩ = ∑ k v_k ∑ l ~h_l⟨Φ(2x − k), ~Φ(2x − (2n + l))⟩

= 1 2 ∑ k ~h_kv_{k+2n} (1.26)

!øÝMż, İßÕ w_n = 1 2 ∑ k ~g_kv_{k+2n} (1.27)

|îţÎ5ŁÝMż.

„:) WÝMż. Č’ (1.25) ı‹ á u_k õ w_k, ŁO v_k. Þ (1.25) !‘E ~Φ(2x − n) ő/Ť, J 1 2 v_n = ∑ k u_k⟨Φ(x − k), ~Φ(2x − n)⟩ + ∑ k w_k⟨Ψ(x − k), ~Φ(2x − n)⟩ (2.28)

›ő§ÐÝÏŒ4, ∑ k u_k⟨Φ(x − k), ~Φ(2x − n)⟩ = ∑ k u_k⟨ ∑ m h_mΦ(2x − 2k − m), ~Φ(2x − n)⟩ = ∑ k ∑ m u_kh_mu_k⟨Φ(2x − 2k − m), Φ(2x − n)⟩ = 1 2 ∑ k u_kh_{n−2k} !ğ (1.28) Ý§\ÏÞ4BÄJğą ∑ k w_k⟨Ψ(x − k), ~Φ(2x − n)⟩ = 1 2 ∑ k w_kg_{n−2k}

.h v_n = ∑ k u_kh_{n−2k} + w_kg_{n−2k} (1.28)

ÌD (1.26), (1.27) õ (1.30) ÝÕŒÍŤą: &Æİ»fflŒč]„ v_k Ý9>, ľŁ ~h_k ^ h_k Ý&ë4ÎbğÝ, îPıÝùóţÎbğ94ÎÝõ, 9ôţÎ&Æ‚#Ć„ TÜőÐóÝÎbğĹ‹Ýæ., Ah3">Ã9żðî–žbQÃ.

1-5 Ł}Ðó^94P

39Œ;ı, &Æ"DŁ}Ðó Φ, ~Φ ^94PÝn;, &ÆŔáĳ Φ(x) ^ Φ̃(x) Õ9Śâ £$Ý94P, Ç x^ℓ = ∑ k ⟨x^ℓ, Φ̃(x − k)⟩Φ(x − k) (1.28) ÝĞPıÝ ℓ ć‘Wñ, ň´ıŞß Φ ^ Φ̃ fi Ż„ (moment) Ýn;, Ćv&ÆôÞ9 Ën;.ÂÕŒfflÝÔÑøÜőÐó.

ť›, &ÆfflL f Ý m gŻ„ (m-th moment)

M_m := ∫ R x^mf(x) dx. (1.29) Č’ p ≥ 2, ãy ∑ ϕ(x − k) = 1, EyXb x ∈ R, .h&Æb ∑ k Φ(x − k) = ∑ k ϕ ∗ X_{[0,1]}(x − k) = ∫_∞ −∞ ∑ k ϕ(x − k − t)X_{[0,1]}(t) dt = ∫_∞ −∞ X_{[0,1]}(t) dt = 1.

(1.30)

(1.30) PÝŇLÎ {Φ(x − k)} İ|àWðóÐó. |ì&ÆTà m^Φ_0 ĳDąŁ}Ðó^9 4 P Ý n ; , | “ Ă V_0 Ý @ Ś â Ý $ ó ≤ p Ý 9 4 P . ‚ Ý ] - , & Č m_0 = m^Φ_0 . Ą Ê m_0 = m^Φ_0 , ŻfflŒ&ŘJó s,

m^{(s)}_0 (ω) = (−i)^s 2 ∑ k k^sh_ke^{−ikω} ã(1.17), İŇ m^{(s)}_0 (π) = (−i)^s 2 ∑ k (−1)^kk^sh_k = 0, 0 ≤ s ≤ p. (1.31) qA (1.6) Φ^′(ω) = 1 2 m^′_0( ω 2 )Φ̂( ω 2 ) + 1 2 m_0( ω 2 )Φ̂^′( ω 2 ) Żffl n ∈ N, Ćá ω = 2nπ ß

Φ^′(2nπ) = 1 2 m^′_0(nπ)Φ̂(nπ) + 1 2 m_0(nπ)Φ̂^′(nπ)

Þ n 5‚Ãó^ĽóDą, ňqA (1.16) ^ (1.31), Jğą

Φ̂^′(2nπ) = 1 2 m_0(nπ)Φ̂^′(nπ) = 1 2 { m_0(0)Φ̂^′(nπ) =^1_2Φ̂^′(nπ) un‚Ľó m_0(π)Φ̂^′(nπ) = 0 un‚ˇó

u n ‚Ľó, JţˇîńÝMż, tąßÕ

Φ̂^′(2nπ) = 0, ∀0 ≠ n ∈ Z

ţhv., &Æb Φ̂^{(m)}(2nπ) = 0, ∀0 ≠ n ∈ Z, 0 ≤ m ≤ p. (1.32) Č f(x) = xΦ(x), g(x) = ∑ k f(x − k) J g(x) Î 1 ˘˚Ðó. ÿÝmñf"ffiP‚ g(x) = ∑ n a_ne^{i2nπx} Íı a_n = ∫ f(x)e^{−i2nπx} dx u n ‚Œ&ëJó, J a_n = ∫ xΦ(x)e^{−i2nπx} dx = iΦ̂^′(2nπ) = 0 u n = 0, J a_0 = ∫ xΦ(x) dx = M_1

İŇľŁ p ≥ 1 ţb ∑ k (x − k)Φ(x − k) = M_1 ãy ∑ Φ(x − k) = 1, Æß x − ∑ k kΦ(x − k) = M_1, or ∑ k kΦ(x − k) = x − M_1

ěŘîńÝMż, &Æİ.0Ň ∑ k (x − k)^mΦ(x − k) = M_m, for 0 ≤ m ≤ p.

!øÝ, Φ̃ ôbvPÝn;P ∑ k (x − k)^mΦ̃(x − k) = ~M_m, for 0 ≤ m ≤ p − 2.

.h&Æb|ìÝfflğ,

Theorem 1.1 Żfflćó p ≥ 1. u h_k, h̃_k 5¡ŤŢ (1.17) ^ (1.20), Ć Φ, Φ̃ 5¡Î| h_k

^ h̃_k ‚;óÝŁ}Ðó, J ∑ k^mΦ(x − k) = x^m + m∑ k=1 (−1)^k ( m k ) M_kx^{m−k},

∑ k^{m̃}Φ̃(x − k) = x^{m̃} m̃∑ k=1 (−1)^k ( m̃ k ) ~M_kx^{m̃−k} (1.33)

Íı M_k, ~M_k 5¡Î Φ õ ~Φ Ý k gŻ„, 0 ≤ m ≤ p, 0 ≤ m̃ ≤ p − 2.

ãîńÝÌD, èĚąÝŁ}Ðó Φ XŸxÝè fæĳ Daubechies Ł}Ðó ϕ X ŸxÝè ŚâÝ94P9 1, QĆ3 ~Φ ]ńJK 1, 9ôETÕÜőÐóî, 3£âŮî, Ψ 8y ψ; 3Ŕœ>Ů]ń, Φ̃ 8y ψ . ŕ@î, 3ŒfflÝÔÝøÜő-Ùı, Kbvńî ńÝPš, .h&Æ„TÞìńÝPš.ÂÕŒfflÝÔÑøÜő-Ùı.

ť›, fflLŒàÔÑøŁ}Ðó {Φ_{(N,} ~_{N)}, ~Φ_{(N,} ~_{N)}}, for N + ~N = 2p, p = 1, 2, . . . Íı N, ~N 5¡Ć“ V_0, ~V_0 ŚâÝ N − 1 $94P^ ~N − 1 $94P.

Theorem 1.2 u p ≥ 2, Φ_{(N,}~_{N)} ^ Φ̃_{(N,}~_{N)} ‚ÔÑø-Ùì p $Ł}Ðó, J

M_n = n∑ k=1 (−1)^{k+1} ( n k ) M_k ~M_{n−k} n = 1, . . . , m, m = max(N, Ñ) (1.34)

3JĂfflğ (1.2) fiG, &Æ›+ÛìńÝSğ,

Lemma 1.1 Č’ 0 ≤ l ≤ n − 1, n ∈ N J n−1∑ i=l (−1)^{i−l} ( n i )( i l ) = (−1)^{n−l+1} ( n n − l ) .

proof: n−1∑ i=l (−1)^{i−l} ( n i )( i l ) = n−1∑ i=l (−1)^{i−l} n! i!(n − i)! i! l!(i − l)! = n−1∑ i=l (−1)^{i−l} (n − l)! (n − i)(i − l)! n! l!(n − l)! = [_{n−1} ∑ i=l (−1)^{i−l} ( n − l n − i )] ( n n − l )

= [_{n−l−1} ∑ i=0 (−1)^i ( n − l i )] ( n n − l ) = [_{n−l} ∑ i=0 (−1)^i ( n − l i ) − (−1)^{n−l} ( n − l n − l )] ( n n − l )

= (−1)^{n−l+1} ( n n − l )

.

