ż ñ ı ş ´ .

ó . @ ~ X

Æ ß ą Z

Œ � è Ě Ü ő Ð ó

£ » » æ ^ £ â Ů Ý ] ř

ĳ 0 ¿ 0 : Ő î R ¿ 0

@ ~ SS : ¨ Ñ v

ı ž Ó ż â è 0 O 0 ‘ " ^

ê �

‘ Ł . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

Ï Œ I 5

Ï Œ a Ü ő ğ ą Ã Ű . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

Ï Œ ; Ł } Ð ó . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

Ï Þ ; Ñ ø Ý Ü ő Ð ó . . . . . . . . . . . . . . . . . . . . . . . . 7

Ï ë ; Ű Ñ ø Ü ő Ð ó . . . . . . . . . . . . . . . . . . . . . . . . 11

Ï ř ; Ô Ñ ø Ü ő Ð ó . . . . . . . . . . . . . . . . . . . . . . . . 16

Ï " ; Z Ü ř . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

Ï Þ a Œ ˚ è Ě Ł } Ð ó ^ Ü ő Ð ó £ » » æ ^ £ â Ů Ý ] ř . . . . . . . . 20

Ï Œ ; Φ(x) Î Ł } Ð ó . . . . . . . . . . . . . . . . . . . . . . . . 21

Ï Þ ; Φ(x) " Ň Œ 9 ě Ł 5 Ů . . . . . . . . . . . . . . . . . . . . 23

Ï ë ; Ψ′(x − n) Î Ñ ø / ) . . . . . . . . . . . . . . . . . . . . . 27

Ï ř ; Ô Ñ ø - Ù Ý l ő ; ó . . . . . . . . . . . . . . . . . . . . . 31

õ S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

ć Ą h ê . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

Table of Contents

PART TWO Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 1.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 Chapter 2 Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 2.1 Scaling functions . . . . . . . . . . . . . . . . . . . . . . . . . 42 2.2 Orthonormal wavelets . . . . . . . . . . . . . . . . . . . . . . 44 2.3 Semi-orthogonal wavelets . . . . . . . . . . . . . . . . . . . . . 48 2.4 Biorthogonal wavelets . . . . . . . . . . . . . . . . . . . . . . 53 2.5 The lifting scheme . . . . . . . . . . . . . . . . . . . . . . . . 55 Chapter 3 The Elevation Scheme . . . . . . . . . . . . . . . . . . . . . . . . 57 3.1 Φ(x) is a scaling function . . . . . . . . . . . . . . . . . . . . . 58 3.2 Φ(x) generates a multiresolution analysis . . . . . . . . . . . . . 60 3.3 Ψ^′(x − n) are orthogonal . . . . . . . . . . . . . . . . . . . . . 65 3.4 The biorthogonal filter coefficients . . . . . . . . . . . . . . . . 69 3.5 Generalizations . . . . . . . . . . . . . . . . . . . . . . . . . . 71 Chapter 4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 4.1 The spline case . . . . . . . . . . . . . . . . . . . . . . . . . . 73 4.2 The orthonormal case . . . . . . . . . . . . . . . . . . . . . . 73 Chapter 5 Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82 5.1 The Galerkin method . . . . . . . . . . . . . . . . . . . . . . . 82 5.2 Using Φ(x − n) to be the basis function . . . . . . . . . . . . . . 84 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

ą Z ‘ Ł

3 h ą Z ı , & Æ è Ň Œ ˚ è Ě Ł } Ð ó ^ Ü ő Ð ó £ » » æ ^ £ â Ů Ý ] ř . Þ

h è Ě ř ď g Sweldens Ý Z Ü ř (lifting scheme), & Æ İ | ´ Ż ffl Ý Ô Ñ ø Ü ő -

Ù ı , Ĳ " > Ý C Ň P M 9 à ś Ý Ô Ñ ø Ü ő - Ù .

ľ ¡ 2 , £ à h ] ř & Æ İ Þ Daubechies Ñ ø Ł } ^ Ñ ø Ü ő Ð ó , è Ě ‚ Œ

˚ Ý ø ! Ñ ø Ý Ł } ^ Ü ő Ð ó . Í ı Ł } Ð ó Ý 0 Ð ó ^ Í Ł ‚ Ý £ É £ { Ñ

ø , Ć Ü ő Ð ó Ý 0 Ð ó ^ Í Ł ‚ Ý £ É Ñ ø , Ć v ^ Ł } Ð ó Ý 0 Ð ó ô Ñ ø . 9

Ë Ł 5 ą Ñ ø Ý ľ P E y Ł 5 ] - Ý ó Â Ł ľ ¡ b Q Ã . 3 h Ã 9 ì X ß Õ Ý â

P Î p , İ ć ¡ Ł 5 ą Ñ ø | C Ü ő Ð ó " > Ã 9 ż ð 9 Ë Ë ľ P , ! ‘ š b Ą ş

(sparse) Ć ê Ĺ P (well-conditioned) Ý ? ˛ . ğ ą î , à Ü ő Ð ó ĳ Ę Ł 5 ] - ó Â

Ł Ý Ã 9 , ľ b 9 ě ç } ř (multigrid method) ů ů ! ð Ý ľ P , ň v & Æ İ | Þ

{ ȷ Ý I 5 Õ ß z ¡ , Ć Î 6 ŕ .

Ï Œ a Ý / ffi Î + Û Ü ő ] - Ý ğ ą . & Æ „ T 2 à Ý Ì F Î Ż ffl Œ à ; ó ,¯

h ; ó Ť Ţ Ø ř f ˝ ‘ , h ; ó » SS W Œ Ł } Ð ó , Ć h Ł } Ð ó » SS W Œ 9 ě Ł 5

Ů , „ ã 9 ě Ł 5 Ů SS W E T Ý Ü ő Ð ó . t ą ´ 9 Œ à Ł } Ü ő Ð ó , & Æ ê » 0

Õ Œ à E Ľ Ý Ł } Ü ő Ð ó , Ć ˝ W J ˚ Ü ő ] - Ý Ú x .

& Æ ĳ „ ÿ à Œ l Ý Ð r C J Ă ] ř , ĳ . 0 & ȷ ! ȷ P Ý Ü ő ] - . ż

A Daubechies Ý Ñ ø Ü ő ] - � ê r Ý Ű Ñ ø Ü ő ] - , ^ Cohen-Daubechies- Feauveau Ý ø ! Ñ ø Ü ő ] - . 9 Œ a Ý ê Ý Î ] - \ ï ą Ł & ȷ Ý Þ SS ^ & ȷ Ý

- š P .

Ï Þ a ” 5 ř ; . Ï Œ ; 1 Ă £ à P Ť è Ě ą Ý Ł } Ð ó ) Î Ł } Ð ó . Ï Þ

; 1 Ă è Ě ą Ý Ł } Ð ó ) " Ň 9 ě Ł 5 Ů . Ï ë ; 1 Ă İ » D 3 Œ Ñ ø Ý Ł }

Ð ó B è Ě ą ) ‚ Ñ ø Ł } Ð ó . Ï ř ; x Ł 3 D ą è Ě ą Ý Ł } Ð ó ^ Í E Ľ Ð

ó Ý n ; . E y Œ ffl ø ! Ñ ø Ý Ł } ^ Ü ő Ð ó , ľ Ł Í £ â Ů Ţ È , & Æ K » à h

è Ě ř C Ň ĺ Œ ˚ ø ! Ñ ø Ý Ł } ^ Ü ő Ð ó .

ABSTRACT

A SCHEME TO ELEVATE THE DEGREE AND REGULARITY OF BIORTHOGONAL WAVELETS

We will demonstrate a scheme that will elevate orthonormal or biorthogonal wavelets to a new pair of biorthogonal wavelets. The approximation degree (the number of vanishing moments) and the regularity of the elevated wavelet will be higher than the original wavelet.

If we start with B-splines and cooperate with Sweldens’ lifting scheme, the elevation scheme can reproduce the compactly supported biorthogonal wavelets of Cohen, Daubechies and Feauveau. There is a simple algorithm to elevate from old filter coefficients to new filter coefficients.

If we start with a pair of orthonormal scaling function and wavelet, the elevated scaling function and wavelet are differentiable. The derivative of the elevated scaling function is orthonormal to all but the nearest two of its integer translations. The derivative of the elevated wavelet is orthonormal to all of its integer translations, and it is orthogonal to the derivative of the elevated scaling function. Both the elevated and original scaling functions and wavelets have the structure of multiresolutional analysis, this property enables the fast algorithm of decomposition and reconstruction. These features may be valuable for the solution of differential equations.

PART ONE

Ï Œ a

Ü ő ğ ą Ã Ű

& Æ Þ 3 9 Œ a + Û Ã Í Ý Ü ő ğ ą , & Æ „ T à f ť Ÿ x P Ý ] ř ĳ + Û Ü ő ğ

ą . ť › , & Æ ó ffl Œ à b ğ ff Ý ; ó , ¯ h ; ó Ť Ţ Ø ř f ˝ ‘ , h ; ó ž E T SS W

Œ Ł } Ð ó (scaling function), v h Ł } Ð ó İ | " W Œ 9 ě Ł 5 Ů (multiresolution

analysis), „ ã h 9 ě Ł 5 Ů & Æ Ÿ x Ň X m Ł Ý Ü ő Ð ó (wavelet).

Ï Œ ; & Æ + Û Ł } Ð ó Ý Ã Í P š , ´ Ï Þ ; | ą & Æ ffi » + Û Ü ő Ð ó . 3

Þ , ë , ř ; ı & Æ 5 ¡ + Û Ñ ø Ü ő Ð ó , Ű Ñ ø Ü ő Ð ó | C Ô Ñ ø Ü ő Ð ó . ľ

¡ 3 Ï ë ; & Æ à ! y æ ¡ ï Ý J ř ĳ + Û Ű Ñ ø Ü ő Ð ó , | ] - \ ï f ť î

Ű ë Ë Ü ő Ð ó B h Ý n ; ^ - š .

Ï Œ ; Ł } Ð ó

ť › & Æ ffl L ć ‚ Ł } Ð ó . u Œ £ ] İ Ť Ð ó Œ(x) Ť Ţ ì » n ;

Œ(x) = ∑ cnŒ(2x − n); (1:1)

J & Æ Ì Ð ó Œ(x) Ť Ţ Ł } Ğ P , v (cn) Ì ‚ Œ(x) Ý Ł } ; ó . ã y Œ(2x − n)

Î Œ(x) U ’ D ź Œ Ű „ ’ § £ É n=2 Í Ő Ż , ´ (1:1) & Æ İ | : Ň Ð ó Œ(x) ff Ł

‚ Ý D ź õ £ É „ Ÿ x / ĳ , Æ (1:1) Ì ‚ Ł } Ğ P . ¯ & Æ 1 Œ(x) ‚ Œ Ł } Ð ó ‘ ,

& Æ ľ ¡ ĳ Œ(x − n) Ý SS W è Ś â Ø Ë $ ó | / Ý 9 4 P . ż A , ∑ Œ(x − n) = 1:

ã Ł } Ğ P & Æ İ | ß Õ , u Ð ó Œ(x) ∈ L1(R) J

Œ̂(!) = 12 ∑ cn e^−i^{!2} nŒ̂( !2 ):

& Æ ffl L Œ 2ß ˘ ˚ Ð ó mŒ0 (!) ‚ Œ(x) Ý ľ Ç Ð ó

mŒ_0 (!) = 12 ∑ cn e^−i!n; J Œ̂(!) = mŒ_0 ( !2 )Œ̂( !2 ): (1:2)

¯ G ą Z Č Ř Ý ‘ Î , & Æ à m0(!) Ć ˝ mŒ0 (!). ã (1:2) & Æ á ĳ , u Œ̂(0) ≠ 0,

Ł } ; ó Ť Ţ ∑ cn = 2. 3 @ à î & Æ ľ n T Œ̂(0) ≠ 0 9 Œ Ë › ȷ , . ‚ ľ b 3 Œ̂(0) ≠ 0 ‘ , Œ(x − n) – b ő ‚ Œ à Riese basis Ý İ » , v ê Y î & Æ § J Œ(x) Ý

! } ÿ ß Œ̂(0) = 1: q A (1:1) ß Õ

Œ̂(!) = ∞∏ j=1 m0(2^−j!):

& Æ İ | : Õ ∑ cn = 2 9 Í f ˝ 3 9 Ě Î Ä Ł Ý , h f ˝ ÿ ß mŒ_0 (0) = 1, | Ń y

î Ű Ý P M ű Ť 3 ˚ Ň Œ Í @ ó Ý å [ ~ / / í 8 [ e .

Õ ĺ 3 ‚ c & Æ á ĳ Ż ffl ˚ Ň Œ à Ł } ; ó (cn), Î Í Ë Ñ D 3 Œ Ł } Ð

ó Œ(x) Ť Ţ E T h Ł } ; ó Ý Ł } Ğ P . u D 3 Œ(x) Ť Ţ Ł } Ğ P , 9 ø Ý Œ(x)

Î Í ò y Ø Œ Í Lp(R) è ? | ì Ý ffl ğ Þ Œ å & Æ , ľ Ł Ż ffl Œ b ğ ff Ý Ł } ;

ó , A c_0; : : : ; cN, Ä D 3 ř Œ Ý Â L Ð ó (distribution) Œ(x), Ť Ţ (cn) X X ffl Ý Ł

} Ğ P ; v Œ(x) Î b ğ Ĺ ‹ , Í Ð ‹ a 3 [0; N] ă / . [7]

Theorem 1.1. Let c_0; : : : ; cN ∈ R with ∑ cn = 2. Then there is a unique com-

pactly supported distribution Œ which satisfies (1:1) with Œ̂(0) = 1. The support of Œ is contained in [0; N].