ĺ3ĳJĂ Theorem 1.2 proof: ‚Ý]-, &ÆČ Φ = Φ_{(N,Ñ)}, Φ̃ = Φ̃_{N,Ñ} , ňvČ’ N ≥ Ñ. E˚Ň k ∈ Z, ĄÊ| ìÝŤ5 ∫ x^nΦ(x)Φ(x − k) dx, n = 1 . . . m J ∫ x^nΦ(x)Φ̃(x + k) dx = ∫ (x + k)^nΦ(x − k)Φ̃(x) dx = ∫ (n−1∑ i=0 (−1)^i ( n i ) x^{n−i}k^i ) Φ(x − k)Φ̃(x) dx + (−1)^nk ∫ Φ(x − k)Φ̃(x) dx

= ∫ (n−1∑ i=0 (−1)^i ( n i ) x^{n−i}k^i ) Φ(x − k)Φ̃(x) dx

ÍıtąŒÍĞPÎ.‚ {Φ(x), Φ̃(x − k)} !8ÑøÝPš. .h ∞∑ k=−∞ ∫ x^nΦ(x)Φ̃(x + k) dx = ∞∑ k=−∞ ∫ (n−1∑ i=0 (−1)^i ( n i ) x^{n−i}k^i ) Φ(x − k)Φ̃(x) dx

JğąßÕ ∫ x^nΦ(x) ∞∑ k=−∞ Φ̃(x + k) dx = ∫ n−1∑ i=0 (−1)^i ( n i ) x^{n−i}Φ̃(x) ∞∑ k=−∞ k^iΦ(x − k) dx

£à Theorem1.1, J ∫ x^nΦ(x) = n−1∑ i=0 ∫ (−1)^i ( n i ) x^{n−i}Φ̃(x) (_i ∑ k=0 (−1)^k ( i k ) M_kx^{i−k} ) dx

= n−1∑ i=0 i∑ k=0 (−1)^{k+i} ( i k )( n i ) M_k ∫ x^{n−k}Φ̃(x) dx

„ãŻ„ÝfflL, ň"ffi

M_n = n−1∑ k=0 (_{n−1} ∑ i=k (−1)^i ( n i )( i k )) ~M_{n−k}M_k

£à Lemma1.3, Çß

M_n = n∑ k=1 (−1)^{k+1} ( n k ) M_k ~M_{n−k} £à!øÝMż,Œøİ|3N ≤ Ñ ßÕ!øÝŤŇ. J Theorem 1.2 ßSS.

Ah&Æu|á Φ(x) ÝE„ M_n, Jİ|ť"ÕŇEĽŁ}Ðó ~Φ(x) ÝŻ„ ~M_n.

ÏÞa bğ-ôř

ÏÞa&Æ| Poisson ^ Helmholtz ]-‚ż, £àFÙÝbğ-ôř, ÞŁ5]-;Ł3 ŁlP, „|5n 1 $Ã9Ðó ϕ(x) ÞÿżŐ‚aPÐñ]-P Au = F , QąOŇ£» Ł u_h(x) = ∑ u_iϕ_i(x). ´ŒřZ ďı, & ÆáĳÎp A Ýf˝ó κ(A) ^£»Ł u_h Ý0 -Kž^ç}ÝMŮbn, ĆvËïbÍETÝPš.

2-1 Îpf˝

3&Æ +Û Galerkin ]ř fiG, mEÎ pXSSWÝ0 -bXÝŁ, ÃÍî£àb ğ-ôř . Œ Ł 5 ] - ż ð ‚ Ł a P Ð ñ ] - Au = b Ý ő Þ , ğ ą î , ľ Ł ] p A Î İ Y Î p (invertible), JEy˚ŇÝ b, &ÆbřŒŁ u. QĆ3@jÝžàî, &ÆÄ6ĄÊ?ŊŒů Ý.ô. żAŁóÂ»ńŁÝÄ-ı, ũ Î Au = b Ý»ńŁ, ;ð"„ (residue) r = b − Aũ Ĳˇ, Jń{ u − ũ ôžĲˇ, ňÎ3ØřÎp-ÙQ^b9ËPš, |l»ńŁžŇĺŘ ěÝ0-. Ć9ř.ôı, těŁÝĲÞţÎf˝ó, .h3+ÛóÂ]řfiGmEf˝ó bX-I.

Definition 2.1 Č’ ‖ · ‖ Î n î’„ÝŒËPó, Îp A ÝîŮÎ n × n. fflLÎpPó ‖A‖ ‚ ‖A‖ = sup ‖Az‖ ‖z‖ , (2.1)

Íı z ‚&ë n î’„.

.hãîńÝfflL, u A ÝPóD3, Jİá Az Îb&Ý, ‖Az‖ ≤ ‖A‖ ‖z‖. (2.2) Definition 2.2 İYÎp A 8EyPó ‖ · ‖ Ýf˝ó (condition number) ‚ κ(A) = ‖A‖ ‖A^{−1}‖. (2.3) &ÆpĲJĂf˝óðóŐP, ôţÎ κ(cA) = κ(A) Ey c ≠ 0. ňvb 1 = ‖I‖ = ‖AA^{−1}‖ ≤ ‖A‖ ‖A^{−1}‖ = κ(A). Theorem 2.3 Č’ A ‚ n × n ÝÑ!İYÎp (ôţÎAA^T = A^T A), Č

|δ|_{max} = max{|δ| : δ is an eigenvalue of A} ^ |δ|_{min} = min{|δ| : δ is an eigenvalue of A}

J κ(A) = |δ|_{max} |δ|_{min} . proof:(ćŇ Frazier [11]).

#ìĳ, &Æ+ÛŒÍěŁÝfflğ, İÝŁf˝ó^0- Ýn;.

Theorem 2.4 Č’ ũ Î Au = b ÝŒ»ńŁ, A ‚İYÎp, v r ‚ ũ Ý"„. BÄJğ,

JE˚ŒPób8E0-, ‖u − ũ‖ ‖u‖ ≤ κ(A) ‖r‖ ‖b‖ , u ≠ 0 and b ≠ 0. (2.4)

proof: .‚ b = Au, ã (2.2) P&Æb ‖b‖ ≤ ‖A‖ ‖u‖ (2.5) !øÝ, .‚ u − ũ = A^{−1}r, ‖u − ũ‖ ≤ ‖A^{−1}‖ ‖r‖. (2.6) Þ (2.5) ^ (2.6) 8ű, ‖b‖ ‖u − ũ‖ ≤ κ(A)(A)‖u‖ ‖r‖, „BÄÉ4JJğÇİßSS.

îńfflğèž&Æ8E0-^"„fi ÝnÐĳý. ãĞP (2.4) áĳh8E0-^8 Eyõ ‖r|/‖b‖ fi ÝźóţÎ κ(A), ňvİćãf˝óÝ5Ů¿\Îp-ÙÎÍ%ffl, L Í3f˝óĲˇ‘ (i.e near 1), žbťÞ@Ý»ńŁ, J&ÆÌ‚Ĺ?Îp (well-condition matrix); ¯Îpf˝óĲ´‘, ‚ÝŁÿ»ńŁ?ã@, &Æ;ðž0bťˇf˝óÝÎp -ÙĳãĆæĳÝÎp-Ù Au = b, ÍıŒË]ř‚ïf˝˛ğ, ôţÎűîŒÍïf˝ Î p (preconditioning matrix) B, & Æž ß ÕŒ Ğ Ľ Ý- Ù BAu = Bb, ÿ ßf ˝ óž b κ(BA) < κ(A)(A) Ýn;. ňÎ, uæĳÝÎp A ÎEÌÎp, ;ðűî B XßÕÝśÎ p BA žĹťEÌÎpÝĹ?Pš, .h&Æ;ðžÞï˛ğÝ]řżŐ‚ Ãũ = b̃, Íı Ã = BAB^T , ũ = B^{−T} u, b̃ = Bb, JÎp Ã ÎEÌÎp, ľŁŤŢ κ(Ã) < κ(A) , İ ãîPOß ũ, ÇİßÕťÞ@Ý»ńŁ u = B^T ũ.

2-2 Galerkin ]ř

9Œ;, &Æ| Helmholtz ]-‚ż, óã˘˚;Ý\&f˝, £àFÙÝ Galerkin ]ř, ÞŁ5]-żŐ‚aPÐñ]-.

&Æóã u^{′′}(x) + k^2u(x) = −f(x), x ∈ Ω u(x) Î 1 ˘˚Ðó

(2.7)

Íı f(x) = 0, k = 2nπ, n ∈ N, J ] -PÝ ;Ł‚ u = a cos(kx) + b sin(kx), a, b ∈ C, ‚@1břŒŁ u = sin(kx), Ä6„Ŕá!Ŕf˝ ∫_1 0 xu dx = − 1 k , (2.8) ∫_1 0 x^2u dx = − 1 k , (2.9) ĺ3, &ÆÞŒîÝă Ω = [0, 1] îà n + 1 ÍFĞ5W n ¯,

X_h = {x_j = j n | j = 0, 1, . . . , n} ⊂ [0, 1] NŒĞ¯ÝťŮ h =^1_n , x_i Ì‚;F. ČÃ9Ðó ϕ_i ∈ H^1(0, 1), i = 0, 1, . . . , n, Î$óˇ yĞy p Ý94P, J S^p_h(Ω) = span{ϕ_0, ϕ_2, . . . , ϕ_n} ⊂ H^1(Ω) Ì‚bğ-~è . Č

V^p_h := {v ∈ S^p_h(0, 1) | v(x) Ð)˘˚;Ý\&f˝}

fflL3 V^p_h îÝÐóÌ‚ç}Ðó (mesh function). AŇĄÊç}è V^p_h , J (2.7) İ| õ|ìBŰĞĽ : O u ∈ V^p_h ÿß B(u, v) = ∫_1 0 (u^′(x)v̄^′(x) − k^2u(x)v̄(x)dx = F (v),

F (v) =

∫_1 0 f(x)v̄(x)dx, ∀v ∈ V^p_h , v(0) = v(1). (2.10) ŔřîÎà Galerkin řŁ (2.7). ĺ3, &Æ| p $ç}è V^p_h ‚Ã9è , JEy u_h ∈ V^p_h Çb u_i, Ey i = 0, . . . , N − 1 ÿß

u_h = ∑ u_iϕ_i (2.11)

J&Æİ|. (2.10) ;űW : O u_h ∈ V^p_h ÿß ∫_1 0 (u^′_hv̄_h^′ − k^2u_hv̄_h) dx =

∫_1 0 fv̄_h dx, ∀v_h ∈ V^p_h

.‚ dimV^p_h = N, X|îPêĞĽy ∫_1 0 (u^′_hϕ̄_n^′ − k^2u_hϕ̄_n dx) =

∫_1 0 fϕ̄_n dx, ∀n = 0, . . . , N − 1 ĺ3Þ (2.11) Ćáİß N−1∑ i=0 u_i(

∫_1 0 ϕ^′_iϕ^′_j dx − k^2 ∫_1 0 ϕ_iϕ_j dx) = ∫_1 0 fϕ_j dx, ∀j = 0, . . . , N − 1

Čš„pÝ-ô M_{ij} = ∫_1 0 ϕ_iϕ_j dx 0 ≤ i, j ≤ N − 1, âŮÎpÝ-ô S_{ij} = ∫_1 0 ϕ^′_iϕ^′_j dx 0 ≤ i, j ≤ N − 1, Řţ’„Ý-ô F_j =

∫_1 0 fϕ_j dx 0 ≤ j ≤ N − 1. ÇİÞ]-PżŐ‚Îp-Ù A = ([S] − k^2[M]) Au = F Íı u ‚ u_i àWÝÎá’„, A ÎŒÍ N × N ÝÎp

A = 2S_p(k) T_p(k) T_p(k) T_p(k) S_p(k) T_p(k) .. . T_p(k) S_p(k) T_p(k) T_p(k) T_p(k) 2S_p(k) S_p(k) ^ T_p(k) Î k Ý@Âbğ (rational) 94PÐó, ÍıÎp A Ý-ô A_{1,N} ^ A_{N,1} Î.‚Ã9˘˚; XCWÝ. ň‚Ý@1břŒŁ, Ä6Þf˝ (2.8) ^ (2.9) Òœ;5¡ ãĆ A ^ F ÝtąË». 2-3 f˝ó5Ů 9Œ;&Æ|Œ$5n94P‚Ã9ÐóÝ Galerkin ř. ňŻffl˘˚PÝ!Ŕf˝, &Æ óC 1-norm Ýf˝ófflL κ(A)(S) = ‖S‖_1‖S^{−1}‖_1.

|ťŊŐÝ Poisson ]-ìW, qA Fried[4] ıèÕbnâŮÎpÝf˝ó^ç}´ˇbŒ n;D3, ôţÎ c_1h^{−p} ≤ κ(S) ≤ c_2h^{−p}, (2.14)

p Î^94PÝ$óbnÝüfflÝðó, c_1, c_2 Îðó. &Æ?ŒMsĺ Helmholtz ]-X àWÝÎp]- Au = b, ôbvńÝPš.

ĺ3& Dąă Ω = (0, 1). Č N = 2^l, Íı l ÎÑ Jó. &ÆÞ Ω 6 W N Ğ¯, N ŒĞ5ÝťŮ‚ h = 1/N, Jb;F x_0 = 0, x_1, . . . , x_N = 1. &Æ|Œ$5n94P‚Ã9 ϕ_i, i = 0, . . . , N − 1, 2à˘˚P\&f˝ (.‚˘˚PÝn;, ϕ_0 ^ ϕ_N ËÍÃ9Ðóť ˛8=, Ú‚!ŒÍÐó). h‘ ϕ_0(x), ϕ_2(x), . . . , ϕ_{N−1} ‚Ã9Ðó.

ť›, &Æ›ãťŊŐÝ Poisson ]-ìW, &ÆĄÊ −u^{′′}(x) = f(x), x ∈ Ω, ‚@1řŒŁ, &Æ;ðŔág)˘˚;Ý!Ŕf˝ ∫_1 0 u dx = 1 (2.15),

ČA f(x) = 1, JËŁ‚ u(x) = − 1 2 x^2 + 1 2 x + 11 12 . Č u_h(x) = N−1∑ i=1 u_iϕ_i(x) ‚bğ-Ł. JâŮÎpÝ-ôÎ S_{ij} = ∫_1 0 ϕ^′_iϕ^′_j dx, 1 ≤ i, j ≤ N. (2.16) BÄŊŐÝŇÕ, &ÆßÕ S =^1_h diag(−1, 2, −1), S_{1,N} = −^1_h , S_{N,1} = −^1_h

S_{11} S_{12} 0 0 . . . 0 S_{1,N} S_{21} S_{22} S_{23} 0 . . . 0 0 0 S_{32} S_{33} S_{34} . . . 0 0 . . . . . . . . . . . . . . S_{N,1} 0 0 0 . . . S_{N,N−1} S_{N,N} u_0 u_1 . . . u_{N−1} =

F̃_0 F̃_1 . . . F̃_{N−1} ň Î , 9 ø Ý S Ţ Q Î İ Y Ý ( S Ý N Œ » fi õ ‚ 0 ’ „ .). æ . Î ˘ ˚ P \ & f˝ Í Ű » X ffl ř Œ Ł , Ĳ Ţ Q Ý , A Ň u_1(x) Î Œ Í Ð ) −u^{′′}(x) = f(x) Ý ˘ ˚ Ł , č Ć u = u_1 + c ôÄQÎŒÍÐ) −u^{′′}(x) = f(x) Ý˘˚Ł. X|&ÆÄ6Þ (2.15) Ýf˝, ã (2.15) 9ÍÎp.0Ň N−1∑ i=1 u_i ∫_1 0 ϕ_idx = N−1∑ i=1 hu_i = 1

ňãĆ S ^ F ÝtąŒ », JÎ p S tąŒ» Ý-ô‚ S(N, :) = (h, h, . . . , h), ĲŢQ, 9øÝÎp&ð£É, .‚ÿÝtąŒ»£{Î 0 ’„ (¯ç}œ6œˇ‘). J|ìÎ& ÆÝ@ŹŤŇ:

N 8 16 32 64 128 256 512 κ(S) 257 1025 4097 16385 262145 1048577 4194305 κ(S)/N^2 4.0625 4.0039 4.0010 4.0002 4.0001 4.0000 4.0000

ãîńÝÌD, &Æsĺç}´ˇ^f˝ófi Ýn;‚ c_1h^{−2} ≤ κ(S) ≤ c_2h^{−2}, c_1, c_2 Îðó. ôãyÎp£É, žÿßf˝óŐ´, .h&Æİ|ŔtąŒ»Ý h^2 Ét Õ§\, JtąŒ»Ő‚^1_h (1, 1, . . . , 1). 9øÎpţ£É9Ý. J&ÆßÕ|ìÝ@ŹŤŇ: N 8 16 32 64 128 256 512 κ(S) 20 80 320 1280 5120 20480 327680 κ(S)/N^2 0.3125 0.3125 0.3125 0.3125 0.3125 0.3125 0.3125

4QŤŇ‹B;§KÝ, ňÎÎ| N^2 Ý>ŮWff.

ĺ3/Õ Helmholtz ]-]ńÝőÞ, &ÆĄÊőÞ (2.7), Œøóà˘˚P\&f˝, Č u_h(x) = N−1∑ i=1 u_iϕ_i(x) ‚ b ğ - Ł . £ à (2.10) P , & Æ ß Õ Ý â Ů Î p S ^ š „ Î p M, Í ı S Ý ȷ P A ! (2.16) P, 3š„Îp]ń, Í-ô‚ M_{ij} = ∫_1 0 ϕ_iϕ_j dx, 1 ≤ i, j ≤ N − 1. BÄŊŐÝŇÕ, &ÆßÕ M = diag(^h_6 ,^{2h}_3 ,^h_6 ), M_{1,N} =^h_6 , M_{N,1} =^h_6 ,

M = M_{11} M_{12} 0 0 . . . 0 M_{1N} M_{21} M_{22} M_{23} 0 . . . 0 0 . . . . . . . . . . . . M_{N1} 0 0 0 . . . M_{NN−1} M_{NN}

J Helmholtz ÝÎp]-‚

(−S + k^2M)u = F

‚Ý@1řŒŁ u = sin(kx), &ÆÄ6„Ŕáf˝ (2.8) C (2.9), BÄÒœ;^Jğfią &ÆßÕì»ËP: N−1∑ i=1 u_i h 2 (x_{i−1} + x_{i+1}) = − 1 k

N−1∑ i=1 u_i( 1 2 h^3 − 2 3 h^2(x_{i−1} + x_{i+1}) + 1 2 h(x^2_{i−1} + x^2_{i+1})) = − 1 k

Íı x_i ‚ă [0, 1] fi Ý;F. £à9ËfĞPãĆæÐñ]-PÝtąË».

ãîńÝfflL, &ÆßÕf˝ó κ(A) Ý@ŹŤŇ, k = 4π N 8 16 32 64 128 256 512 κ(A) 2.3688E4 5.2005E4 2.0364E5 8.2005E5 3.2996E6 1.3271E7 5.3233E7 κ(A)/N^2 370 203 198 200 201 203 203

k = 8π N 8 16 32 64 128 256 512 κ(A) 4.5738E5 2.0208E6 9.0219E5 3.2842E6 1.3132E7 5.2647E7 2.1091E8 κ(A)/N^2 7.156E3 7.90E3 881 801 801 803 804

ãîńÝ@Ź, &ÆÌDÕf˝ó κ(A) | N^2 Ý>Ů%fflWffÎ´Ã3 kh < 1 ą– sSSÝ. 39fiG, ôţÎ¯ kh > 1 ‘, f˝óň%fflWff, 9â?ôETÝbğ-Ł^ ËŁË 0-Ýn; (&Æ3ìŒ;bŊÞÝ+Û), İ»Î.‚ËŁÝèŻgó9yÃ9 -ôÝÍó, Př"?ÕŁèŻÝgó, ;ðbğ-Łž^ËŁÝ-š#´, ôà#Å(Õ Îp A Ý%fflP.

9ì&Æ“ĺ3 k Î 4π�6π�8π ‘, f˝ó^Ã9ÍóÝn;% :

Fig 1

ã%Œİ|:Ň¯ kh > 1 ‘f˝óèŻÝ›ȷ, ň^bğ-ŁÝ0-bØËETÝn ;D3. | k = 8π ‚ż, &Æ´Ãİ|Þ%Œ5‚ëÍI5, Íı N < A ‘â?ETbğ -ŁÎ<[ő (decaying) Ý›ţ, ¯ A < N < B ‘, ÎET3bğ-ŁÎG˙őÝ‘Î ; bğ-ôŁÝ0-‹øÄ 100% ĘèŻ, h‘Ýf˝óÝèŻ8¯´; ¯ N < B ‘, f˝ ó‹@ŸW N^2 Ý>ŮWff, h‘ÎpCD@ÝDTÝŁ5Õ~ÝPš, ňv0-|Œffló ÝóŮ[e. .h, &Æİćãf˝óÝ5Ů, ¿\bğ-Ł0-[eÝ›ţ.