3 Lars F. Villemoes Ý Œ S ą Z Ě [9] è Õ ã Ł } ; ó (cn) ¿ ¡ Ł } Ð ó Œ(x)

Î Í ò y L2(R) Ý ] ř . Ż ffl Œ Í 2ß ø ˚ Ð ó m0(!), & Æ ffl L ž Õ - A A ì :

Af(!) = | | |m0( !2 ) | | | 2 f( !2 ) + | | |m0( !2 + ß) | | | 2 f( !2 + ß):

Č ’ Œ(x) ∈ L^2(R). Č fln = ∫ Œ(x)Œ(x − n) dx; ffl L

Γ(!) = ∑ |Œ̂(! + 2ßn)|^2: (1:3)

ã Plancherel’s theorem ß á

Γ(!) = ∑ flne^−i!n:

ã y m0(!) Î 2ß ˘ ˚ Ð ó , Ŕ î (1:2) & Æ b Γ(2!) = ∑ |m0(! + ßn)|^2|Œ̂(! + ßn)|^2 = |m0(!)|^2Γ(!) + |m0(! + ß)|^2Γ(! + ß);

ù Ç , AΓ = Γ.

Theorem 1.2. We have Œ(x) ∈ L^2(R) and Œ̂(0) ≠ 0 if and only if there exists a real nonnegative trigonometric polynomial Γ(!) satisfying Γ(0) ¿ 0 and AΓ = Γ.

ã | î ffl ğ & Æ á ĳ , ľ Ł ó » (fln) D 3 v ∑ fln ¿ 0 J Œ(x) ∈ L^2(R). ã y

Ł } Ð ó b ¡ y Œ ffl Ý Ð ó , & Æ b Œ ˚ ľ ¡ Ý ] ř İ O ß ó » (fln). ŕ Ű A ì :´

(fln) Ý ffl L İ á , ó » (fln) Î Œ à E Ì Ý ó » , ù Ç , fln = fl−n. ¯ Ł } ; ó (cn)

Î b ğ ff Ý ‘ Î , Œ(x) Î b ğ Ĺ ‹ . . h , ľ b b ğ ff Ý (fln) Î & ë Ý . ã y Œ(x)

Ť Ţ Ł } Ğ P (1:1) , & Æ b

fln = ⟨Œ(x); Œ(x − n)⟩ = ⟨ ∑ ciŒ(2x − i); ∑ cjŒ(2x − 2n − j)⟩ = 1 2 ∑ i;j cicjfl2n+j−i = 1 2 ∑ i;j cici+j−2nflj

. h & Æ ß Õ Œ à (fln) Ý Ð ñ ] - P , Ć 9 Í ő Þ Ő W Ł Œ Í ü b Â Î 1 Ý ü b ’

„ ő Þ .

3 @ Ę î & Æ ž $ î Ë Ë ť ? Ý › ȷ . Ï Œ Ë › ȷ Î , Ż ffl Ý (cn) X C W Ý Î

p P ř Ł Ň ü b Â Î 1 Ý ü b ’ „ ; Ï Þ Ë › ȷ Î , Ł Ň ĳ Ý ü b ’ „ Ý õ Ğ y ë .

¯ Ï Œ Ë › ȷ s SS ‘ , Œ(x) ¯ Q ž Î £ ] İ Ť Ð ó , . ‚ & Æ O Ň fl0 9 Œ Í

„ . Ï Þ Ë › ȷ Î . ‚ & Æ Č ’ Œ̂(0) ≠ 0; & Æ Ä m b ∑ fln ≠ 0 Ý Ť Ň . ľ ¡ Ý , ∑ fln ≠ 0 9 Œ Í ľ P İ . 0 Õ Γ(0) ¿ 0, v Γ(!) Ť Ţ AΓ = Γ. X | ,¯ ∑ fln = 0

‘ , X O ß Ý Ł } Ð ó Œ(x) ô ò y L^2(R), T X O ß Ý Ł } Ð ó b İ » ò y L^2(R)

ň Œ̂(0) = 0. ´ 9 Ě & Æ p : Ň , Ł C Œ Í £ ] İ Ť Ý Ł } Ð ó ň æ p .

¯ & Æ 1 Œ(x) Î Ł } Ð ó ‘ , & Æ ú § Œ(x − n) Ý SS W / Ś â Ý Ø Ë $ ó | ì

Ý 9 4 P . Œ(x − n) Ý £ » » æ , ŕ @ î Î ã Ł } ; ó (cn) X X ffl Ý . & Æ b | ì P š : Proposition 1.1. Let Œ(x) be defined as in (1:1). If the scaling coefficients (cn) satisfy ∑ n∈Z (−1)nnmcn = 0; (1:4)

for 0 ≤ m ≤ p, and the scaling function satisfies ∑ n∈Z Œ(x − n) = 1; ∀x ∈ R;

then ∑ n∈Z nmŒ(x − n) is a polynomial of degree m. ∫ Œ(x) dx = 1 Ý P š ( Í @ ľ Ł ∫ Œ(x) dx ≠ 0 ţ İ | Ý ) Ŕ î (1:1) İ . ß ∑ cn = 2. D fi , 3 ì ń Ý P š ı , & Æ Þ J Ă ∑ cn = 2, (1:1) | C ∫ Œ(x) dx = 1 9

ë Í f ˝ , ô İ | . ß ∑ Œ(x − n) = 1. À À Ć Ő , & Æ İ Þ î Ű P š Ñ ; ‚ | ì Ý

B Ű .

Proposition 1.2. Let Œ(x) be defined as in (1:1) and ∑ cn = 2. If the scaling

coefficients (cn) satisfy ∑ n∈Z (−1)nnmcn = 0 (1:5)

for integer 0 ≤ m ≤ p, then ∑ n∈Z nmŒ(x − n) is a polynomial of degree m.

& Æ İ | – ffi m h 5 Ů ĳ J Ă h Œ P š .

Proof : Let f(x) = ∑ Œ(x − n). By (1:1) we have f(x) = ∑ n Œ(x − n) = ∑ n ∑ k ckŒ(2x − 2n − k) = ∑ k ck ∑ n Œ(2x − 2n − k) ( finitely many ck ≠ 0 )

= ∑ k c2k ∑ n Œ(2x − 2n) + ∑ k c2k−1 ∑ n Œ(2x − 2n − 1) = ∑ n Œ(2x − n) ( since ∑ ck = 2 and ∑ (−1)kck = 0 )

= f(2x):

ã f(x) = f(2x) & Æ á ĳ f(x) ‚ Œ ð ó Ð ó , T 5 n Ý ð ó Ð ó v ľ b 3 0 č

Œ F b \ F . ň & Æ ´ f(x) Ý ffl L İ | : Õ , u f(x) 3 0 č Œ F î b \ F , J f(x) 3

N Œ Í J ó F î K b \ F . 9 Î Œ Í ë ; Ý Ť Ň , X | f(x) Î Œ Í ð ó Ð ó . & Æ 1

f(x) = C, ù Ç ∑ Œ(x − n) = C. „ ĳ & Æ Ł : : ð ó C Õ 9 ž Ğ y 9 K .

u C Ğ y 0, J Œ(x − n) Î a P 8 n Ý , X | Î Œ à Ã 9 . 3 @ ő î , & Æ „

T & Æ X = b Ý Œ(x − n) ľ Î Œ à Ã 9 , Ć v t ? Î Œ à Riesz basis. ¯ C Ğ

y 0 ‘ , Œ(x) Ý ! ß - X ffl Ý ð ó C Ý ´ ˇ . & Æ Þ ∑ Œ(x − n) = C 3 [0; 1] ă

î ő Ť 5 , J ĳ P ł ‚ ∫ Œ(x) dx. ¯ & Æ Č ∫ Œ(x) = 1 ‘ , ð ó C Ğ y 1.

& Æ J Ă Ý m = 0 Ý › ȷ , Í õ m = 1; : : : ; p Ý › ȷ ľ Ł à ú ó . h û ř J Ă

Ç İ . ´ (1:5) ß á m ´ y p | ą - ^ b î Ű P š . & Æ İ | s ĺ , ¯ (1:5) Ý p œ

´ , Œ(x − n) Ý SS W / - İ Ś â $ ó œ { Ý 9 4 P .

u Œ(x − n) Ý SS W / Ś â Ý p $ | C p $ | ì Ý 9 4 P , J & Æ Ì Œ(x) Ì b p

$ Ý £ » Ů .

ŕ @ î , ¯ Œ̂(0) = 0 ‘ , î Ű P š ô ž W ñ . h ‘ & Æ ß Õ Ý ð ó Ð ó ‚ ë Ð ó .

ã y ∑ Œ(x − n) = 0, X | Œ(x − n) Î Œ à Ã 9 . 4 Q Œ(x − n) Î Œ à Ã 9 , ň Œ(x − n) ) Q Ś â x; x^2; · · · Ğ 9 4 P . 9 4 Q Î Œ Í Ĳ ? Ý P š ň & Æ ) è Ň ĳ

ž \ ï ć Ą .

Ï Þ ; Ñ ø Ý Ü ő Ð ó

3 9 Œ ; Ý ffi » , & Æ › ffl L ć ‚ 9 ě Ł 5 Ů .

Definition 1.1. A multiresolution analysis is a sequence (Vj) of subspaces of L^2(R) such that (1) · · · ⊂ V_{−1} ⊂ V_0 ⊂ V_1 ⊂ · · ·, (2) ⋃ j∈Z Vj = L^2(R) and ⋂ j∈Z Vj = {0}, (3) f(x) ∈ Vj ⇐⇒ f(2x) ∈ Vj+1, (4) f(x) ∈ V0 ⇐⇒ f(x − n) ∈ V0 ∀n ∈ Z.

Ż ffl Œ Ł } Ð ó Œ(x), & Æ ffl L Vj ‚

Vj = span{ √ 2jŒ(2jx − n) : n ∈ Z}:

u Œ̂(0) = 1 v Œ(x − n) Î Œ à Riesz basis, J Œ(x) SS W Œ 9 ě Ł 5 Ů .

& Æ ffl L Wj ‚ Vj 3 Vj+1 Ý Ñ ø Ć / , Ç

Vj+1 = Vj ⊕ Wj:

A Ň Wj Î ff Œ Í Ő Œ Ý Ð ó (x) Ý £ É X " W Ý , Ç Wj = span { √ 2j(2jx − n) | n ∈ Z}; (1:6) Ć v (x) Ń K Î ĳ ó L 3 , J & Æ Ì (x) ‚ 8 E T y Œ(x) Ý Ü ő Ð ó . & Æ İ |

ã h 9 ě Ł 5 Ů 0 Ň 8 E T Ý Ü ő Ð ó .

¯ Œ(x − n) Î Œ à Ñ ø Ã 9 ‘ , & Æ b A ì Ý P š : ffik;0 = ∫ Œ(x)Œ(x − k)dx = ∫ Œ̂(!)Œ̂(!)ei!kd! = ∫ |Œ̂(!)|^2eik!d! = ∫_2ß 0 [ ∑ n∈Z |Œ̂(! + 2ßn)|^2]eik!d!:

. ‚ k Î ˚ Ň Ý , X | ∑ |Œ̂(! + 2ßn)|^2 = (2ß)^{−1} a.e. (1:7)

& Æ Þ (1:2) Ć á , J ∑ |m0(! + ßn)|^2|Œ̂(! + ßn)|^2 = (2ß)^{−1} a.e.;

& Æ „ Þ ˇ ó 4 C Ľ ó 4 t ffi , Ç İ ß Õ

|m0(!)|^2 + |m0(! + ß)|^2 = 1 a.e. (1:8)

9 Î Ñ ø Ł } Ð ó Ý Œ Í ě Ł Ý P š .

& Æ ĺ 3 ffi » . 0 (x). Č f ∈ W0. q A W0 Ý ffl L & Æ á ĳ f ∈ V1 v f ⊥ V0.

. ‚ f ∈ V1, & Æ b f = ∑ fnŒ(2x − n);

9 Ě Ý fn Î fn = ⟨f(x); Œ(2x − n)⟩. & Æ İ | ß Õ

f̂(!) = 12 ∑ fne^−in^{!2} Œ̂( !2 ) = mf( !2 )Œ̂( !2 ); (1:9) Í ı mf(!) ff ffl L ‚ mf(!) = 12 ∑ fne^−in!; (1:10) mf Î Œ Í 2ß ˘ ˚ Ð ó , v (1:10) Î F [ ğ . f ⊥ V0 9 Œ Í f ˝ İ | . ß f ⊥ Œ0;k

E X b Ý k K W ñ , Ç ∫

f̂(!)Œ̂(!)e^−ik! d! = 0

T ï ∫_2ß 0 [ ∑ n∈Z f̂(! + 2ßn)Œ̂(! + 2ßn)]e^−ik! d! = 0 ∀k:

. h , & Æ b ∑ f̂(! + 2ßn)Œ̂(! + 2ßn) = 0 (1:11) a.e.