ĺš, &Æùsĺf˝óÀžbËÍť´Ý)Â.

Fig 2 3%Þı, &Æ9ÜËÍż~, f˝ófiy-ôÍóÀžbËÍť´Ý)Â.

2-4 0-5Ů 9Œ;&Æ| Helmholtz ‚ż~, @Źbğ-ôřÝ0-5Ů. 3bğ-ŁÝ0-5Ů]ń , &Æ;ðžĲĄÊ L^2 ^ H^1 è Ý0-5Ů.

ť›, 3 H^1 è ]ń. &ÆfflL

|u_h|^2_1 :=

∫_1 0 (u^′_h)^2dx ‚ H^1-seminorm. ã Douglas [12] ıèÕÝ quasioptimal Ý0-čŇ.

Theorem 2.5 (Asympotic estimate on V^1_h ) E (2.7) P. Č f ∈ L^2(0, 1), u ∈ H^2(0, 1) Î

ËŁ, u_h ∈ V_h Pbğ-Ł, Č’ h õ k ŤŢìŰðóıÝ5ÒKÎÑÝ, J |u − u_h|_1 ≤ C_s|u|_2. Íı C_s :=

2(1 + (^{hk}_{2π}^2)^{1/2} (^1_2 − 6C^2_1 k^2h^2(1 + k)^2)^{1/2} , õ C_1 := 2 (1 − 2(1 + k)^{k2h2}_{π2} )π . 3îńÝfflğı, Ä6 h^2k^2, h^2k^3 õ h^2k^4 Èˇ, C_s Ý5Ò–žÎÑÝ. .hÄ6ŤŢ

hk^2 < c^∗ = 1 √ 12 . AŇ h õ k ŤŢfflğıÝČ’, čĆbğyŁž|tů£»ŁÝ>Ů[e, ôţÎ1, 3ó Â@ŹıŁ hk^2 Èˇ–žŇĺ quasioptimal ÝPš.

Theorem 2.6 (P reasympotic estimate on V^1_h ) u f ∈ L^2(0, 1), Č u ∈ H^2(0, 1) P (2.10)

PÝËŁ, u_h ∈ V_h Î (2.10) PÝbğ-Ł, AŇ hk ≤ 1, J |u − u_h|_1 ≤ ( h π + C( hk π )^2)|u|_2, (2.17)

Íı C Põ h, k PnÝðó.

EyőÞ (2.7), u = sin(kx) ‚ËŁ, J u ŤŢ Ak^l|u|_1 ≤ ‖u^{(l+1)}‖ = |u|_{l+1} ≤ Bk^l|u|_1, ðó A, B ľ^ u ÝMżbn, &ÆÌ‚ŁÎèŻÝ. u (2.17) PıÝ k^2h Îb&Ý, Þî ńÝĞPñ/ (2.17) P, JEyèŻŁ&Æb

ẽ := |u − u_h|_1 |u|_1 ≤ hk π + Ck (hk π) 2 (2.18)

Definition 2.7 (P ollution) ĄÊ Helmholtz ]-, 3è V fflLPó norm ‚ ‖.‖_V ÝŐ

5P, Č’ËŁ u ≠ 0, u ∈ V D3v‚Œ, bğ-Ł u_h ∈ V_h ⊂ V , ňv

ẽ := ‖u − u_h‖_v ‖u‖_v ≤ C(k) inf_{v∈Vh} ‖u − v‖ ‖u‖

Wñ. AŇ C İ|űW C(k) = C_1 + C_2k^β θ^γ Í ı β > 0, γ ≥ 0, θ = hk, Ć v C_1, C_2 õ h, k, P n , č Ć b ğ - Ł Ì ‚ polluted, Ć v C_2k^β θ^γ ffÌ‚ pollution 4. b pollution 4“PóÂŁbœ’ÝĺésSS, (2.18) PÝ§ ÐÝ4ŚâMż0- (amplitude error), Ć pollution 4ŚâÝ8Ż0- (phase error).

¯őÞ (2.7) PıÝ k = 8π, Jb0-čŇ ẽ ≤ C_1(hk) + C_2k(hk)^2, Íı C_1, C_2 õ h, k Pn. |ìÎ0-5Ů:

N 8 16 32 64 128 256 512 1024 ẽ_1 1.222E6 21.091 0.968 0.203 0.075 0.035 0.017 0.008 Nẽ_1 9.773E6 337.455 30.967 12.969 9.626 8.820 8.565 8.464 &Æ3@ŹóA]ń, ôbîå0-čŇÝPš, ã Theorem 2.1 ÝğŒf˝, İÕŕčŇ ¯ N ≥ k^2/c^∗ ≈ 182 ‘, bğ-Łœ Ý›ţ‹BfflŒĆvÎ| O(N^{−1}) %ffl[e ( 3% ëıŢî3f 182 ?KÝ-ôţ‹BÎ| N^{−1} Ý>Ů[e ); ¯ N ≤ k^2/c^∗ ‘, 0-čŇ ıÝ pollution 4ÝÅ(G´yMż0-, h‘bğ-ŁÝèŻŔę, ňv0-#´. 9ìÎ | log-log 2ýXőÝ%:

Fig 3

3%ëı, ¯ k Âœ´8E0-æèŻœŘě. | k = 16π ‚ż, İÞ%ë5‚ëÍI 5, ¯ N < A ‘Ý bğ- ŁÎ <[ ő; 3 A < N < B ‘b ğ-Ł ‚G ˙ő , 0 -Î øÄ 100% őèŻ, h‘Ý0-čŇıÝ pollution 4´yMż0-; ¯ N > B ‘ pollution 4 ‹BåÕfflŒ, [eóŮÎ| O(N^{−1}) %ffl[e. 9â?^f˝óÝ“ĺ!8ET.

3 L^2 0-]ń, ť›&ÆĄÊ L^2-norm ‖u‖ = ( ∫_1 0 |u|^2dx)^{1/2}. Theorem 2.8 Č u ^ u_h 5 ¡ Î (2.10) P Ý Ë Ł ^ 5 n a P b ğ - Ł , Č ’ hk < 1,

f ∈ L^2(Ω), J ‖u − u_h‖ ≤ (1 + Ck)( h π )^2|u|_2.

ã Theorem 2.8 İáĳ, 3 L^2 Ýè ı, bğ-Ł Ýtů[e >Ů‚ O(N^{−2}), 9ì Î&ÆÝóÂ@Ź,

N 8 16 32 64 128 256 512 1024 ẽ_2 6.477 47.505 0.316 0.0365 0.0086 0.0021 5.3566E-4 1.3388E-4 N^2ẽ_2 414.53 3.2946e+3 323.84 149.37 141.42 140.58 140.42 140.38

ãîńÝóAİáĳ, L^2-norm ^ H^1-seminorm Ý0-čŇŒffi»KbvńîìèŻ sSS, ňffi»[eą, H^1-seminorm ž¸’%fflÝ N^{−1}, Ć L^2-norm J|üfflÝ n^{−2} Ýó Ů[e.

Fig 4

î%Î k = 8π ‘Ý L^2-norm ^ H^1-seminorm Ý8E0-.

Ïëa Wavelet-Galerkin ]ř

ÍaÞ +ÛĺŒË Galerkin ]řÝÃ9 : èĚąÝŁ }Ðó, ÿ ňÌbŒfflb ğ-Ã9 Ý Ĺ ? P š ( = ˇ P , İ Ł P ^ ¯ I P ), ň v Ì b 0 Ð ó £ É ą £ { Ñ ø ^ 9 ě Ł Ů Ý » æ. &Æ ›´ ť ŊŐ Ý Poisson ]- ìW , D ą ÍE TÝ âŮ Îp (stiffness matrix); # ¡ ű ï !ø Ý M ż , T à 3 Helmholtz ] - , „ . 0 Ň š „ Îp (mass matrix). ňv ÿ à Wavelet-Galerkin ]ř ^ (1.19) ÝP š, ÿßâ ŮÎpÝf ˝ółś . ‚Ý^ÏÞ afť, &Æóà8!ÝőÞ.

3-1 ÿàèĚŁ}ÐóÝ Galerkin ]ř

ť›, 3 Poisson ]-]ń, &ÆŒø2à˘˚PÝ\&f˝, &ÆĄÊ −u^{′′}(x) = f(x), x ∈ (0, 1) u(x) Î1-˘˚Ðó

(3.1)

Íı f(x) ∈ C^1(0, 1) (‚Ý@1břŒŁ, &Æ;ðmŁ„ŔáŒřf˝, }ą3CŇÐñ ]-Ý‘Î, ÞbŊÞÝ+Û).

&Æóà p = 2 fièĚv˘˚;ÝŁ}Ðó Φ(x) ‚ż, |Ï j ůÝŁ}Ðó Φ_{j,k} ‚ Ã9, Ÿx V_j è , V_j = span{Φ_{j,k} | k = 0, . . . , 2^j − 1}.