ň v î Ű Ý P ~ 3 L1([−ß; ß]) î Î Ű E [ ğ Ý . & Æ Þ (1:2) õ (1:9) Ć á , ň v Œ

ø Ý Þ ˇ ó 4 ^ Ľ ó 4 t ffi , „ £ à (1:7) İ | ß Õ

mf(!)m0(!) + mf(! + ß)m0(! + ß) = 0 a.e. (1:12)

q A (1:8), m_0(!) õ m_0(! + ß) ž ! ‘ ‚ 0, X | D 3 Œ 2ß ˘ ˚ Ð ó ˘(!) ÿ ß

mf(!) = ˘(!)m0(! + ß) a.e. (1:13)

ã y (1:12) & Æ b

˘(!) + ˘(! + ß) = 0 a.e. (1:14)

Þ û Daubechies [5] Ý J ř , ˘(!) İ | ű W

˘(!) = ei!˚(2!); (1:15)

9 Ě Ý ˚ ô Î Œ Í 2ß Ý ˘ ˚ Ð ó . Þ (1:15) | C (1:13) Ć á (1:9) ß Õ

f̂(!) = ei!=^2m0( !2 + ß)˚(!)Œ̂( !2 ): (1:16)

& Æ Þ J Ă Ñ ø Ü ő Ð ó Ť Ţ A ì ȷ P

^(!) = ei^{!2} m0( !2 + ß)Œ̂( !2 ): (1:17)

ù Ç ^(!) = m_1( !_2 )Œ̂( !_2 ),_{Í ı}

m1(!) = ei!m0(! + ß): A Ň m1(!) =^1_2 ∑ dne^−i!n, J (x) = ∑ dnŒ(2x − n):

& Æ õ ‘ ğ ž [ ğ P Ý ő Þ , (1:16) İ | ű W

f̂(!) = (∑ ˚ke^−ik! ) ^(!): (1:18) ù Ç f(x) = ∑ ˚k(x − k):

Proposition 1.3. Let Œ(x) be a scaling function such that Œ(x−n) is an orthonormal basis of V_0. Define the wavelet (x) as in (1:17), then (x − n) is an orthonormal basis of W_0.

Proof : ť › , q A m_0 õ Œ̂ Ý P š , „ ã (1:17) & Æ İ | ß Õ (x) ∈ V_1 v (x) ⊥ V_0

A Ň f(x − k) Î W0 Ý Œ Í Ñ J / ) , J

ffi0;k = ∫ |f̂(!)|^2ei!k d! = ∫ |m0( !2 + ß)Œ̂( !2 )˚(!)|^2ei!k d! = ∫_2ß 0 ∑ |m0( !2 + (n + 1)ß)Œ̂( !2 + nß)˚(!)|^2ei!k d!:

ã y k Î ˚ Ň Ý J ó , & Æ b ∑ |m0( !2 + (n + 1)ß)Œ̂( !2 + nß)˚(!)|^2 = (2ß)^{−1}:

„ £ à (1:8) | C (1:7), & Æ İ | ß Õ

|˚(!)|^2 {∑ |Œ̂( !2 + nß)|^2 − ∑ |m0( !2 + nß)|^2|Œ̂( !2 + nß)|^2 } = (2ß)^{−1}:

İ Ň ˚(!) Ä Q Î ±1. X | , f(x) = ±(x). ô ţ Î 1 , ¯ & Æ X ffl Ý Œ Í ã Ñ ø Ł }

Ð ó X " Ň Ý 9 ě Ł 5 Ů Ý ‘ Î , Œ ffl Ć Ő , 8 E T Ý Ü ő Ð ó Î Ä Î ř Œ X ffl Ý ,

ň Ñ ø Ý Ü ő Ð ó Q Î ř Œ ( t Ý ± r | š ) ff X ffl Ý .

„ ĳ & Æ Ł l Ź 0;k Î W0 Ý Ã 9 . E y ˚ Ň Ý f ∈ W0, / ) (1:18) & Æ b

f̂(!) = fl(!) ^(!), Í ı fl(!) = ∑ flne^−i!n v f(x) = ∑ fln(x − n):

. h , ľ 6 J Ă ∑ |fln|^2 ¡ ∞. . ‚

∫_2ß 0 |fl(!)|^2d! = 2 ∫ ß 0 |˘(!)|^2d!:

q A (1:10) & Æ ß Õ ∫_2ß 0 |mf(!)|^2d! = ß ∑ |fn|^2 = ß‖f‖^2 ¡ ∞:

„ ĺ Œ ] ń , q A (1:13) & Æ b

∫_2ß 0 |mf(!)|^2d! =

∫_2ß 0 |˘(!)|^2|m0(! + ß)|^2d! = ∫ ß 0 |˘(!)|^2[|m0(! + ß)|^2 + |m0(!)|^2]d! By (1:14) = ∫ ß 0 |˘(!)|^2 d!: By (1:8) ã y ∫_2ß

0 |fl(!)|^2d! = 2ß‖f‖^2 ¡ ∞; ß Õ (fln) Î £ ] İ Ŕ Ý . ´ | î & Æ ß á (x − n) Ý @ Î W0 Ý Ã 9 .

3 Œ ffl Ý › ȷ , Ł } Ð ó ž Î Ñ ø Ý . E y 9 Ë Î Ñ ø Ý Ł } Ð ó , & Æ +

Û Ë Ë ť ¡ ( Ý % C Ü ő Ð ó Ý ] ř : Ï Œ Ë Î X Û Ý Ű Ñ ø Ü ő Ð ó , ĺ Œ Ë Î

X Û Ý Ô Ñ ø Ü ő Ð ó . | ì Ë ; 5 ¡ ĳ + Û 9 Ë Ë Ü ő Ð ó Ý C ř .

Ï ë ; Ű Ñ ø Ü ő Ð ó

ť › & Æ › + Û ć ‚ Ű Ñ ø Ü ő Ð ó . ; à î Œ ; Ý Ð r , u

Vj+1 = Vj ⊕ Wj:

J & Æ Ì č Œ Í " Ň W0 Ý Ð ó (x) ‚ 8 E T y Œ(x) Ý Ű Ñ ø Ü ő Ð ó . 9 Ě &

Æ Ł ě Ň Ý Î (x − n) ^ Œ(x − n) Î Ñ ø Ý , ň (x − n) Í Ű Î Ä Ñ ø .

q A Ű Ñ ø P , u (x − n) Î W0 Ý Œ à Ã 9 , J E y X b Ý J ó n, A ! Ñ ø

Ü ő Ð ó Ý › ţ , ^(!) = m1( !2 )Œ̂( !2 ). & Æ b

⟨Œ(x); (x − n)⟩ = ∫ Œ̂(!) ^(!)ei!n d! = ∫ ei!nm0( !2 )m1( !2 )|Œ̂( !2 )|^2 d! = ∫_4ß 0 ei!nm0( !2 )m1( !2 ) ∑ |Œ̂( !2 + 2ßk)|^2 d! = ∫_2ß 0 ei!n ( m0( !2 )m1( !2 ) ∑ |Œ̂( !2 + 2ßk)|^2 + m0( !2 + ß)m1( !2 + ß) ∑ |Œ̂( !2 + 2ßk + ß)|^2 ) d!: ! ø Ý ĳ ğ , . ‚ n Î ˚ Ň Ý , X |

m0(!)m1(!)Γ(!) + m0(! + ß)m1(! + ß)Γ(! + ß) = 0 a.e.; (1:19)

9 Ě Ý Γ(!) A (1:3) X ffl L . ´ (1:19) & Æ İ | ß Õ (x) Ý ľ Ç Ð ó m1(!) İ ű

W m1(!) = e^−i!m0(! + ß)Γ(! + ß)s(2!) for some s ∈ A: (1:20)

9 Ě Ý / ) A Î ffl L ‚ :

A = {S : S = ∑ sne^−i!n; S(!) ≠ 0 and (sn) ∈ ‘^1}: (1:21)

& Æ Ł J Ă (x − n) Î W0 Ý Œ à Ã 9 .

Proposition 1.4. Let Œ be defined as in (1:1) and m_1(!) be defined as above. If

Γ(!) is also in A, then is a semi-orthogonal wavelet of Œ.

Proof : . ‚ ^(!) = m_1( !_2 ) Œ̂( !_2 ), Ŕ î m_0(!) õ Γ(!) Ý ˘ ˚ P & Æ ß Õ ∑ | ^(! + 2ßn)|^2 = ∑ |m1( !2 + ßn)Œ̂( !2 + ßn)|^2 = ∑ |e^−i^{( !2 +}ßn^)m0( !2 + ßn + ß)

× Γ( ! 2 + ßn + ß)s(!)Œ̂( !2 + ßn)|^2 = |s(!)e^−i^{!2} |^2Γ( !2 + ß)Γ( !2 ) × ( |m0( !2 + ß)|^2Γ( !2 + ß) + |m0( !2 )|^2Γ( !2 ) ) : & Æ › Ì D Γ(!). . ‚ Γ(!) ffl L ‚

Γ(!) = ∑ |Œ̂(! + 2ßn)|^2:

& Æ Þ î P Ý ˇ ó 4 ^ Ľ ó 4 t ffi , £ à (1:2) „ ě ś à ) ß Õ

|m0( !2 + ß)|^2Γ( !2 + ß) + |m0( !2 )|^2Γ( !2 ) = Γ(!); (1:22)

T à h Ť Ň & Æ ß Õ ∑ | ^(! + 2ßn)|^2 = |s(!)e^−i^{!2} |^2Γ( !2 + ß)Γ( !2 )Γ(!):

. ‚ Œ(x − n) Î V0 Ý Œ à Riesz basis, X | Γ(!) Î b î ì & Ý , ň v Í ì & Î G

Ò ë F Ý . ù Ç D 3 ð ó 0 ¡ A ≤ B ¡ ∞ ÿ ß A ≤ ∑ |Œ̂(! + 2ßn)|^2 ≤ B a.e.:

. ‚ s(!) ò y A, s(!) Î Œ Í 2ß ˘ ˚ = ˇ Ð ó , X | s(!) 3 [0; 2ß] ă î b t

´ , t ˇ Â . & Æ Č L = min s(!) ¿ 0 C U = max s(!) ¡ ∞, . h & Æ b

A^3L^2 ≤ ∑ | ^(! + 2ßn)|^2 ≤ B^3U^2 a.e.:

X | (x − n) Î W0 Ý Œ à Ã 9 .

„ ĳ & Æ Ł J Ă V1 = V0 + W0. Ç D 3 Ë ó » (c̃n) õ (d̃n) ÿ ß

Œ(2x − ‘) = ∑ {c̃‘−2nŒ(x − n) + d̃‘−2n(x − n)}: (1:23)

& Æ „ T ó » (c̃n) õ (d̃n) İ | ´ m0(!) õ m1(!) ß Õ . & Æ Þ (1:23) ő m £ f " ffi , 1 2 Œ̂( !2 )e^−i‘^{!2} = ∑ c̃‘−2ne^−i!nŒ̂(!) + ∑ d̃‘−2ne^−i!n ^(!) = ∑ c̃‘−2ne^−i!nm0( !2 )Œ̂( !2 ) + ∑ d̃‘−2ne^−i!nm1( !2 )Œ̂( !2 ):

& Æ ß Õ (∑ c̃‘−2nei^(‘^{−2}n^)! ) m0(!) + (∑ d̃‘−2nei^(‘^{−2}n^)! ) m1(!) ≡ 12 ∀‘ ∈ Z: (1:24)

9 Ě , & Æ Ł ś ffl L Ë Í ľ Ç Ð ó ~m_0 õ ~m_1 ‚

~m0(!) = ∑ c̃ne^−i!n and ~m1(!) = ∑ d̃ne^−i!n:

! ø Ý , & Æ Þ (1:24) Ý ˇ ó 4 ^ Ľ ó 4 t ffi , ß Õ ( ~m0(!) + ~m0(! + ß) ) m0(!)+ ( ~m1(!) + ~m1(! + ß) ) m1(!) = 1 for even ‘ | C ( ~m0(!) − ~m0(! + ß) ) m0(!)+ ( ~m1(!) − ~m1(! + ß) ) m1(!) = 1 for odd ‘:

& Æ Þ î Ű Ë ] - P ; ű W

~m0(!)m0(!) + ~m1(!)m1(!) = 1 ~m0(!)m0(! + ß) + ~m1(!)m1(! + ß) = 0:

t ą & Æ ß Õ

~m0(!) = m^1(! + ß)

ΔŒ;(!)

~m1(!) = −m^0(! + ß)

ΔŒ;(!) ;

9 Ě Ý ΔŒ;(!) ffl L ‚

ΔŒ;(!) := m_0(!)m_1(! + ß) − m_0(! + ß)m_1(!):

. ‚ s(!) õ Γ(!) K ò y A, X | ΔŒ;(!), ~m0(!) ^ ~m1(!) ô K ò y A.

& Æ İ | 0 Õ ĺ Œ Í Ł } Ð ó Œ̃(x) Ð ) ^Œ̃(!) = ~m0( !2 )^Œ̃( !2 ): ù Ç , Œ̃(x) Ð )

Ł } Ğ P

Œ̃(x) = ∑ ~2c̃nŒ̃(2x − n): (1:25)

} ą & Æ ž D ą b n (c̃n) ^ Œ̃(x) Ý Œ ř P š . 3 h , & Æ Č

~Vj = span{ √ 2jŒ̃(x − n)}:

(~Vj) ȷ W Œ à MRA. ĺ 3 , & Æ Č W0 Î V0 3 V1 ì Ý Ñ ø Ć / , Ç ~V1 = ~V0 ⊕ ~W0:

J D 3 Œ ~(x) ÿ ß

~Wj = span{ √ 2j ~(x − n)}:

Í ı ^~(!) = ~m_1( !_2 )^~( !_2 ):_{A h Ÿ C Ý} Œ̃(x)_{Þ ž Î} Œ(x)_{Ý E Ľ Ã 9} (dual basis). ù Ç ⟨Œ(x); Œ̃(x − n)⟩ = ffi0;n ∀n ∈ Z:

î Ű O ó » (an) ^ (bn) Ý ] ř ň ğ y Ű Ñ ø Ü ő Ð ó 9 Œ Ë › ȷ , ŕ @ î ,

X b Ý Ü ő Ð ó Ý æ ; ó K Î à A î Ý ] ř 0 Ý . ¯ Œ(x − n) Î Ñ ø Ł } Ð ó ‘ ,

Γ(!) ≡ 1. u & Æ ó ã s(!) ≡ 1, J ∑ | ^(! + 2ßn)|^2 = 1 ∀! ∈ R:

ù Ç (x − n) Î W0 Ý Œ à Ñ ø Ã 9 . & Æ İ | s ĺ (x) Ý ì ł > č Î ã s(!) X

X ffl . u s(!) Ý E T ; ó Î b ğ ff Ý , J (x) Î b ğ Ĺ ‹ . q A (1:20) õ (1:22), & Æ Þ ~m_0(!) ě ű W (s(!) ff V t Ý )

~m0(!) = m^1(! + ß)

ΔŒ;(!)

= m0(!) Γ(!)Γ(2!) : (1:26)

ţ Œ ffl Ć Ő , Γ(!) Î » ff Γ(2!) X J t Ý , X | Œ̃ õ ~ Þ ž Î b ğ Ð ‹ . › Ñ

Œ̃ õ ~ Î b ğ Ð ‹ , & Æ ) b ì » P š :

Proposition 1.5. Let Œ(x) be defined as in (1:1) and Œ̃ be the semi-orthogonornal dual scaling function defined as in (1:25). Let fln be defined by

fln = ⟨Œ(x); Œ(x − n)⟩ ∀n ∈ Z:

Then, when the support of Œ(x) is contained in [0; N], we have

Œ(x) = N−1∑ n=−N+1

flnŒ̃(x − n): (1:27)

Proof : q A (1:26) õ (1:2), & Æ b

Γ(!)^Œ̃(!) = m0( !2 )Γ( !2 )^Œ̃( !2 ): . h Γ(!)^Œ̃(!) = limk_{→∞} [ k∏ j=1 m0( !2j ) ] Γ( ! 2k )^Œ̃( !2k ) = Œ̂(!):

. ‚ Γ(!) = N−1∑ n=−N+1

flne^−i!n, & Æ b Œ(x) = N−1∑ n=−N+1

flnŒ̃(x − n):

î Ű P š X Ł 1 Ă Ý Î : › Ñ Œ̃ Î b ğ Ð ‹ , b ğ Ĺ ‹ Ý Œ(x) Q İ | ff b ğ Í

Œ̃(x − n) X " ffi . X | Œ(x − n) Ý SS W / Ś â y Œ̃(x − n) Ý SS W / . ù Ç V0 ⊂ ~V0.

ĺ Œ ] ń , ¯ Γ(!) ∈ A ‘ , Γ−1(!) D 3 v ò y A. & Æ ffl L Œ 2ß ø ˚ Ð ó

Γ̃(!) fi y Œ̃(x) A ! Γ(!) fi y Œ(x). ã (1:26) & Æ ß Õ Γ̃(!) = Γ^{−1}(!). X | Γ̃(!)

Ý ; ó (fl̃n) ∈ ‘1. ¯ Œ(x) ^ Œ̃(x) Ý Ŋ Ś ! ð ‘ , & Æ b v ń (1:27) Ý P š , ù Ç

Œ̃(x) = ∑ fl̃nŒ(x − n): (1:28)

ã y (fl̃n) ∈ ‘^1, Ṽ_0 ⊂ V_0, X | V_0 = Ṽ_0. ň v Œ̃(x) ∈ L^2(R) Lemma 1.1. Let Œ(x) be defined as in (1:1), Œ(x) ∈ L^2(R) and Œ̃(x) be the dual

of Œ(x) in a semi-orthogornal system. If (fl̃n) ∈ ‘^1, then Œ̃(x) ∈ L^2(R).

Proof : q A (1:1) | C (fl̃n) ∈ ‘^1, ∫ |Œ̃(x)|^2 dx = ∫ Œ̃(x)Œ̃(x) dx = ∫ ( ∑ n fl̃nŒ(x − n) ) ( ∑ m fl̃mŒ(x − m) ) dx = ∑ n;m fl̃nfl̃m⟨Œ(x − n); Œ(x − m)⟩

. ‚ Œ(x) Î b ğ Ð ‹ , X | ľ b b ğ Í (fln) Î & ë Ý . X | & Æ Č C = max{|fln|}. . h ∫ |Œ̃(x)|^2 dx ≤ C ∑ n;m fl̃nfl̃m ≤ C ( ∑ n |fl̃n| )( ∑ m |fl̃m| ) ¡ ∞:

b n Ű Ñ ø Ü ő Ð ó Ý Ŋ Þ ğ ą , Ž ć å ê ¨ Ň ^ r Ÿ ı > 0 Ý æ » ą Z . [2]

Ï ř ; Ô Ñ ø Ü ő Ð ó

& Æ ffl L Œ(x) õ Œ̃(x) A ! (1:1) | C (1:25), Ć v Ë ï K Î İ | " W 9 ě Ł 5 Ů Ý

Ł } Ð ó . ¯ & Æ 1 {Œ(x); (x); Œ̃(x); ~(x)} ‚ Œ à Ô Ñ ø - Ù ‘ , & Æ ĳ Ý Î :

⟨Œ̃(x); Œ(x − n)⟩ = ⟨ ~(x); )x − n)⟩ = ffi0;n (1:29) | C ⟨Œ̃(x); (x)⟩ = ⟨ ~(x); Œ(x)⟩ = 0: (1:30)

. h , E y ˚ Ň Ý J ó n & Æ b

ffi0;n = ⟨Œ̃(x); Œ(x − n)⟩ = ∫ ^̃Œ(!)Œ̂(!)ei!n d! = ∫_2ß 0 ei!n ∑ n ^̃Œ(! + 2ßn)Œ̂(! + 2ßn) d!:

ã y n Î ˚ Ň Ý , X | ∑^ Œ̃(! + 2ßn)Œ̂(! + 2ßn) = (2ß)^{−1} a.e. (1:31):

& Æ Þ (1:2) Ć á î P ( Č m0 = mŒ0 , ~m0 = m

Œ̃_0 )_{ß Õ} ∑ n ~m0(! + ßn)m0(! + ßn)Œ̃(! + ßn)Œ(! + ßn) = (2ß)^{−1} a.e.:

! ø Ý , & Æ „ Þ ˇ ó 4 ^ Ľ ó 4 t ffi ň g ) (1:31), & Æ b

~m0(!)m0(!) + ~m0(! + ß)m0(! + ß) = 1 a.e.: (1:32)

û C î Ű ] ř , q A (1:29) õ (1:30) & Æ ß Õ

~m0(!)m1(!) + ~m0(! + ß)m1(! + ß) = 0 ~m1(!)m0(!) + ~m1(! + ß)m0(! + ß) = 0 ~m1(!)m1(!) + ~m1(! + ß)m1(! + ß) = 1 a.e.:

9 ř f P ~ Î Ô Ñ ø Ü ő Ð ó t ě Ł Ý P ~ . ľ Ł b Ë ˚ Ł } ^ Ü ő Ð ó Ý ľ Ç Ð

ó m0; m1; ~m0; ~m1 Ť Ţ î Ű ř Í P ~ , J h Ë ˚ Ł } Ü ő Ð ó Ł Ż ȷ W Œ à E Ľ Ý

Ô Ñ ø Ã 9 . á ) | î Ť Ň , & Æ ffl L

M(!) = [ m0(!) m0(! + ß) m1(!) m1(! + ß) ] ; ~M(!) = [ ~m0(!) ~m0(! + ß) ~m1(!) ~m1(! + ß) ] : u ~M(!)Mt(!) = 1 a.e.; (1:33)

J E T Ý Ë ˚ Ł } Ü ő Ð ó Ł Ż ȷ W Œ à E Ľ Ý Ô Ñ ø Ã 9 .

! ø Ý , 3 Ô Ñ ø Ü ő Ð ó Ý › ţ ì , Ü ő Ð ó ô Î ff ř Œ X ffl Ý . & Æ b ì

» ffl ğ ž \ ï ć Ą :

Theorem 1.3. Let Œ and Œ̃ be a pair of biorthogonal scaling functions, and

{m0; ~m0} be the corresponding 2ß-periodic characteristic functions. Then {m1; ~m1}

satisfy (1:33) if and only if they are chosen from the class

m1(!) = e^−i! ~m0(! + ß)s^{−1}(2!) and ~m1(!) = e^−i!m0(! + ß)s(2!);

for some s ∈ A.

b n Ô Ñ ø Ü ő ğ ą Ý Ŋ Þ / ffi , Ž ć å Cohen, Daubechies, õ Feauveau Ý æ » ą

Z [3].

An open problem. / ) G ń + Û Ý ë Ë ȷ V Ý Ü ő Ð ó , & Æ á ĳ Ñ ø Ü ő Ð ó

İ Ú ‚ Ű Ñ ø Ü ő Ð ó Ý Œ Í ľ ż ; Ć Ű Ñ ø Ü ő Ð ó İ Ú ‚ Ô Ñ ø Ü ő Ð ó Ý Œ

Í ľ ż . 3 Ą Ê Ô Ñ ø - Ù ‘ m0(!) ^ ~m0(!) Ä Ť Ţ (1:32), v

m1(!) = e^−i! ~m0(! + ß)s(2!): (1:34)

& Æ Þ (1:34) Ć á (1:19) ß Õ ( m0(!) ~m0(! + pi)Γ(!) − m0(! + pi) ~m0(!)Γ(! + ß) ) ei!s(2!) = 0:

X | & Æ Ą Ê h Ð ñ ] - P : { ~m0(!)m0(!) + ~m0(! + ß)m0(! + ß) = 1 m0(!) ~m0(! + ß)Γ(!) − m0(! + ß) ~m0(!)Γ(! + ß) = 0 ¯ m0(!) ‚ Ø ř B-spline Ý ľ Ç Ð ó ‘ , & Æ ¨ Ő Ĳ O b ğ ff ; ó Ý ~m0(!).

5 2 , & Æ ň ^ b W Ř . 3 ĺ b Ý Ű Ñ ø - Ù ı , & Æ ľ Ą Ê Œ(x) Î B-spline Ý › ȷ . Ć Í E T Ý E Ľ Ł } Ð ó Œ̃(x) Ý Ð ‹ Î P M ff Ý . & Æ 8 * ¯ & Æ E Œ(x) |

C Œ̃(x) w ffi Œ ř f ˝ ‘ , A E Ì P T £ » » æ , J & Æ İ | O Ň b ğ Ð ‹ Ý Ű Ñ ø

Ü ő - Ù . A h , J Í Ü ő ğ ą ž Ţ ß ? Ù Œ ? ˝ J .

Ï " ; Z Ü ř

& Æ Č {Œ; ; Œ̃; ~} x W Œ à Ô Ñ ø - Ù . Ç

⟨Œ(x); Œ̃(x − n)⟩ = ffi0;n | C ⟨; ~(x − n)⟩ = ffi0;n; v ⟨Œ(x); ~(x − n)⟩ = 0 | C ⟨Œ̃(x); (x − n)⟩ = 0:

3 Ô Ñ ø - Ù ı Ä b (1:32), ĺ 3 & Æ Þ ÿ ű W | ì 9 Ë l P :

m^~Œ_0 (!)mŒ_0 (!) + m^~Œ_0 (! + ß)mŒ_0 (! + ß) = 1 a.e.: (1:35)

u & Æ ś ffl L Œ Ł } Ð ó Œ̃1(x), Í ľ Ç 9 4 P ‚

m^~Œ^1_0 (!) = m^~Œ_0 (!) + e^−i!mŒ_0 (! + ß)s(2!);

9 Ě Ý s(!) Î Œ Í ò y A Ý ë Ŋ 9 4 P . J Œ̃1 ô ž Î Œ Í E T y Œ(x) Ý E Ľ Ł

} Ð ó . & Æ İ | Ĳ ffi | Ý l Ź m

Œ̃1_0 (!)_{ô Ť Ţ} (1:35),_Ç

⟨Œ(x); Œ̃1(x − n)⟩ = ffi0;n:

¯ Œ(x) ^ Œ̃(x) ff X ffl ą , & Æ 0 Ň ś Ý Ü ő Ð ó .

ã Theorem 1.3, mŒ_1 Î ff Œ Í ò y A Ý s(2!) X X ffl Ý , v Wiener class Î Œ

Í Ć ó Ť x , X | m

Œ̃1_{0 İ | ű W}

m^~Œ^1_0 (!) = m^~Œ_0 (!) + m^~Œ_1 (!)s(2!); v mŒ^1_1 (!) = mŒ_1 (!) − mŒ_0 (!)s(2!):

ã h ] ř & Æ İ | . æ ĳ Ý ľ Ç Ð ó mŒ0 (!), mŒ1 (!), m

Œ̃_0 (!)_õ m^~Œ_1 (!)_{Ő W ś Ý}

mŒ_0 (!), mŒ^1_1 (!), m^~Œ^1_0 (!) õ m^~Œ_1 (!). İ b Ý Ô Ñ ø - Ù {Œ; ; Œ̃; ~} Ő ‚ ś Ý Ô Ñ

ø - Ù {Œ; 1; Œ̃1; ~1}. & Æ ě Ň Õ : (1) . ‚ 1 ) İ 3 V1 è Ě , X | 1 Ý £ â

Ů ň ^ b ; Ő ; (2) ~1 Ý Ü ő ; ó ^ ~ Ý 8 ! , ÿ Æ K Î ã (cn) X X ffl Ý . Ł ě Ň Ý

Î , 4 Q ~_1 Ý Ü ő ; ó ^ ~ Ý 8 ! , ň Œ̃_1 ‹ B ; Ő Ý , X | ~_1 ^ ~ Í š î ‹ B ! Ý .