Ey u_j ∈ V_j bÎáÝ u_i, ÿß u_j = ∑ k u_kΦ_{j,k}. (3.2) &ÆÞ u_j Ćá (3.1) Pı, ßÕ ∫_1 0 (u^{′′}_j + f(x))Φ_{j,n}(x)dx = 0, 0 ≤ n ≤ N − 1, (3.3) &ÆE u_j Ý0ó4ő5IŤ5.ß

Φ_{j,n}u^′_j | |^1 0 − ∫_1 0 u^′_j Φ^′_{j,n} dx + ∫_1 0 f(x)Φ_{j,n} dx = 0, 0 ≤ n ≤ N − 1 (3.4) îPĞrĳW\ÏŒ4Ç‚ŁQ\&f˝, ãy&ÆÞÃ9 Φ_{j,n} ˘˚;Ýn;, ňÄ 0 õ 1 9ËÐFÝÃ9ÐóÍ@‚!ŒÍ, .h9Œ43]-ı!8nŔ*Ý. £à u_j ÝfflL, &Æáĳ u^′_j = N−1∑ m=0 Φ^′_{j,m}u_m = N−1∑ m=0 u_m2^{3j2} Φ^′(2^j x − m), (3.5)

Þ (3.5) PĆá (3.4) P, ßÕ

2^{3j} N−1∑ m=0 u_m ∫_1 0 Φ^′(2^jx − m)Φ^′(2^jx − n) dx = 2^{j2}

∫_1 0 f(x)Φ(2^jx − n) dx, (3.6) Íı (u_m) ‚Îá’„. EŁ}ÐóŤ5‘, &Æİ|£àŐóŐðÞÏ j ůżðWÏ 0 ů

őŤ5, ţÎ|ìÝ=#;ó:

∫_1 0 Φ^′(2^jx − m)Φ^′(2^j x − n) dx = 1 2^j

∫_4 0 Φ^′(x)Φ^′(x + ℓ) dx,

∫_1 0 f(x)Φ(2^jx − n) dx = 1 2^j

∫_4 0 f( x + m 2^j )Φ(x + ℓ) dx, (3.7)

Íı ℓ = m − n. Ć/ (3.6) Pı, ţÎ N−1∑ m=0 u_m ∫_4 0 Φ^′(x)Φ^′(x + (m − n))dx = 2^{−5j2}

∫_4 0 f( x + m 2^j )Φ(x + (m − n))dx. Č u = (u_m) , JßÕŒÐñ]-P Su = 2^{−5j2} F, Íı S ‚âŮÎp, ÍÎp-ô‚ S_{m,n} = ∫_4 0 Φ^′(x)Φ^′(x + (m − n)) dx, 0 ≤ m, n ≤ N − 1 (3.8)

Řţ’„ F Ý-ô‚

F_n =

∫_4 0 f( x + m 2^j )Φ(x + (m − n))dx. 0 ≤ n ≤ N − 1 (3.9) 3âŮÎp]ń, .‚Ã90Ðó Φ^′ £É£{ÑøÝPš^Ã9˘˚;, JâŮÎp

ÝȷP‚

S =

2 −1 0 0 0 0 . . . −1

−1 2 −1 0 0 0 . . . 0

0 −1 2 −1 0 0 . . . 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 0 0 0 . . . 2 −1 0

0 0 0 0 . . . −1 2 −1

−1 0 0 0 . . . 0 −1 2 N×N

(3.10)

Í ı S_{1,N} = S_{N,1} = −1 Î ˘ ˚ ; X C W Ý . A h , & Æ ‹ B Þ Poisson ] - ż Ő ‚ Ł Su = F ÝaPÐñ]-. ňÎ˘˚;CWŒÍŘěÝőÞ, ţÎÎp S ÎŒÍ singular Î p (ĲĂŢ2, S Ý»’„fiõ‚ë’„), &ÆPřßÕ S^{−1}, ¯QôPřOß»ńŁ u. X |&ÆÄ6„ŻfflŒÍřŒŁÝf˝, ;ðÎ ∫_1 0 u_j dx = 1. (3.11)

qA (3.2) P&ÆßÕ ∫_1 0 u_h dx = 2^{j2} N−1∑ m=0 u_m ∫_1 0 Φ(2^jx − m) dx

= N−1∑ m=0 u_m2^{−j2}

∫_4 0 Φ(x) dx

= N−1∑ m=0 u_m2^{−j2} = 1 X|_{N−1} ∑ m=0 u_m = 2^{j2} .

ÞîPãĆÎp S ÝtąŒ», H S ŐWİYÎp, ÇİßÕřŒŁ.

#ìĳ&Æĳ:: Helmholtz ]-, Œø2à˘˚;Ý!Ŕf˝, ĄÊ u^{′′}(x) + k^2u(x) = −f(x), x ∈ (0, 1) u(x) Î1-˘˚Ðó,

(3.12)

Íı f(x) ∈ C^1(0, 1), k = 2nπ, n ∈ N (‚Ý@1břŒŁ, &Æ;ðmŁ„ŔáŒřf˝, }ą3CŇÐñ]-Ý‘Î, ÞbŊÞÝ+Û). Č u_j = ∑ u_mΦ_{j,m}, (3.13) ‚bğ-Ł. ěŘGńÝMż, &ÆŒøÞ u_j Ćá (3.12) Pı, ß ∫_1 0 (u^{′′}_j + k^2u_j + f(x))Φ_{j,n}(x)dx = 0, 0 ≤ n ≤ N − 1, (3.14)

&ÆE u_j Ý0ó4ő5IŤ5ßÕ Φ_{j,n}u^′_j | |^1_0 −

∫_1 0 u^′_j Φ^′_{j,n}dx + k^2 ∫_1 0 u_j Φ_{j,n} ∫_1 0 f(x)Φ_{j,n}dx = 0 0 ≤ n ≤ N − 1 (3.15)

£à˘˚PÝ\&f^ (3.5) P, JğąßÕ

2^{3j} N−1∑ m=0 u_m ∫_1 0 Φ^′(2^j x − m)Φ^′(2^jx − n) dx − 2^jk^2 N−1∑ m=0 u_mΦ(2^jx − m)Φ(2^jx − n) dx

= 2^{j2}

∫_1 0 f(x)Φ(2^jx − n) dx, (3.16) Íı u_m ‚Îá;FÂ. ŁO (3.16) PÝŤ5Œøİ|ÞÏ j ůżŐ‚Ï 0 ů, 9ø&İ |ßÕ (3.7) PıÝËÍP^ ∫_1 0 Φ(2^j x − m)Φ(2^jx − n) dx = 1 2^j

∫_4 0 Φ(x)Φ(x + ℓ) dx Íı ℓ = m − n. Ć/ (3.16) Pı&ÆßÕ

2^{3j} N−1∑ m=0 u_m ∫_4 0 Φ^′(x)Φ^′(x + (m − n)) dx − 2^j k^2 N−1∑ m=0 u_m ∫_4 0 Φ(x)Φ(x + (m − n)) dx

= 2^{j2}

∫_4 0 f( x + m 2^j )Φ(x + (m − n)) dx, Č u = u_m , JİßÕŒaPÐñ]-P

(2^{3j}S − 2^jk^2M)u = F

Íı S ^ F 5¡ÎâŮÎp^Řţ’„, vȷP^ (3.9) õ (3.10) 8!, ĺšbÎp M ‚š„Îp, Í-ô‚ m_{m,n} = ∫_4 0 Φ(x)Φ(x + (m − n))dx, 0 ≤ m, n ≤ N − 1 (3.17) 3š„Îp M ]ń, Φ(x) ^ Φ(x − k) ÝĹ‹@jb8øÝÝ‘Î‚, –ETŤ5& ë-ô, ľb s_{m,n} = 2^{j2}

∫_4 0 Φ(x)Φ(x + ℓ) dx = 2^{j2}

∫_4 0 Φ(x − ℓ)Φ(x) dx = s_{n,m} , 0 ≤ m, n ≤ N − 1

v ℓ = m − n = 0, −1, −2, −3, −N + 3, −N + 2, −N + 1, 0 ≤ m, n ≤ N − 1.

:ńmŁÚËŤ5Â, ňÎ@jîGbřËȷP, 5¡Î

m_{n,n} = 2^{j2}

∫_4 0 Φ(x)Φ(x)dx m_{n,n+1} = m_{1,1+2}j_{−1} = 2^{j2}

∫_4 1 Φ(x)Φ(x − 1)dx m_{n,n+2} = m_{i,i+2}j_{−2} = 2^{j2}

∫_4 2 Φ(x)Φ(x − 2)dx i = 1, 2

m_{n,n+3} = m_{i,i+2}j_{−3} = 2^{j2}

∫_4 3 Φ(x)Φ(x − 3)dx i = 1, 2, 3

Íı 0 ≤ n ≤ N. ¯ k = 0, −1, −2, −3 ‘,9ř-ô˝“a3ă Ω = [0, 1] Ěń, ÍõÝ

Î.‚ Φ ÝĹ‹‚ 4 õ˘˚;Ýn;, ňÄ\&ÝëÍ-ôÃ9Kž^ÏŒÍ-ôÃ9b

ø/, .hÃ9ÐóŤ5)QbÂ. 9ř˘˚;XȷWÝ-ôžŇĺ3š„ÎpÝ§îŊõ

ĳìŊ, ňvȷWŒÍ 3 × 3 îëŊõìëŊÎp. æÍ3 [0,1] /Ý-ôž3EŊîȷW

Úf EŊ ;Î p, ‚Ý ]- “î, &Æ Č m_{n,n} = a, m_{n,n+1} = b, m_{n,n+2} = c, m_{n,n+3} = d,

J&Æbš„Îp M

M = a b c d 0 0 0 . . . d c b b a b c d 0 0 . . . 0 d c c b a b c d 0 . . . 0 0 d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . d 0 0 0 0 0 0 . . . a b c

c d 0 0 0 0 0 . . . b a b b c d 0 0 0 0 . . . c b a N×N

(3.18)

X|&ÆWŘÝ.|Ł}Ðó‚Ã9Ý Helmholtz ]-Pż‚ŁÎp]- Au = F. (3.19), Íı A = (2^{3j} S − 2^j k^2M)

|îÝÎp]-ÎĄÊ˚ćÝ\&f˝, ‚Ý@1ŁÝřŒP, &ÆÄ6ŔáŒřf˝, ż

A¯ (3.1) PÝ f = 0 ‘, J]-PÝ;Ł‚ u = c_1 cos(kx) + c_2 sin(kx), c_1, c_2 ∈ C, .h

‚ÝŕŁÎ u(x) = sin(kx), Ä6„Ŕá

∫_1 0 xu dx = −1 k , (3.20)

∫_1 0 x^2u dx = −1 k , (3.21)

–»bžbřŒŁ.