B ã Ê ¯ Ý ó ã s(!), & Æ İ | ę Ŕ 1 Ý Ŕ œ ó (vanishing moments), ù Ç

(x) Ñ ø y 9 4 P Ý $ ó . v Œ̃1, ~1 İ | b ť { Ý £ â Ů , ù Ç Œ̃1, ~1 b ť { Ý İ

Ł - Ů . 9 ţ Î X Û E y Ô Ñ ø - Ù Ý Z Ü Ä - (lifting scheme). À Ť î Ű , & Æ b

ì » ffl ğ :

Theorem 1.4. (Lifting Scheme). Let {Œ; Œ̃; ; ~} be an initial set of biorthogonal system. Then a new set {Œ; Œ̃_1; _1; ~_1}, which is formally biorthogonal, can be constructed by

1(x) = (x) − ∑ snŒ(x − n) Œ̃1(x) = ∑ c̃nŒ̃1(2x − n) + ∑ s−n ~1(x − n) ~1(x) = ∑ dnŒ̃1(2x − n):

9 Ě Ý c̃n Î Œ̃ Ý Ł } ; ó , dn Î ~ Ý Ü ő ; ó | C sn Î ë Ŋ 9 4 P s(!) Ý ; ó . b n Z Ü ř Ý Ŋ Þ / ffi , Ž ć å Sweldens Ý æ » ą Z [8].

Ï Þ a

Œ ˚ è Ě Ł } Ð ó ^ Ü ő Ð ó

£ » ˇ æ ^ £ â Ů Ý ] ř

3 9 Œ a & Æ Ł + Û Œ Ë Ŋ Ő Ý è Ě Ü ő Ð ó £ » » æ ^ £ â Ů Ý ] ř . ť › , 3

^ b ľ ¡ Î Ă Ý › ţ ì , & Æ Ý Ł } Ð ó Œ(x) Î ĳ Daubechies Ý Ñ ø Ł } Ð ó . 3

Daubechies Ý Ñ ø Ł } Ð ó Ě , & Æ Č Œ(x) Ť Ţ Ł } Ğ P (1:1), c_0, c_1, : : :, c_2p_{−1} Î

8 E T y Œ(x) Ý Ł } ; ó . ð ó p Î Ü ő Ð ó Ý ì » Ů , ù Ç Œ(x − n) Ý SS W / Ś

â Ý X b p $ | ì Ý 9 4 P . 3 9 Ě & Æ ĳ Ý Î A ğ 3 Ø Œ Í ă î Œ(x − n) Ý SS

W / İ | Þ A ğ 3 9 Œ Í ă î Ý p $ | ì Ý 9 4 P " ffi . & Æ Č (x) Î E T y

Œ(x) Ý Ñ ø Ü ő Ð ó , J ⟨xm; (x)⟩ = 0; 0 ≤ m ≤ p − 1:

¯ Œ(x) Î Daubechies Ý Ñ ø Ł } Ð ó ‘ , Ł } ; ó cn Ť Ţ ì » Ğ P : (S) 2p−1∑ n=0 cn = 2; (A) 2p−1∑ n=0 (−1)nnmcn = 0 where m = 0; : : : ; p − 1 (0^0 := 1);

(O) 2p−1∑ n=0 cncn−2m = ffi0m; for all m ∈ Z:

(2:1)

h ‘ , Œ(x) Ý Ĺ ‹ Î [0; 2p − 1] . ¯ & Æ Č (dn) Î (x) Ý Ü ő ; ó , J dn = (−1)nc_{1−}n, X | supp (x) = [1 − p; p].

& Æ ţ ´ [10] č S Z a Ě Ý Ŕ ř , ffl L

Φ(x) = ∫ x −∞ Œ(t) − Œ(t − 1) dt: (2:2)

& Æ Ì Φ(x) Î Œ(x) Ý è Ě . & Æ Þ Ł J Ă Φ(x) ô Î Ł } Ð ó , v Φ(x) ô İ | " Ň

Œ 9 ě Ł 5 Ů . ¯ Q , & Æ İ | ã h 9 ě Ł 5 Ů 0 Ň E T y Φ(x) Ý Ü ő Ð ó Ψ(x).

è Ě ą Ý Φ(x) ^ Ψ(x) K „ Ì b Ñ ø P . ň Î , ¯ & Æ ó ã t Ŋ Ő Ý C Ü ő Ð ó Ý

] ř , Ç

gn = (−1)nh1−n;

Í ı (hn) Î Φ(x) Ý Ł } ; ó , (gn) Î Ψ(x) Ý Ü ő ; ó . & Æ ß Õ Ψ(x − n) Î İ Ł Ý , ň v Ψ^′(x − n) Î Œ à Ñ ø Ý Ð ó . . ‚ è Ě ą Ý Φ(x) ^ Ψ(x) K „ Ì b Ñ ø P , X | & Æ ľ Ą Ê Ô Ñ ø - Ù . & Æ Þ C Ň E Ľ Ý {Φ̃(x); Ψ̃(x)}, ÿ ß & Æ b " >

Ý Ľ Õ ř 3 Vj+1 ^ Vj + Wj ő Ã 9 Ő ð .

Ï Œ ; Φ(x) Î Ł } Ð ó

ã Φ(x) Ý ffl L ß á

Φ(x) = ∫ x −∞ Œ(t) − Œ(t − 1) dt = ∫ x −∞ [ 2p−1∑ n=0 cnŒ(2t − n)] − [ 2p−1∑ n=0 cnŒ(2t − n − 2)] dt = ∫ x −∞ 2p∑ n=0 (cn−1 + cn) 2 [Œ(2t − n − 2) − Œ(2t − n − 1)] dt := 2p∑ n=0 hnΦ(2x − n):

& Æ İ | : Õ è Ě ą Ý Φ(x) Ý Ł } ; ó (hn) ‚

hn = (cn^{−1} + cn)2 ; (2:3) ě Ň c−1 = c2p = 0. Φ(x) Ť Ţ Ł } Ğ P v & ë Ý Ł } ; ó b 2p + 1 Í , X |

supp Φ(x) = [0; 2p]. „ ĳ , & Æ İ | Ĳ ffi | 2 : Ň | ì Ý n ; 2p∑ n=0 hn = 2p−1∑ n=0 cn = 2; (2:4)

õ 2p∑ n=0 (−1)nhn = 0:

Proposition 2.1. If Œ(x) is a scaling function that satisfies (1:1) and Φ(x) is defined as in (2:2). Then

Φ(x) = Ø_{[0};_{1]} ∗ Œ(x): (2:5)

Furthermore, Φ(x) is a scaling function with scaling coefficients

(hn) = ( 12 ; 12 ) ∗ (cn):

Proof : ã (2:2) | C P Ť Ý P š ,

Φ(x) = ∫ x −∞ Œ(t) − Œ(t − 1) dt = ∫ x −∞ Œ(t) dt − ∫ x −∞ Œ(t − 1) dt = ∫ x −∞ Œ(t) dt −

∫ x_{−1} −∞ Œ(t) dt = ∫ x x−1 Œ(t) dt = ∫_∞ −∞ Ø_{[0};_{1]}(x − t)Œ(t) dt = Ø_{[0};_{1]} ∗ Œ(x):

. h & Æ b

Φ̂(!) = ^Ø_{[0};_{1]}(!) · Œ̂(!) = sin !_2

!_2 e^− i !_2 Œ̂(!)

= ( 1 2 + 1 2 e^−i^{!2} ) ^Ø_{[0};_{1]}( !2 ) mŒ_0 ( !2 )Œ̂( !2 ) := m^Φ_0 ( !2 )Φ̂( !2 ):

X | m^Φ_0 (!) = ( 1 2 + 1 2 e^−i! ) mŒ_0 (!) = 1 2 (1 2 + 1 2 e^−i! ) ∑ n cne^−in! := 1 2 ∑ n hne^−in!:

´ 9 Ě & Æ ě Ň Õ (hn) Î ã ( 12 ; 12 ) ^ (cn) ő Ò œ l Ý P Ť Ć ĳ Ý . & Æ Þ

Φ̂(!) = m^Φ_0 ( !2 )Φ̂( !2 );

ő Y m h Ő ð ß Õ

Φ(x) = ∑ n hnΦ(2x − n):

X | Φ(x) ô Î Ł } Ð ó .

Remark. & Æ á ĳ ^Ø_{[0};_{1]}(!) Î 3 0 F = ˇ . . ‚ Œ̂(!) ô Î = ˇ Ð ó , X |

Φ(!) ô Î = ˇ Ð ó . . h & Æ b Φ̂(0) = 1 | C , E y X b J ó n ≠ 0, Φ̂(2nß) = 0.

Ï Þ ; Φ(x) " Ň Œ 9 ě Ł 5 Ů

´ (cn) Ť Ţ (2:1) Ý ë Í P ~ ĳ : , (S) Î ã (1:1) X . ß Ý , (A) Î b p $ £ » Ů Ý

Ę ¯ Ä Ł f ˝ , (O) Î Ł } Ð ó Ť Ţ Ñ ø P Ý Ä Ł f ˝ . 3 (2:4), & Æ ‹ : Ň (hn) Ť

Ţ (S). & Æ Þ Ł J Ă (hn) Ť Ţ ? { Œ $ Ý (A), ň (hn) ž Ť Ţ (O).

Proposition 2.2. If Œ(x) is a scaling function that satisfies (1:1) and (cn) satisfies the condition (A) in (2:1), and if Φ(x) is as defined in (2:2). Than the scaling coefficients

(hn) of Φ(x) satisfy 2p∑ n=0 (−1)nnmhn = 0; where m = 0; : : : ; p (with 0^0 := 1): (2:6)

Proof : E y m = 0, 2p∑ n=0 (−1)nhn = 2p∑ n=0 (−1)n

( cn + cn−1 2 )

= 1 2 [^2p^{−1}∑ n=0 (−1)ncn + 2p−1∑ n=0 (−1)n^{+1}cn ]

= 1 2 [^2p^{−1}∑ n=0 (−1)ncn − 2p−1∑ n=0 (−1)ncn ] = 0:

Č ’ E y m = 0, : : :, k − 1 P (2:6) K Ť Ţ , Í ı 0 ¡ k ≤ p. J 2p∑ n=0 (−1)nnkhn = 2p∑ n=0 (−1)nnk

( cn + cn−1 2 )

= 1 2 2p∑ n=0 (−1)nnkcn + 1 2 2p∑ n=0 (−1)nnkcn_{−1}

= 1 2 2p−1∑ n=0 (−1)nnkcn + 1 2 2p∑ n=1 (−1)nnkcn_{−1}

= 1 2 [^2p^{−1}∑ n=0 (−1)nnkcn + 2p−1∑ n=0 (−1)n^{+1}(n + 1)kcn ]

= 1 2 2p−1∑ n=0 (−1)n [ nk − (n + 1)k ] cn = 1 2 2p−1∑ n=0 (−1)n^{+1} [k^{−1}∑ ‘=0 (k ‘ ) n‘ ] cn = − 1 2 k−1∑ ‘=0 ( k ‘ ) [^2p^{−1}∑ n=0 (−1)nn‘cn ] = 0:

. h , ã ó . h û ř & Æ J Ă Ý (2:6).

ã î Ű P š ß á , Φ(x − n) Ý SS W / Ś â Ý p $ | C p $ | ì Ý 9 4 P . ã h İ

Ň , Φ(x) Ý £ » » æ ę Ŕ Ý . . ‚ Φ(x) Ý Ł } ; ó Ť Ţ ∑ n hn = 2;

X | & Æ b ì » P š :

Proposition 2.3. If Œ(x) is a scaling function such that ∑ n∈Z Œ(x − n) = 1; ∀x ∈ R;

and Φ(x) is as defined in (2:2). Then ∑ n∈Z Φ(x − n) = 1; ∀x ∈ R:

t h fi š ∑ n∈Z nmΦ(x − n)

ž Î Œ Í m $ Ý 9 4 P , 0 ≤ m ≤ p (00 := 1).

& Æ Č V0 = span {Φ(x − n)}, & Æ Ł J Ă Î Í Φ(x − n) Î V0 Ý Œ à Riesz basis.

Ł J Ă h P š & Æ ľ Ł J Ă : D 3 ð ó 0 ¡ A ≤ B ÿ ß A ≤ ∞∑ n=−∞ |Φ̂(! + 2ßn)|^2 ≤ B; ∀! ∈ R:

u Φ(x − n) Î V_0 Ý Œ à Riesz basis v Φ̂(0) ≠ 0, J Φ(x) İ | " Ň Œ 9 ě Ł 5 Ů .

Theorem 2.1. If Œ is a scaling function that generates a multiresolution anaysis

and Œ ∈ L^1(R) ∩ L^2(R), then the function Φ = Œ ∗ Ø_{[0};_{1]} also generates a multiresolution

analysis.

3 J Ă h Œ P š G , & Æ › J Ă ì ń Ý ffl ğ ^ S ğ .

Theorem 2.2. Let f ∈ L^1(R). Then its Fourier transform f̂ satisfies:

(1) f̂ ∈ L^∞(R) with ‖f̂‖_∞ ≤ ‖f‖_1; (2) f̂ is uniformly continuous on R;

(3) if the derivative f^′ of f also exists and is in L^1(R), then

^f^′(!) = i!f̂(!); and f̂(!) → 0; as |!| → ∞:

Proof : (1) P Î Ŋ Ő Ý . E y ˚ Ň Ý ! ∈ R

|f̂(!)| = | ∫ e^−i!xf(x) dx| ≤ ∫ |e^−i!xf(x)| dx ≤ ‖e^−i!x‖∞ ‖f‖1 ≤ ‖f‖1:

J Ă (2), Č ffi Î ˚ Ň ó ã Ý , v Ą Ê sup ! |f̂(! + ffi) − f̂(!)| = sup ! | ∫ e^−i!x(e^−iffix − 1)f(x) dx| ≤ ∫ |e^−iffix − 1| |f(x)| dx:

. ‚ |e^−iffix − 1| |f(x)| ≤ 2|f(x)| ∈ L^1(R) | C |e^−iffix − 1| → 0 ¯ ffi → 0. ã Lebesgue Dominated Convergence Theorem ß á , sup! |f̂(! + ffi) − f̂(!)| → 0 ¯ ffi → 0. X | f̂

3 R î Î í 8 = ˇ Ý .

J Ă (3), & Æ £ à ý ã Ý 5 I Ť 5 ř :

^f^′(!) = ∫ e^−i!xf^′(x) dx = ∫ e^−i!x df(x) = e^−i!x f(x) | |^∞_{−∞} − ∫ f(x) de^−i!x = i! ∫ e^−i!xf(x) dx = i!f̂(!);

. ‚ f ∈ L^1(R), f(x) → 0 ¯ |x| → ∞. u f^′ ò y L^1(R), £ à P (1) |f̂(!)| = 1|!||^f^′(!)| ≤ 1|!|‖f^′‖1 → 0; ¯ |!| → ∞. Lemma 2.1. Let Œ ∈ L^1(R) ∩ L^2(R) and Φ = Ø_{[0};_{1]} ∗ Œ. Then the function

Γ(!) := ∞∑ n=−∞ |Φ̂(! + 2ßn)|^2; for all ! ∈ R (2:7)

is a continuous function of ! on (−2ß; 2ß).

Proof : . ‚ Φ(x) ∈ L^2(R), X | Γ(!) Î Œ Í “ Ð ó , X | Γ(!) Î Œ Í = ˇ Ð ó .

Lemma 2.2. If the function Γ(!) is defined as (2:7), then Γ(!) ¿ 0 for all ! ∈

[0; 2ß).

Proof : u D 3 !_0 ∈ [0; 2ß) ÿ ß Γ(!_0) = 0, J ∞∑ n=−∞ ( sin !^0_2

!0+2ßn_2

)_2

|Œ̂(!0 + 2ßn)|^2 = 0:

& Æ b sin !02 = 0 T Œ̂(!0 + 2ßn) = 0; E y X b Ý n ∈ Z. u sin !02 = 0, J !0 = 0.

q A , ß Õ Φ̂(0) = 1 and Φ̂(2ßn) = 0 for n ≠ 0;

X | Γ(0) = 1. č Ć Γ(!_0) = 0 ţ ľ b İ » Î Œ̂(!_0 + 2ßn) = 0 ∀n ∈ Z. 9^

0 ¡ AŒ ≤ ∞∑ n=−∞ |Œ̂(!0 + 2ßn)|^2

ë ; . X | Γ(!) ¿ 0; ∀! ∈ [0,2ß):

ĺ 3 & Æ İ | ffi » J Ă Theorem 2.1

Proof : Ğ P^∞ ∑ n=−∞ |Φ̂(! + 2ßn)|^2 ≤ B Î Ŋ Ő Ý . . ‚ Œ(x − n) Î Riesz basis, .

h D 3 ð ó 0 ¡ AŒ ≤ BŒ ÿ ß

AŒ ≤ ∞∑ n=−∞ |Œ̂(! + 2ßn)|^2 ≤ BŒ: ã y |Φ̂(! + 2ßn)|^2 =

( sin !_2

!+2ßn_2

)_2

|Œ̂(! + 2ßn)|^2 ≤ |Œ̂(! + 2ßn)|^2

E y X b Ý ! ∈ R | C n ∈ Z. & Æ b ∞∑ n=−∞ |Φ̂(! + 2ßn)|^2 ≤ ∞∑ n=−∞ |Œ̂(! + 2ßn)|^2 ≤ BŒ:

3 ĺ Œ ] ń , . ‚ Γ Î Œ Í 2ß ˘ ˚ Ý = ˇ Ð ó , v Γ Ý Ð ó Â ŋ ´ y ë , Æ Γ

3 [0; 2ß] ă î b Œ Í ´ y ë Ý t ˇ Â . . h D 3 Œ ð ó A_Φ ¿ 0 ÿ ß A_Φ ≤

Γ(!) ∀! ∈ R. & Æ J Ă Ý Φ(x − n) Î Œ Í Riesz basis.

Ï ë ; Ψ′(x − n) Î Ñ ø / )

ã î ; & Æ á ĳ Φ(x) ô " W Œ 9 ě Ł 5 Ů . h ‘ h Ñ & Æ $ á ĳ Φ(x − n) Î Í

Î Œ Í Ñ ø / ) . 3 9 Œ ; ą Ű ð & Æ Þ Ł J Ă à h Ë è Ě ř , İ » Þ Œ Í Ñ ø

Ý Ł } Ð ó è Ě ‚ ĺ Œ Í Ñ ø Ý Ł } Ð ó . . h , & Æ ľ Ą Ê Œ ffl Ý Ô Ñ ø - Ù , Ž

ć Ą (1:32). & Æ Þ ´ Φ(x) Ý E Ľ Ł } Ð ó Φ̃(x) ĳ 0 Ň E T y Φ(x) Ý Ü ő Ð ó .

ś Ý Ô Ñ ø - Ù {Φ; Ψ; Φ̃; Ψ̃} ô Ä 6 Ť Ţ (1:33). . ‚

m^Φ_0 (!) =

( 1 + e^−i! 2 ) mŒ_0 (!); (2:8)

& Æ ó C

m^{Φ̃}_0 (!) =

2e^−i!

1 + e^−i! m

Œ_0 (!) if ! ≠ (2n + 1)ß, 0 otherwise, | C m^{Φ̃}_1 (!) = e^−i^{!2} m^Φ_0 (! + ß); m^Φ_1 (!) = e^−i^{!2} m^{Φ̃}_0 (! + ß):

A h & Æ - C Ň ś Ý Ô Ñ ø - Ù {Φ; Ψ; Φ̃; Ψ̃}. ´ 9 Œ Í ľ Ď Ý ó C ì , & Æ Þ Ł :

Õ (1) Φ̃ fi y Œ̃ Ý n ; ^ Φ fi y Œ Ý n ; Î ø ! Ý ; (2) Ψ^′(x − n) Î Œ Í Ñ ø / )

v Ñ ø y Φ′(x − n); (3) Φ(x − n) Î Ñ ø / ) .

Proposition 2.4. Let Œ be an orthonormal scaling function and let Φ be defined by (2:5). If Φ̃ is defined by

Ø_{[−1};_{0]} ∗ Φ̃ = Œ: (2:9)

Then Φ̃ is a biorthogonal dual of Φ.

Proof : u D 3 Œ Ð ó Φ̃(x) ÿ ß Ø_{[−1};_{0]} ∗ Φ̃ = Œ, J

^Ø_{[−1};_{0]}(!) ^̃Φ(!) = Œ̂(!); ù Ç ( sin !_2

!_2 ) ei^{!2} ^̃Φ(!) = Œ̂(!): . h m^{Φ̃}_0 (!) = 21 + ei! mŒ_0 (!) a.e.: (2:10)

ğ X ¯ Q mΦ0 (!) ^ m Φ̃ 0 (!) Ť Ţ (1:32), v Φ̃(x) E Ľ y Φ(x).

Remark. 3 @ j T à î & Æ X Â Ň Ý m^{Φ̃}_0 (!) ´ 9 b (1 + e^−i!)=2 . ~ . X |

m^{Φ̃}_0 (!) 3 @ j T à î ľ b b ğ Í ; ó ; ð ŋ Ţ 1 Φ̃(x) Î b ğ Ĺ ‹ Ý . Q Ć , ´ (2:9)

& Æ : Õ Φ̃(x) Ý £ â Ů ž f Œ̃(x) ĳ Ý ś . & Æ 3 [3] 9 Œ S ą Z Ě ô : Õ ! ø

Ý ĺ é .

3 T à î & Æ ň H 3 Ň {Φ̃; Ψ̃} Î Í ò y L2(R). ľ Ł E Ľ Ý Ł } ; ó ^ Ü ő

; ó Î b ğ ff Ý . b ğ ff Ý ; ó – » Q Ã & Æ b " > Ý Ã 9 Ő ð . P ą Φ̃ ^ Ψ̃ Î Í

ò y L^2(R), Ń K ÿ Æ Î Í 5 L (distribution).

& Æ á ĳ Φ(x) = ∫ x −∞ Œ(t) − Œ(t − 1) dt u v ř u Φ = Œ ∗ Ø_{[0};_{1]}: & Æ İ | Ŋ Ő

Ý : Õ Ø[−1;0] ∗ Φ̃ = Œ̃ u v ‚ u Œ̃′(x) = Φ̃(x + 1) − Φ̃(x): ¯ Φ̃ Î b ğ Ĺ ‹ v & Æ á

ĳ Œ̃^′(x) Ý Ð ó Â ‘ , & Æ İ | Ĳ ffi | Ý . Φ̃(x) Ý Ð ó Â Õ Ň ĳ .

ì » P š Þ " P Ψ ^ æ » Ý Ü ő Ð ó Y ú Ý n ; , ù Ç

Ψ(x) = 4 ∫ x −∞ (t) dt ∀x ∈ R: (2:11)

Proposition 2.5. Let Φ(x) be the elevation of the orthonormal scaling function

Œ(x) and Φ̃(x) is defined by (2:9). If we construct the wavelet Ψ(x) from m^Φ_1 (!), then

Ψ^′(x − n) is an orthogonal set.

Proof : . ‚ Φ(x) = Ø_{[0};_{1]} ∗ Œ(x) v Œ(x) = Ø_{[−1};_{0]} ∗ Φ̃(x), & Æ b m^Φ_0 (!) Ť Ţ (2:8)

C m^{Φ̃}_0 (!) Ť Ţ (2:10). . h m^Φ_1 (!) = e^−i^{!2} ( 1 + e^−i^(!^+ß^) 2 )_{−1} m0(! + ß) = m1(!) ( 1 + e^−i^(!^+ß^) 2 )_{−1} : ã Theorem 2.2, ^Ψ^′(!) = i!Ψ̂(!), X |

i!Ψ̂(!) = i! m1( !2 ) ( 1 + e^−i^{( !}2^+ß^) 2 )_{−1} Φ̂( ! 2 ) = i! m1( !2 ) ( 2 1 − e^−i^!2 ) 2(1 − e^−i

!_2 ) i! Œ̂( !2 ) = 4 m1( !2 )Œ̂( !2 )

= 4 ^(!) a.e.:

Þ î Ű Ğ P Ë \ ő Y m h Ő ð ß Õ

Ψ^′(x) = 4(x); ∀x ∈ R:

Remark. Č Œ(x) Î p $ Ý Daubechies Ý Ñ ø Ł } Ð ó . E y 1 ≤ r ¡ p, & Æ

ffl L Œr(x) ‚ Œr(x) = Œ ∗ Ø_{[0};_{1]} ∗ : : : ∗ Ø_{[0};_{1]} (r times);

u {Œr; r; Œ̃r; ~r} Î Œ à Ô Ñ ø - Ù , Í 0 Ň Ý ] ř A ! G ń X è Ý ] P , J ^(r^)r (x) = 4r(x):

ù Ç , ^(r^)r (x − n) Î Ñ ø / ) .

ĺ 3 , & Æ Ł J Ă ´ î Ű ] ř ı X C Ň ĳ Ý Φ(x − n) ž Î Ñ ø / ) . & Æ m

Ł Ř Ÿ R › SS X 0 Ň Ý Œ Í S ğ ĳ Q Ã & Æ b ť " Ý J Ă [11]. ( ‚ Ý ] - \ ï , &

Æ ‘ ´ Ř › SS Ý J Ă .)

Lemma 2.3. Let Œ(x) be an orthonormal scaling function and (x) be the associated orthonormal wavelet. If both Œ and are in Cp for some p ¿ 0, then

⟨^(r^)(x); ^(s^)(x − n)⟩ = 2r^+s⟨Œ^(r^)(x); Œ^(s^)(x − 2n)⟩ − ⟨Œ^(r^)(x); Œ^(s^)(x − n)⟩;

where 1 ≤ r; s ≤ p.

Proof : By Theorem 2.2 and the Parseval identity, we have

⟨^(r^)(x); ^(s^)(x − n)⟩ = ∫ (−i!)r ^(!)e^−i!n(−i!)s ^(!) d! = ∫ (−1)^(r^−s^)(i!)r^+s|m_1( ! 2 )|^2ei!n|Œ̂( ! 2 )|^2 d! = ∫ (−1)^(r^−s^)(i!)r^+s(1 − |m_0( ! 2 )|^2)ei!n|Œ̂( ! 2 )|^2 d! = ∫ (−1)^(r^−s^)(i!)r^+sei!n|Œ̂( ! 2 )|^2 d! − ∫ (−1)^(r^−s^)(i!)r^+s|m_0( ! 2 )|^2ei!n|Œ̂( ! 2 )|^2 d!

= 2r^+s⟨Œ^(r^)(x); Œ^(s^)(x − 2n)⟩ − ⟨Œ^(r^)(x); Œ^(s^)(x − n)⟩: This completes the proof.