Þ (3.14) P^ (3.15) PÒœ;ą, 5¡ãĆ A C F ÝtąË», qA u_j = ∑ i u_iΦ_{ji}, &ÆßÕ ∫_1 0 xu_j dx = 2^{j2} N−1∑ m=0 ∫_1 0 xΦ(2^jx − m) dx u_m

= 2^{−3j2} N−1∑ m=0 ∫_2j 0 xΦ(x − m) dx u_m = − 1 k X| 2^{−3j2} N−1∑ m=0 u_m ∫_2j 0 xΦ(x − m) dx = − 1 k !øÝ 2^{−7j2} N−1∑ m=0 u_m ∫_2j 0 x^2Φ(x − m) dx = − 1 k &Æà9ËÍP~ãĆÎp A ÝtąË»ţİßÕřŒŁ.

Fig 5

%"Î p = 2 v j = 4 ÝèĚąÜőÐó^bğ-5naPÃ93 16 Í-ô‘Ý£ »Ł, &Æİ|:Ň| Φ(x) ‚Ã9Ýã@ŮG8y5naP‚Ã9ÝóÂŁ.

3-2 Wavelet-Galerkin ř

9Œ;&Æ£àÜőżð˛ğÅ¯5Ł^)WÝ]ř, ĳ˛ğâŮÎp S ^š„Îp M, &ÆŔCŇŒà5ŁÎp W , Þ| Φ_{j,k}(x) ‚Ã9ÝâŮÎp S_J ^š„Îp M_J ż ðW| Φ_{j−1,k}(x) ^ Ψ_{j−1,k} ‚Ã9ÝÎp ~S_j ^ ~M_j. .‚

Φ(x) = 2^{12} 2p∑ k=0 h_kΦ(2x − k) (3.22)

Ψ(x) = 2^{12} 2p−2∑

k=0 g_kΦ(2x − k) (3.23) X|Ï j WÝâŮÎp S_j ÝŒffl4İ|“îW ⟨Φ^′(2^{j−1}x − n), Φ^′(2^{j−1}x − m)⟩ = ⟨2^{12} 2p∑ k=0 h_kΦ^′(2^j x − 2n − k), 2^{12} 2p∑ l=0 h_lΦ^′(2^jx − 2m − l)⟩

= 2 2p∑ k=0 2p∑ l=0 h_kh_l⟨Φ^′(2^j x − 2n − k), Φ^′(2^jx − 2m − l)⟩

= 2 2n+2p∑

k=2n

2n+2p∑

l=2n h_{k−2n}h_{l−2n}⟨Φ^′(2^jx − k), Φ^′(2^jx − l)⟩

EyXbÝ n, m = 0, 1, . . . , 2^{j−1} − 1, ⟨Ψ^′(2^{j−1}x − n), Ψ^′(2^{j−1}x − m)⟩ = ⟨2^{12} 2p−2∑

k=0 g_kΦ^′(2^jx − 2n − k), 2^{12} 2p−2∑

l=0 g_lΦ^′(2^j x − 2m − l)⟩

= 2 2p−2∑

k=0

2p−2∑

l=0 g_kg_l⟨Φ^′(2^jx − 2n − k), Φ^′(2^j x − 2m − l)⟩

= 2 2n+2p−2 ∑ k=2n

2n+2p−2 ∑ l=2n g_{2n−k}g_{2n−l}⟨Φ^′(2^j x − k), Φ^′(2^j x − l)⟩

⟨Φ^′(2^{j−1}x − n), Ψ^′(2^{j−1}x − m)⟩ = ⟨ 2p∑ k=0 h_kΦ^′(2^jx − 2n − k), 2p−2∑

l=0 g_lΦ^′(2^jx − 2m − l)⟩

= 2p∑ k=0

2p−2∑

l=0 h_kg_l⟨Φ^′(2^j x − 2n − k), Φ^′(2^jx − 2m − l)⟩

= 2n+2p∑

k=2n

2n+2p−2 ∑ l=2n h_{2n−k}g_{2n−l}⟨Φ^′(2^jx − k), Φ^′(2^j x − l)⟩ EyXbÝ n, m = 0, 1, . . . , 2^{j−1} − 1.

ÞîńÝĞPżð n g, ň:WÞgP (bilinear form),

~S^{(n)} = W_{(n)}SW^T_{(n)} (3.23),

Íı5ŁÎp (decomposition) ‚

W_{(n)} = W_{n−1}W_{n−2} . . . W_0, (3.24),

W_n ‚ N × N Îp,

W_n = ( H_n G_n ) 0 0 I_{N−2}j−n ,

I_i Î i × i ÝŐŻÎp, H_n ^ G_n ÝîŮ‚ 2^{j−n−1} × 2^{j−n}, 5¡ÎŁ};ó h_k ^Üő; ó g_k ˘˚;ąXàWÝÎp

H_n = h_0 h_1 h_2 h_3 . . . h_{2p} 0 . . . 0 0 0 h_0 h_1 . . . h_{2p−1} h_{2p} . . . 0 0 0 0 0 h_0 h_1 h_2 . . . 0 . . h_{2p} 0 0 0 . . . 0 h_0 . . . h_{2p−1} h_{2p−2} h_{2p−1} h_{2p} 0 . . . 0 0 . . . h_{2p−3} . .

(3.25)

G_n = g_0 g_1 g_2 . . . g_{2p−2} 0 . . . 0 0 0 g_0 g_1 . . . g_{2p−2} . . . 0 0 0 0 0 g_0 g_1 . . . 0 . . g_{2p−2} 0 0 0 . . . g_0 . . . g_{2p−3} g_{2p−4} g_{2p−3} g_{2p−2} 0 . . . 0 . . . g_{2p−5} . .

(3.26) ňvŤŢ 1 2 W_{(n)} ~W^T_{(n)} = I (3.27),

9ĚÝ ~W_{(n)} Ì‚)WÎp, ÍȷP‚ ~W_{(n)} = ~W_{n−1} ~W_{n−2} . . . ~W_0, Íı ~W_{(n)} = ( ~H_n ~G_n ) 0 0 I_{N−2}j−n ,

~H_i ^ ~G 5¡‚EĽŁ};ó h̃_k ^EĽÜő;ó g̃_k Ý;óXàWÝÎp, àWÝȷPA (3.25) ^ (3.26) P.

ćãîńÝżð, &Æ‹BWŘÞâŮÎp S łů

~S^{(n)} = W_{(n)}S ~W^T_{(n)}. (3.27)

.h3 Poisson ]-]ń, æÍŁÐñ]- Su = F İ|żŐ‚Ł

~S^{(n)}_j ~u^{(n)} = ~F^{(n)} (3.28)

J ~u^{(n)} = W_{(n)}u. AhŒĳ, İãśÝaP-Ù (3.28) ßÕ ~u^{(n)} , ňv.‚ (3.27), X|& Æİ|Ĳ"ßÕ»ńŁ u.

u|ÞîÝÜőżðĳ:, &Æİ|ÞżðŒgP“î‚

~S^{(1)}_j = ( U W_x W_y W )

řs~Îp U, W_y, W_x, W ÝîŮKÎ^N_2 ×^N_2 . U, W ıÝ-ô5¡Î (1.23) Põ (1.24) P xW, ÍĂËsÎpÝ-ôţÎ (1.23) PxW. „ãΦ^′ ^ Ψ^′ !8Ñøõ Ψ^′ ^ÍŁ‚ÑJ Ýn;, İ.ß W_x, W_y ‚ëÎp, Ć W ‚űîŒðóÝŐŻÎp. ¸¡żðgóÝęŔ, ȷWŐŻÎpÝPŽô¸fiŐ´, 9ôÎ&Æ-‚| Φ ‚Ã9ÝâŮÎpg)Üőżð» łśâŮÎp S Ýf˝óõŇÕ„Ýæ.. ň3@jÝžàî, żA Poisson ]-, ‚Ý@ 1ŁÝřŒPõD3, &Æ;ðÞâŮÎÑ S ÝtąŒ»ðî@1řŒŁÝÒœf˝, Ć9 řf˝žCWżðîÝŘH, BÄŒgÜőżðą, ž3 U, W_x ÝtąË»õ W_y, W Ýt ąŒ»ȷW&ë-ô, Ćv&ë-ôž¸¡żðÝgóĆ@ŸęŔ, G„łśf˝ó]ń ´Æ5X, ŇÕ„?ÎęŔÝóź.

!ğ, ćãîńÝ5ŁÎp W_{(n)}, ţQİ|Þš„Îp M_j ł n ů ~M^{(n)}_j = ~W_{(n)}M_j W^T_{(n)} (3.29) .hæÍÝŁÎp]- A_j u = F ÝőÞżð‚ ~A^{(n)}_j ~u^{(n)} = ~F^{(n)} (3.30) J ~u^{(n)} = W^T_{(n)}u. Œøİã (3.27) PĲ"ßÕ»ńŁ u. 3Å¯˛ğÝ*żğ, &Æðð3 ł ů ą ˛ ğ * # » ë Ý Î p - ô , ÿ ß 3 Å ¯ D ź Ä - ı ß Õ ť { Ý D ź č , v 3 Å ¯ ] ń Ý 0 - ; ð ž ff & Æ Ý £ — X D Æ , ň 3 Ł Ł 5 ] - Ý Ä - ı , & Æ m Ł 1 ž X b Ý Îp- ô|C/ ËŁ, . ‚6ŕ9 řFÞž 3ŁŁ5] -Ý£» ŁÝÄ- ıCWŒ ř0- (Coifman ĞSS@~AhĘ, &ÆDą).

Ïřa óÂ@Ź

‚Ýfť5naPbğ-Ý-š, &ÆŇÕ^ÏÞa8!ÝőÞ, !øÝ&ÆôŻffl˘˚P Ýf˝, £àèĚąÝŁ}Ðó Φ(x) ‚Ã9Ý Scaling-Galerkin řĳ£»ËŁ, 5¡ŇÕ 0-^f˝óÝ´ˇ, ňvÌDĂÆ^ç}ÕÛÝn;. ňv£à Wavelet-Galerkin ]ř, łśâŮÎpÝf˝ó.