Proposition 2.6. Let Œ(x) be an orthonormal scaling function, and Φ(x) is the elevation of Œ(x). Then Φ(x − n) is not orthogonal.

Proof : u Φ(x − n) Î Ñ ø / ) . & Æ İ | § J Φ(x) Ý ! ß ÿ Φ(x − n) Î Ő Ż Ñ ø . ´ Φ(x) Ý ffl L ß á Φ õ Ψ K ò y C^1. & Æ T à î ń Ý S ğ , r = s = 1 Ý › ȷ ,

& Æ b

ffi0;n = ⟨Ψ^′(x); Ψ^′(x − n)⟩

= 4⟨Φ^′(x); Φ^′(x − 2n)⟩ − ⟨Φ^′(x); Φ^′(x − n)⟩ = ⟨Φ^′(x); Φ^′(x − n)⟩:

ň Î & Æ ê İ | Ĳ " Ý l ã

⟨Φ^′(x); Φ^′(x − n)⟩ = { 2 if n = 0, −1 if n = 1 or −1, 0 otherwise.

& Æ ß Õ ë ; Ý Ť Ň , X | Φ(x − n) ž Î Ñ ø / ) .

Ï ř ; Ô Ñ ø - Ù Ý l ő ; ó

Č Œ(x) Î Ñ ø Ł } Ð ó , (x) Î 8 E T Ý Ñ ø Ü ő Ð ó , v (cn)N^{−1}n_{=0} Î & ë Ý Ł }

; ó . u Œ(x) b p $ Ý £ » Ů , J N = 2p. Č Φ(x) õ Φ̃(x) A ! î Œ ; X Ű , (hn),

(h̃n) 5 ¡ ‚ ÿ Æ Ý Ł } ; ó . ´ (2:3), & Æ İ | 0 Ň ì » Ľ Õ ř :

Algorithm 1.

h0 = c^02 , hN = cN^{−1}2

FOR i = 1 TO N − 1

hi = ci^{−1} + ci2

END

E y h̃n,_{& Æ f ť} m^{Φ̃}_{0 ^} mŒ_{0 Ý ; ó} ._{Ž ć ï} (2:10)._{3 @ j T à î} ,_{& Æ Č ’}

mŒ_0 (!) b (1 + e^−i!)=2 Ý . ~ . ì » Ľ Õ ř Þ ´ (cn) 0 Ň (h̃n).

Algorithm 2.

h̃−1 = 0

FOR i = 0 TO N − 2

h̃i = 2ci − h̃i−1

END

´ (2:8) & Æ Ì D Õ Ψ Ý Ŕ œ ó ž f Ý Ŕ œ ó 9 Œ . D Ä ĳ , ã (2:10), Ψ̃ Ý

Ŕ œ ó ž f Ý Ŕ œ ó K Œ . ã (2:5), & Æ ô : Õ Φ f Œ £ â ; ´ (2:9), & Æ J

: Õ Φ̃_{ž f} Œ_{ĳ Ý £ â} ._{9 Ë Œ \ P š Ő ? ĺ Œ \ P š Ő ß Ý í É › ȷ Î & Æ ð}

ð Ň Õ Ý . Φ̃ Ý Ł } ; ó (h̃n) ô b v ń Proposition 2.2 Ý P š .

Proposition 2.7. Let Œ(x) be defined as in (1:1) and cn satisfy the condition (A) in (2:1). If Φ̃(x) is defined by Ø_{[−1};_{0]} ∗ Φ̃ = Œ, then the scaling coefficients (h̃n) of Φ̃(x) satisfy_2 p−2∑ n=0 (−1)nnmh̃n = 0; where m = 0; : : : ; p − 2 (0^0 := 1):

Proof : ã Algorithm 2 | C ∑ (−1)ncn = 0, & Æ b

h̃n = 2 2p−1∑ k=n+1

(−1)k^−n^{−1}ck; n = 0; : : : ; 2p − 2:

´ 2p−1∑ n=0 nm 2p−1∑ k=n (−1)kck = 2p−1∑ n=0 ( n∑ k=0 km ) (−1)ncn;

& Æ $ v á ĳ n∑ k=1 km Î Œ Í n Ý m + 1 $ Ý 9 4 P . „ ´ (h̃n) Ť Ţ (A), & Æ ß Õ 2p−1∑ n=1 nm 2p−1∑ k=n (−1)kck = 0; for m = 0; : : : ; p − 2:

. h , E y 0 ≤ m ≤ p − 2, 2p−2∑ n=0 (−1)nnmh̃n = 2 2p−2∑ n=0 (−1)nnm 2p−1∑ i=n+1

(−1)i^−n^{−1}ci

= −2 2p−1∑ n=1 (n − 1)m 2p−1∑ i=n (−1)ici

= −2 2p−1∑ n=1 ( m∑ ‘=0 ( m ‘ ) (−1)‘n‘

)_2p_{−1}∑ i=n (−1)ici

= −2 m∑ ‘=0 (m ‘ ) (−1)‘

(_2p_{−1}∑ n=1 n‘ 2p−1∑ i=n (−1)ici )

= 0:

& Æ ˝ W h Œ J Ă .

õ S

A ( ž Õ - ) 2

A ( Ð ó / ) ) 10

Γ(!) 3 M(!) 16 M̃(!) 16

Riesz Ã 9 24

Vj 6 Ṽj 13 Wj 6 W̃j 13 cn 1 c̃n 12 dn 8, 19 d̃n 12 gn 20 hn 20

£ â Ů 18

Ł } Ğ P 1

Ł } ; ó 1, 2, 4

Ł } Ð ó 4

Ñ ø 7

£ » Ů 5

E Ľ 13

9 ě Ł 5 Ů 6

Z Ü ř 18

Ü ő Ð ó 6

Ñ ø , ř Œ P 9

Ű Ñ ø 10

Ô Ñ ø 15

Ü ő ; ó 19, 30

ľ Ç Ð ó 2

m0(!) 2, 15 m̃0(!) 12, 15 m^Φ_0 (!) 26 m^{Φ̃}_0 (!) 27 mŒ_0 (!) 2 m1(!) 8, 10, 16 m̃1(!) 12, 16 m^Φ_1 (!), m^{Φ̃}_1 (!) 27

Ŕ œ ó 18

è Ě ř 20

PART TWO

1 Introduction

Section 1 Motivation

Let Œ(x) be a scaling function with a finite two-scale relation Œ(x) = N∑ n=0 cnŒ(2x − n):

If Œ(x) is compactly supported, then the support of Œ is contained in [0; N]. The number

of nonzero scaling coefficients determine the support of the scaling function. There is a simple way to see it. If Œ(x) has a compact support, say supp Œ(x) = [a; b], then

supp Œ(2x − n) = [ a + n 2 ; b + n2 ]:

By the finite two-scale relation, the support of the right hand side is [ a_2 ; b^+N_2 ]. Compare with [a; b], we see that supp Œ = [0; N].

It is obvious that the derivative of a scaling function still satisfies a scaling equation. The derivative of Œ(x), if exists, satisfies Œ^′(x) = N∑ n=0 2cnŒ^′(2x−n). And Œ^′(x) still has

a compact support, because the number of the nonzero scaling coefficients is unchanged. However, Œ^′ fails to be a low pass filter, because

Œ̂^′(0) = ∫_∞ −∞ Œ^′(x)dx = 0:

In particular, if we choose Œ(x) to be the scaling function of Daubechies [4]. The linear combination of the translations of Œ can express polynomials up to certain degree. For instance, ∑ n∈Z Œ(x − n) = 1; ∀x ∈ R:

So ∑ Œ^′(x − n) = 0 and {Œ^′(x − n)}n∈Z is linearly dependent. It can not be a basis.

On the other hand, the primitive of the scaling function has infinite support. Since ∫ N 0 Œ(x) dx = 1;

the primitive of Œ(x),

F(x) = ∫ x −∞ Œ(t) dt = 1; ∀x ≥ N:

Furthermore F(x − n) cannot express the constant functions. For if it could, the set

Œ(x − n) is linearly dependent, which is contradictory.

By the above arguments, we can not derive a new scaling function from a given scaling function by either differentiation or integration. In this paper, we provide a scheme to derive a new scaling function from a given scaling function. The idea comes from the article of Xu and Shann [10]. We modify the privious definition of F(x) to make it a new function with compact support, that is,

Φ(x) = ∫ x −∞ Œ(t) − Œ(t − 1) dt:

Then Φ(x) is a function similar to the primitive of Œ(x), and surely Φ(x) is compactly supported. We will show that Φ is a scaling function and we will present many properties between Φ and Œ.

Section 2 Notation Let Ω ⊂ R be a domain. Let Lp(Ω) be the Banach space of all measurable functions

f : Ω → R such that ∫ Ω |f(x)|p dx ¡ ∞:

Let ⟨·; ·⟩ denote the inner product of L^2(R), namely,

⟨f; g⟩ = ∫_∞ −∞ f(x)g(x) dx:

(1) If Œ(x) satisfies the equation

Œ(x) = ∑ n∈Z cnŒ(2x − n); (1:1)

we say that Œ satisfies a scaling equation, and (cn) is called the scaling coefficients. When we say that Œ(x) is a scaling function, we mean that Œ satisfies a scaling equation and the linear combinations of Œ(x−n) can express polynomials up to a certain degree. In particular, if c_0, c_1, : : :, cN are the only nonzero scaling coefficients, we say that Œ satisfies a finite scaling equation. To be more precise, if Œ(x−n) is an orthonormal set of functions, we call Œ(x) an orthonormal scaling function [4]. In this paper, we always consider finite scaling equations, unless expressed otherwise.

Definition 1.1. A multiresolution analysis is a sequence (Vj) of A subspaces of L^2(R) such that

(1) · · · ⊂ V_{−1} ⊂ V_0 ⊂ V_1 ⊂ · · ·, (2) ⋃ j∈Z Vj = L^2(R) and ⋂ j∈Z Vj = {0}, (3) f(x) ∈ Vj ⇐⇒ f(2x) ∈ Vj+1, (4) f(x) ∈ V0 ⇐⇒ f(x − n) ∈ V0 ∀n ∈ Z.

Let Œ(x) be a scaling function in L^1(R) ∩ L^2(R), define Vj = span { √ 2jŒ(2jx − n) | n ∈ Z} ∀j ∈ Z: (1:2) If Œ̂(0) = 1 and { √ 2jŒ(2jx − n) | n ∈ Z} is a Riesz basis of Vj, then by Proposition 5:3:1 and Proposition 5:3:2 of [5] the sequence (Vj) automatically forms a multiresolution

analysis. We say that Œ(x) generates a multiresolution analysis (MRA) (Vj) of L^2(R).

Let Vj be defined in (1:2), we define Wj to be the complement of Vj in Vj+1, that is, Vj+1 = Vj + Wj:

If Wj can be generated by a single function, say (x), in the sense that Wj = span { √ 2j(2jx − n) | n ∈ Z}: (1:3)

And if (x) is at least exponentially decay, then we call the function (x) a wavelet associated with Œ(x). To be more precise, if (x−n) is an orthonormal set of functions, we call (x) an orthonormal wavelet [4]. Otherwise, if Wj is the orthogonal complement

of Vj in Vj+1, that is, Vj+1 = Vj ⊕ Wj;

but Wj is not an orthogonal set, we call (x) a semi-orthogonal wavelet [2]. If (x) is neither an orthonormal nor a semi-orthogonal wavelet, we could find an-

other pair of functions {Œ̃; ~} such that {Œ; Œ̃; ; ~} forms a system of biorthogonal wavelets [3] in the following sense. Let Œ̃(x) be another scaling function which generates another multiresolution analysis (Ṽj) of L^2(R). Define W̃j to be the complement of Ṽj

in Ṽj+1, as we did for Wj. And W̃k can be generated by a single function, say ~(x), in

the sense similar to (1:3). Furthermore, we can design Œ̃ and ~ such that

⟨Œ̃(x); (x − n)⟩ = ⟨ ~(x); Œ(x − n)⟩ = 0 ∀n ∈ Z; (1:4) and ⟨Œ̃(x); Œ(x − n)⟩ = ⟨ ~(x); (x − n)⟩ = ffi0n ∀n ∈ Z: (1:5)

Here ffi_0n is the Direc delta notation. In other words,

Vj ⊥ W̃j ; Ṽj ⊥ Wj ∀j ∈ Z:

(2) Let ∗ be the convolution operator defined by

f ∗ g(x) = ∫

R

f(x − y) g(y) dy for almost all x; (1:6)

where f and g are both integrable functions (f and g ∈ L^1(R)). It is clear that f ∗ g is still integrable. In fact, since ∫ |f ∗ g(x)| dx ≤ ∫ ∫ |f(x − y)| |g(y)| dy dx = ∫ |g(y)| [∫ |f(x − y)| dx ] dy = ∫ |g(y)| [∫ |f(x)| dx ] dy; ‖f ∗ g‖1 ≤ ‖f‖1 ‖g‖1: Similarly, f ∗ g ∈ L^2(R) if both f and g ∈ L^2(R). It is also well-known that the convolution is commutative, f ∗ g = g ∗ f; distributive, f ∗ (g + h) = f ∗ g + f ∗ h; and associative, f ∗ (g ∗ h) = (f ∗ g) ∗ h.