4-1 Scaling-Galerkin ]ř0-^f˝óčŇ

9Œˇ;, &ÆŒø´ťŊŐÝ Poisson ]-ìW, 5Ůf˝ó^8E0-, #¡„ĳ@Ź Helmholtz ]-. ĺš, &ÆùsĺŁŮÐó\&£â^£âÝěŁP.

Example 1: (Poisson ]-) ĄÊ

−u^{′′}(x) = (3x + x^2)e^x, x ∈ (0, 1), ňŻffl^ÏÞa8!Ý!Ŕf˝ ∫ u(x) dx = 1 (4.1) JËŁ‚ u = x(1 − x)e^x − 2 + e.

qA (3.8) &ÆŻffl

u_j (x) = N−1∑ m=0 u_mΦ_{j,m} ‚ Galerkin óÂŁ. &ÆĆá (3.14) ^ (3.16) ßÕâŮÎp S CŘţ’„ F , ňÞ (4.1) PÒœ;ą5¡ãĆ S C F ÝtąŒ», JtąŒ»Ý-ô‚ S_{N,i} = 1, i = 1, . . . , N, F_N = 2^{j/2}. qAîŰfflLXĘÝ@ŹŤŇAì, 3f˝ó]ń:

N 8 16 32 64 128 256 512 κ(A) 0.02E3 0.08E3 0.32E3 1.2800E3 5.1200E3 2.0480E4 8.1920E4 κ(A)/N^2 0.31 0.31 0.31 0.31 0.31 0.31 0.31

ãîńÝóAİ:Ňf˝ó κ(S) ŒøÎ N^2 Ý>ŮęŔ. #ìĳ&Æ::ËŁ^£»Łfi Ý8E0-, 3 H^1-seminorm ]ń:

N 8 16 32 64 128 256 512 � 1024 e_1 0.1282 0.0521 0.00703 0.00463 0.00201 8.7193E-4 3.7953E-4 1.6520E-4 Ne_1 1.02 0.83 0.22 0.30 0.26 0.22 0.19 0.17

3 L^2-norm ]ń,

N 8 16 32 64 128 256 512 e_2 0.0472 0.0106 0.00191 2.8783E-4 6.2642E-5 1.3633E-5 2.9671E-6 N^2e_2 3.021 2.71 1.92 1.18 1.03 0.90 0.78

30-]ń, Ağąï˚ H^1−seminorm Ý[e>Ůf O(N^{−1}) ", Ć L^2-norm ôÎ}" y O(N^{−2}) Ý>Ů[e.

î% (6,7,8,9) ÎÏ 4 ůŃÏ 7 ůÝbğ-Ł u_j (x) ^ËŁ u(x) Ýfť. ť›, 3% 0ı, u_j 3êĳ»ÐFÝ u_j (x) ŇĺőÝ›ȷ, 9Î.‚&ÆXŁÝÞêň&£âÝ˘˚ PÐóÝ‘Æ, ôÎ.‚9ø, ˘˚;Ý u(x) İ»=Œ$0óKD3. AŇÎ9øÝŢ, £à Taylor "ffiPĳ£»˘˚;Ý u(x), J0-4´Œ$ţffi»Ý. Íg, &Æsĺ u_j (x) bvń£ÉÝĺé, æ.ÎèĚąÝŁ}Ðó Φ(x) ^ Daubechies ÝÑøŁ}ÐóŒø, Ð óÝ»„K/ı3ĳ\, ÎŒEÌÐó. AŇ Φ(x) ÎÍEÌÐóţžsSSŔÉÝĺé.

9ì‚èĚąŁ}Ðó3 p = 2 ‘Ý%ȷ :

Fig 10

ãî%İá, èĚąÝÜőÐóÝš„K/ı3ĳ\. Example 2:(Helmholtz ]-)

u^{′′} + k^2u = 0, x ∈ (0, 1),

u(x) Î1-˘˚PÐó, (4.2) Íı k = 2nπ, n ∈ N. JîP Ý;Ł‚ u = a cos(kx) + b sin(kx), a, b ∈ C, ‚Ý@1řŒ Ł u = sin(kx), &ÆÄ6„ŔáËÍ!Ŕf˝: ∫_1 0 xudx = −1 k (4.3)

∫_1 0 x^2udx = −1 k (4.4)

ã Scaling-Galerkin ]ř, CŇÎp]- Au = (F ), „Þ (4.3) C (4.4) Òœ;ą5¡ãĆ k C F ÝtąË». ň´ÏÞaÝŤŇ&Æáĳ, FÙÝbğ-ôřÝf˝óž^ç}Ý´ ˇbn, ňv3¯ hk < 1 ‘, f˝óž| N^2 Ý>ŮWff.

jE9ŒF, &ÆĘÝŒř@Ź, ì“‚f˝óÝ@ŹŤŇ, k = 4π N 8 16 32 64 128 256 512 κ(A) 9.0371E4 7.8371E5 6.6260E6 5.3315E7 4.2691E8 3.4149E9 2.7325E10 κ(A)/N^3 47.92 40.95 38.16 36.93 36.36 36.08 35.94 k = 8π N 8 16 32 64 128 256 512 κ(A) 2.3016E7 3.4209E6 2.5189E7 2.0826E8 1.6894E9 1.3532E10 1.0828E11 κ(A)/N^3 4.49E4 835.17 768.70 794.44 805.56 806.58 806.77

ãîńÝóAÐ)ğą.ą: Ł3 hk < 1 Ýf˝ì, –žÿßÿßJÍÎp]-ȷW %fflÝ-Ù, ňvf˝ó| N^3 Ý>ŮWff. ňÎ9øÝWff>ŮŢQČSSŤŇ, txŁ Ýæ.ÎtąË»ÝÒœf˝CWÎpÝ£ÉX0l. ã (3.22) ^ (3.23) İÝŁ, ¸¡ j Ýę´, Òœ\&f˝ÝFÂžœˇ, ÿßÎpÁ£É, ŁXÝðřÎÞ (3.22) ^ (3.23) Ý 2^{−3j}2 ^ 2^{−7j}2 ÉtÕ§\, J&ÆßÕ|ìÝóÂ@Ź: k = 8π N 8 16 32 64 128 256 512 A 3.5565E5 1.5627E4 2.9441E4 6.2646E4 1.2802E5 2.5719E5 5.1540E5 A/N 4.47E4 0.98E3 0.92E3 0.98E3 1.00E3 1.00E3 1.00E3

9øÝŤŇ‹B˙MKÝ, ňÎţQž¸¡ N Ý>ŮWff, ¯Îp A ÝîŮŐ´‘, O Ł Au = F ŒøbŒfflÝpŮ.

ì%îÎf˝ó3 k = 8π, 12π, 16π ‘EÃ9ÍóÝ“ĺ%:

Fig 11

3%èŒı, f˝óôÎ3 kh < 1 ‘–@ŸW N Ý>ŮWff, ňvô&bË˛ť´Ý Â)(Ň 2-4 ;bnÝBŰ).

#ìĳ, &Æ£àîńÝ]ř, | k = 8π ‚ż, ßÕ|ìÝ8E0-@Ź. 3 H^1-seminorm ]ń: N 8 16 32 64 128 256 512 � 1024 ẽ 1.6771eE6 90.087 1.0914 0.1393 0.08571 0.01154 0.00417 0.00142 Nẽ 1.34E7 1.44E3 34.97 8.92 10.98 2.94 2.08 1.46

3 L^2-norm ]ń:

N 8 16 32 64 128 256 512 e 49.9156 185.505 0.9186 0.13272 0.01925 0.00261 3.9277E-4 N^{2.5}e 2.71E4 1.89E5 5.32E3 4.34E3 3.55E3 2.67E3 2.32E3 ãîńÝóA, 3 H^1-seminorm ]ń, 8E0-Ý[eóŮŢQf O(N^{−1}) Ł", 3 L^2-norm ]ńôf O(N^{−2.5}) }", ĆvËï0-Ý[e>ŮKf Example 1 ÝŤŇ?ŒF, 9TŇ Î&ÆXŁÝőÞÎ\&£âÝ‘ÆÏ, |l u_j (x) 3\&^b0ó=ˇÝ›ȷ, X|ó Âťã@. |ìř% (12,13,14,15) ÎÏ 3,4,5,6 ůÝbğ-Ł u_j (x) ^ËŁ u(x) Ýfť.

ť›, &ÆěŇÕê»ÐFÝőÝ›ȷ‹BŇÝ, 9Î.‚XŁÝÞê\&£âÝ ‘Æ. Íg, 3%èÞı, ĲĂŢÝÏëůÝÃ9Př"?ÕËŁÝèŻ, |l»ńŁ^ËŁ Ýa-&ð´. ÕÝÏ"ůąÝÃ9, ôţÎ kh < 1, k ÂÝÅ(æ‹@Ÿ33, ÿß›ţŞ ß;§.

4-2 Wavelet-Galerkin ]řÝčŇ

9Œ;&ÆTà Wavelet-Galerkin Ý]řEÎp]-ĘÃ9Őð. £àÜőÐóÝ0Ðó ^ÍŁ‚Ý£ÉCŁ}ÐóÝ0ÐóÑø, ÜőÐó">Ã9żðÝ9ËËPš, ÿßBÄ żðÝâŮÎp!‘šbĄşêb?Ýf˝ó. ňÎ3 Helmholtz ]-]ńń{W[R, 9ń{Î.‚ Helmholtz ]-bÎŁ54 u(x) Ý‘Æ.

/)GŒa, &Æćã5ŁÎp W_{(n)} ^ W̃_{(n)}, ÞæÍÝÎp]- Au = f żŐ‚ A^{(n)}ũ = f̃^{(n)}, Íı A^n = W_{(n)}AW_{(n)}, f̃^{(n)} = W_{(n)}f 9ĚÝ (n) Ć“BÄ n gżð, J ũ = W^{(n)}u. ‚ÝõÏŒ;Ý@ŹŤŇĘfť, &Æ2à 8!ÝżÞ, Ey Example 1(Poisson ]-) ÝâŮÎp, &ÆßÕ|ìÝ@ŹŤŇ, 3f˝ ó]ń:

N 8 16 32 64 128 256 512 κ(A) 20 80 320 1280 5.1200E3 2.0480E4 8.1920E4 κ(A^{(1)}) 22.8056 87.197 344.767 1.3750E3 5.4962E3 2.1981E4 2.5720E5 κ(A^{(2)}) 23.9237 49.946 185.800 729.217 2.9029E3 1.1598E4 8.7918E4 κ(A^{(3)}) 102.148 213.164 780.312 3.0489E3 1.2123E4 4.6376E4 κ(A^{(4)}) 433.646 905.896 3.2872E3 1.6567E4 4.8421E4 κ(A^{(5)}) 1.8032E3 3.7694E3 1.3603E4 5.0904E4 κ(A^{(6)}) 7.3812E3 1.5431E4 5.2935E4

4Qf˝ó‹BWŘłś, ňÎłśÝ>ŮŢQČSSŤŇ, 9Î.‚ (4.1) ÝÒœf ˝ãĆÝtąŒ», 3żð‘žŇĺť9Ý&ë-ô, 9GG3łśf˝óîW[R, ? őSSť9ÝŇÕ„, ?ěŁÝÎPřãłśf˝óıŞßťÞ@ÝŁ. ‚Ý;§9ÍþF, & Æ£àvńyÅ¯˛ğÝGHlő ÝŔř. ŔřîÎ0ÝŒÍïf˝˛ğÝÎp T , ÿß żðą ÝÎp AT vńyæĳÎŔ (4.1) Òœf˝ÝâŮÎp, 9ìÎ&Æ0ÕÝÎp T :

T = 1 0 0 . . . 0 1 0 1 0 . . . 0 1 ... 0 0 0 . . . 1 1 0 0 0 . . . 0 1

1 0 . . . 0 0 0 1 . . . 0 0 ... 0 0 . . . 1 0 −1/2^j −1/2^j . . . −1/2^j −1/2^j ,

J

AT = 2 −1 0 . . . 0 0 −1 −1 2 −1 . . . 0 0 0 .. . 0 0 0 . . . −1 2 −1 0 0 0 . . . 0 0 1 .

„£àÜőżðÝ]řßÕ WAT ~W^T ũ = f̃, Íıũ = WT^{−1}u. |ìÎ&ÆÝ@ŹŤŇ,

N 8 16 32 64 128 256 512 κ(A) 32.134 116.461 440.688 1.7117E3 8.2871E3 2.6768E4 1.0666E5 κ(A^{(1)}) 40.052 140.606 612.894 2.5876E3 6.7158E3 1.0180E4 1.0748E5 κ(A^{(2)}) 16.174 53.93 219.016 908.962 1.9879E3 8.0707E3 3.5104E4 κ(A^{(3)}) 28.378 51.559 365.173 821.451 4.1209E3 1.6410E4 κ(A^{(4)}) 91.514 184.266 432.612 2.1673E3 8.6150E3 κ(A^{(5)}) 110.981 244.014 1.1796E3 4.6567E3 κ(A^{(6)}) 161.250 663.203 2.5470E3

30-5Ů]ń, &Æ| L^2-norm őĆ“, &Æóà N = 128 ^ N = 256 żð 6 ůąßÕ ìńÝŤŇ: N ||u_j − u||/||u|| ||u^6_j − u||/||u|| 128 6.26429143138515E-5 6.264219142432285E-6 256 1.36338911552478E-5 1.36338908707559E-7

&Æ´îń@ŹÝóA, 3f˝ó]ń‹B;§Ý, 3ŁÝ0-]ń.‚Îp]-Ý!ßť ˇ, ffi|bĂŢÝŐ;, ňÎ3´lÝÎp]-ı, 9]ńÝŐ;ţ8¯ĂŢ, .hćãh ËÜőżð, &Æİ|˛ğť´lÝÎp]-, |ŞßťÞ@Ý»ńŁ.

ĺš, &Æùsĺ^âŮÎp (ÎŔÒœf˝) vńÝÎpg)Üőżðôİ|ßÕ ýÝŤŇ, żA&Æ£à-5řÞ Poisson ]-Òœ;ą, XßÕÝaP]- Au = f, Íı u ‚Îá’„, f = h^2(f_i)(h ‚;FÝťŮ, f_i ÎÐó f(x) ÝÒœFÂ), A Î N × N ÝEŊ;Îp

A = a −1 0 . . . 0 −1 2 −1 . . 0 −1 2 ... 0 . . .. . .. . −1 0 . . . 0 −1 b Íı a, b ∈ R Î^\&f˝bn;.

J&ÆßÕìńÝ@ŹŤŇ:

κ(a) for the Dirichlet BVP(a = b = 2) N 8 16 32 64 128 256 512 κ(a) 40 144 544 2.1120E3 8.3200E3 3.3024E4 1.3158E5 κ(A^{(n)}) 19.3054 31.9855 61.4352 121.5605 243.1536 489.6825 986.4827

κ(a) for the mixed BVP(a = 2, b = 1) N 8 16 32 64 128 256 512 κ(a) 113.495 437.697 1.7087E3 6.7407E3 2.6765E4 1.0665eE5 4.2580E5 κ(A^{(n)}) 38.274 81.232 265.436 779.022 2.9479E3 7.7529E3 9.4100E3

3îńÝ@Źı, àĳ@ŹÝÎp£{Œø (ŕ@îľń^\&bnÝ-ô a !), ňÎB

Äżðą, łśf˝óÝW[Q^Q!, 93g1ĂÝÎp3ÜőżðGÝï˛ğÎ&ð

ěŁÝ.

å#¡&Æĳ:: Example 2(Helmholtz ]-) BÄżðąXßÕÝ@ŹŤŇ:

N 8 16 32 64 128 256 κ(A) 3.8180E5 1.5641E4 2.9449E4 6.2646E4 1.2802E5 2.5719E5 κ(A^{(1)}) 3.3216E5 1.0867E4 1.5057E4 2.7956E4 5.6367E4 1.1309E5 κ(A^{(2)}) 1.1518E6 3.6639E4 3.3670E4 3.5074E4 6.5823E4 1.3455E5 κ(A^{(3)}) 1.1804E5 8.4351E4 1.2400E5 1.4948E5 2.8070E5 κ(A^{(4)}) 2.0744E5 2.8466E5 5.2318E5 6.2753E5 κ(A^{(5)}) 1.2040E5 7.0204E5 1.1930E6 κ(A^{(6)}) 2.8779E6 4.8686E6

9ĚÅ(f˝ó κ(a) ę´bËÍtxŁÝæ.: (Œ)�Îš„Îp, (Þ)�ãĆÎp]-Ý

tąË»Òœf˝. ‚ÝčŇĂÆÅ(Ý-Ů, ÞÎp A ÝtąË»ð/æĳÝÃ9, ßÕ

|ìÝ@ŹŤŇ:

N 8 16 32 64 128 256 κ(a) 43.3604 26.86 1.4421E3 8.8477E4 5.6037E6 3.5771E8 κ(A^{(1)}) 48.7199 53.719 1.6040E3 9.1602E4 5.6565E6 3.5856E8 κ(A^{(2)}) 265.6911 53.494 811.074 2.5481E4 1.4641E6 9.0486E7 κ(A^{(3)}) 268.152 733.454 1.2955E4 4.0739E5 2.3422E7 κ(A^{(4)}) 3.6312E3 1.1313E4 2.0694E5 6.5190E6 κ(A^{(5)}) 5.5913E4 1.7919E5 3.3090E6 κ(A^{(6)}) 8.8543E5 2.8593E6 ãîńÝóA, åÕš„ÎpÝrá, f˝óìłÝżŮĲˇ, „ŔÝËfÒœf˝ą, ÿßf ˝ółD> . ĲŢQ, &Æ £àèĚąÝ ÜőÐó‚ Ã9Ý Galerkin ] řg)Ü őżðőÃ9ŐðÎPřÞbš„ÎpÝaP-Ùfif˝ółś, ňŃKf˝óžĲ"Ý î>.

Reference

1. ¨ Ñ v , ”Œ ˚ è Ě Ü ő Ð ó £ » » æ ^ £ â Ů Ý ] ř ” ı ş ´ . ó . - Æ ß ą Z , (1997).

2. ÁiŢ, ”Helmholtz ]-ÝÜő-bğ-ôóÂŁ^%fflP5Ů” ış´.ó.-Æß ąZ, (1998).

3. ŐîR, ”Üő›M” “žI*%hô¯bğ2ěflŢ, (1998).

4. I.Fried, ’Bounds on the extremal eigenvalues of sound the F.E stiffness and mass matries ans their special condition number’, Journal of sound and vibration, 22(4) 407-478(1972).

5. F.Ihelngburg and I.Babuška,’Finite element solution to Helmholtz equation with high wavebumber-part II:The hp-version of FEM’, SIAM J.Numer.Anal., 34(1),315-358 (1997).

6. A.Zema, ’On the fundamental solutions for the differnece Helmholtz operator’, SIAM J. Numer. Anal., 32(2),560-570(1995).

7. F.John, Partial Differential Equations, Fourth edition, Springer, New York, (1982). 8. I.Daubechies, Ten Lectures on Wavelets, SIAM, Philadelphia, (1992). 9. S.C.Brenner and L.R.Scott, The Mathematical Throry of Finite Element Methods, Springer, New York, (1994).

10. G.Chen and J.Zhou, Boundary Element Methods, Academic Press Limited, London, (1992).

11. W.Frazier, An introduction to wavelets through liner Albebra, New York, (1999). 12. J.Douglas Jr., J.E.Santos, D.Sheen and L.Schreiyer, ’Frequence domain treatment of one-dimesion scaler wave’, Math. Methods in Appl. Sci. 3(2),171-194(1993).