Similarly, we can define the discrete convolution for sequences (xn) and (yn) in ‘^2:

(x ∗ y)n = ∑ k xn−kyk: (1:7)

(3) Let f̂(!) be the Fourier transform of f(x). That is,

f̂(!) = ∫_∞ −∞ f(x) e^−i!x dx = ⟨f(x); ei!x⟩:

We take it without proof that the Fourier transform exists for all f(x) in L^1(R) ∩ L^2(R). And the inverse Fourier transform is defined by

f̌(x) = 12ß ∫_∞ −∞ f(!) eix! d!:

If f(x) is continuous or at its discontinuity it satisfies f(x) =^1_2 [f(x−) + f(x+)], then f(x) = ( f̂(!) )_∨ (x):

We first recall the relation between convolution and the Fourier transform. Assume that both f and g ∈ L^1(R)

^f ∗ g = ∫_∞ −∞ f ∗ g(x) e^−i!x dx = ∫_∞ −∞ ∫_∞ ∞ f(x − y) g(y) dy e^−i!x dx = ∫_∞ −∞ ∫_∞ ∞ f(x − y) g(y) dy e^−i!^(x^−y^) e^−i!y dx = ∫_∞ −∞ ∫_∞ ∞ f(x − y) g(y)e^−i!^(x^−y^) e^−i!y dx dy = ∫_∞ −∞ f̂(!) g(y) e^−i!y dy = f̂(!) ĝ(!):

That is, the Fourier transform of the convolution of the functions f and g is equivalent to the product of the Fourier transforms of f and g. Sometimes we use F to denote the Fourier transform:

F{f(x)}(!) = ∫_∞ −∞ f(x) e^−i!x dx:

With this notation, we observe the relation between dilation/translation and the Fourier transform.

F{f(ax − k)}(!) = ∫_∞ −∞ f(ax − k) e^−i!xdx = 1 a ∫_∞ −∞ f(t) e^−i!^{at+ka} e^−i^{ka} ! dx = 1 ae^−

i ka ! ∫_∞ −∞ f(t) e^−i^{!a} tdt = 1 ae^−

i ka !f̂( ! a ) = 1 ae^−

i ka !F{f(x)}( !

a ):

For instance, F{ √ 2jŒ(2jx − n)}(!) = 1√ 2j e^−in^!2�^j Œ̂( !2j ):

(4) Let Œ(x) and (cn) be defined as in (1:1). Then the Fourier transform of Œ(x) is

Œ̂(!) = ∫_∞ −∞ Œ(x) e^−i!x dx = ∫_∞ −∞ (∑ n∈Z cnŒ(2x − n) ) e^−i!x dx = ∑ n∈Z cn ∫_∞ −∞ Œ(2x − n) e^−i!x dx = ∑ n∈Z cnF{Œ(2x − n)}(!) = 1 2 ∑ n∈Z cn e^−i^{!2} nŒ̂( !2 ):

We define a 2ß-periodic function mŒ_0 (!),the characteristic function of Œ(x), by

mŒ_0 (!) = 12 ∑ n∈Z cn e^−i!n:

Then

Œ̂(!) = mŒ_0 ( !2 )Œ̂( !2 ): (1:8) Let be the wavelet associated with Œ, as defined in (1:3). Then should be of the

form

(x) = ∑ n∈Z dnŒ(2x − n): (1:9)

(dn) is called the wavelet coefficients of . We will see that (dn) can be derived from

the scaling coefficients (cn). For instance, in case of orthonormal wavelets,

dn = (−1)nc1−n:

Similarly, take the Fourier transform of , we get

^(!) = 12 ∑ n∈Z dn e^−i^{!2} nŒ̂( !2 ):

Now we define

mŒ_1 (!) = 12 ∑ n∈Z dn e^−i!n:

mŒ_1 (!) is called the characteristic function of (x) associated with Œ(x). That is, ^(!) = mŒ_1 ( !2 )Œ̂( !2 ): (1:10)

When there is no ambiguity, we will drop the index Œ and use m_0 and m_1.

Let p be the number of vanishing moments of the wavelets, that is, ∫ xm(x) dx = 0 for 0 ≤ m ¡ p:

Because

^^(m^)(0) = 0 ⇐⇒ ∫ xm(x) dx = 0:

By (1:10) and the fact that Œ̂(0) ≠ 0, it can be shown that 0 is a root of multiplicity p

for m1(!). We can write m1(!) = ( 1 − e^−i! 2 )p Q(!);

where Q(0) ≠ 0.

(5)A function S(!) is said to be a Laurent series if S(!) is of the form

S(!) = ∑ n sne^−i!n:

We define a new class A by A = {S : S(!) = ∑ sne^−i!n; (sn) ∈ ‘^1 and S(!) ≠ 0}: (1:11)

Since the discerte convolution of two ‘^1-sequence is still a sequence in ‘^1, it is clear that A is an algebra. Moreover, if S(!) ∈ A, then^1S_(!_) ∈ A, too.

2 Fundamentals

Section 1 Scaling functions

Let Œ be defined as in (1:1). By (1:8), if Œ̂(0) ≠ 0, we must have ∑ cn = 2. This

is essentially the only interesting case for us. Since we are interested in the low pass filters, we need Œ̂(0) ≠ 0. Let us now normalize Œ̂(0) = 1. By iterating (1:8) we get

Œ̂(!) = ∞∏ j=1 m0(2^−j!);

where the infinite product must converge uniformly on every compact subset of R. It can be proved by the facts that m_0(0) = 1 and m_0(!) is continuous. Whether Œ belongs

to L^1(R) or not, if the scaling coefficients sequence (cn) is finite and ∑ cn = 2, then Œ

is a distribution or a generalized function.

Definition 2.1. A distribution is a mapping F : C^{(∞)}_0 → C that satisfies the following conditions:

(1)Linearity:F(c_1Œ_1+c_2Œ_2) = c_1F(Œ_1)+c_2F(Œ_2) for all Œ_1; Œ_2 ∈ C^{(∞)}_0 and all c_1; c_2 ∈ C . (2)Continuity:Suppose (Œk) is a sequence in C^{(∞)}_0 such that supp(Œk) is contained in a fixed bounded set D for all k, and suppose that the functions Œk and all their derivatives

@ffŒk converge uniformly to zero as k → ∞. Then F(Œk) → 0.

Theorem 2.1. Let c_0; : : : ; cN ∈ R with ∑ cn = 2. Then there is a unique compactly

supported distribution Œ satisfies (1:1) with Œ̂(0) = 1. The support of Œ is contained in [0; N].

Proof : Define the sequence of the distribution (Œn) by

Œ̂n(!) = n∏ j=1 m0(2^−j!):

Since m_0(0) = 1, we have |m_0(!) − 1| ≤ C|!| for some positive constant C. This ensures that Œ̂n(!) converges uniformly on every compact subset of R toward an entire function Œ as n → ∞. In particular we have, for all n,

sup_| !|≤2 |Œ̂n(!)| ≤ M ¡ ∞;

and there are R ≥ 0 and B ≥ 1 such that

|m0(!)| ≤ BeR^|!^|:

Then we have the fundamental estimate:

|Œ̂n(!)| ≤ M(1 + |!|)log^2 BeR^|!^|

by considering the cases 2m ≤ |!| ≤ 2m^{+1}; ∀m ∈ Z, and |!| ≤ 2 separately. Letting

n → ∞, we see that the same inequality holds for Œ. Then by the Paley-Wiener Theorem [7, p.184], Œ is the Fourier transform of a compactly supported distribution.

In this paper, when we say that Œ(x) is a scaling function, we mean that Œ(x) satisfies a scaling relation and the linear combinations of {Œ(· − n)} can express polynomials up to a certain degree. The power of approximation depends on the scaling coefficients. We have the following proposition.

Proposition 2.1. Let Œ(x) be defined as in (1:1). If the scaling coefficients (cn) satisfy ∑ n∈Z (−1)nnmcn = 0; (2:1)

for integer 0 ≤ m ≤ p, and the scaling function satisfies ∑ n∈Z Œ(x − n) = 1 ∀x ∈ R;

then ∑ n∈Z nmŒ(x − n) is a polynomial of degree m.

Proof : Identity (2:1) is equivalent to m_0(!) having a root of multiplicity p at ! = ß, which, by (1:8), implies that

imŒ̂^(m^)(2kß) = ffi0;k ∫ xmŒ(x) dx:

By Poisson’s summation formula, it follows that ∑ n∈Z (x − n)mŒ(x − n) = ∫ xmŒ(x) dx:

Section 2 Orthonormal wavelets For a given scaling function Œ(x), if Œ(x) generates a multiresolution analysis, then we can derive a wavelet from the scaling function. In the orthonormal case, let Œ(x) be defined as in (1:1), and Œ(x − n) be an orthonormal basis of V_0. The orthonormality of

the Œ(x − n) leads to special properties for m0(!). We start with ffik;0 = ∫ Œ(x)Œ(x − k)dx = ∫ Œ̂(!)Œ̂(!)ei!kd! = ∫ |Œ̂(!)|^2eik!d! = ∫_2ß 0 [ ∑ n∈Z |Œ̂(! + 2ßn)|^2]eik!d!:

Because k is arbitrary, this implies ∑ n∈Z |Œ̂(! + 2ßn)|^2 = (2ß)^{−1} a.e. (2:2)

Substituting (1:8) into (2:2) leads to ∑ ‘∈Z |m0(! + ß‘)|^2|Œ̂(! + ß‘)|^2 = (2ß)^{−1} a.e.; (2:3)

splitting the index into even and odd ‘, using the periodicity of m_0(!) and applying (2:2) once more gives

|m0(!)|^2 + |m0(! + ß)|^2 = 1 a.e. (2:4)

This is an important property of the orthonormality of the scaling function. Let us now characterize W_0. f ∈ W_0 is equivalent to f ∈ V_1 and f ⊥ V_0: Since f ∈ V_1, we have f = ∑ n∈Z fnŒ(2x − n);

with fn = ⟨f(x); Œ(2x − n)⟩. This implies

f̂(!) = 12 ∑ n∈Z fne^−in^{!2} Œ̂( !2 ) = mf( !2 )Œ̂( !2 ); (2:5)

where

mf(!) = 12 ∑ n∈Z fne^−in!; (2:6) mf(!) is a 2ß-periodic function in L^2([0; 2ß]); convegence in (2:6) holds pointwise a.e..

The constraint f ⊥ V_0 implies f ⊥ Œ_0;k for all k, i.e., ∫ f̂(!)Œ̂(!)e^−ik! d! = 0

or ∫_2 ß 0 [ ∑ ‘∈Z f̂(! + 2ß‘)Œ̂(! + 2ß‘)]e^−ik! d! = 0:

Hance ∑ ‘∈Z f̂(! + 2ß‘)Œ̂(! + 2ß‘) = 0 (2:7)

and the series converges absolutely in L^1([−ß; ß]). Substituting (1:8) and (2:5), regrouping the sums for odd and even ‘, and using (2:2) leads to

mf(!)m0(!) + mf(! + ß)m0(! + ß) = 0 a.e. (2:8)

Since m_0(!) and m_0(!+ß) cannot vanish together on a set of nonzero measure (because of (2:4)), this implies the existence of a 2ß-periodic function ˘(!) so that

mf(!) = ˘(!)m0(! + ß) a.e. (2:9)

and by (2:8)

˘(!) + ˘(! + ß) = 0 a.e. (2:10)

This last equation can be recast [5] as

˘(!) = ei!˚(2!); (2:11)

where ˚(!) is 2ß-periodic. Substituting (2:11) and (2:9) into (2:5) gives

f̂(!) = ei^{!2} m0( !2 + ß)˚(!)Œ̂( !2 ): (2:12)

We will show that the orthonormal wavelet is of the form

^(!) = ±ei^{!2} m0( !2 + ß)Œ̂( !2 ) (2:13)

Disregarding convergence questions, (2:12) can be written formally as

f̂(!) = (∑ k∈Z ˚ke^−ik! ) ^(!):

That is

f(x) = ∑ k∈Z ˚k(x − k):

Proposition 2.2. Let Œ(x) be a scaling function such that Œ(x − n) is an orthonormal basis of V_0. Define the wavelet (x) as in (2:13), then (x − n) is an orthonormal basis

of W0.

Proof : First of all, the properties of m_0(!) and Œ̂(!) ensure that (2:13) defines indeed

an L^2-function ∈ V1 and ⊥ V0, so that (x) ∈ W0: By the orthonormality of f(x − n), ffi0;k = ∫ |f̂(!)|^2ei!k d! = ∫ |m0( !2 + ß)Œ̂( !2 )˚(!)|^2ei!k d! = ∫_2ß 0 ∑ n∈Z |m0( !2 + (n + 1)ß)Œ̂( !2 + nß)˚(!)|^2ei!k d!:

Since k is arbitrary, we have ∑ n∈Z |m0( !2 + (n + 1)ß)Œ̂( !2 + nß)˚(!)|^2 = (2ß)^{−1}:

By using (2:4), we have

|˚(!)|^2 {∑ n∈Z |Œ̂( !2 + nß)|^2 − ∑ n∈Z |m0( !2 + nß)|^2|Œ̂( !2 + nß)|^2 } = (2ß)^{−1}:

And by (2:2) and (2:3), ˚(!) = ±1 almost everywhere. Then (x) is of the form (2:13). In order to check that the (x − n) are indeed a basis for W_0, it suffices to check that for all f(x) ∈ W_0, f(x) can be written as

f(x) = ∑ n∈Z fln(x − n);

with ∑ |fln|^2 ¡ ∞. For if right, f̂(!) = (∑ n∈Z flne^−i!n ) ^(!):

Let fl(!) = ∑ flne^−i!n. We have {fln} ∈ ‘^2 ⇐⇒ fl(!) ∈ L^2([0; 2ß]):

That is

f̂(!) = fl(!) ^(!); (2:14)

where fl(!) is 2ß-periodic and belongs L^2([0; 2ß]). Let us back to (2:12). We have

f̂(!) = fl(!) ^(!); with

∫_2ß

0 |fl(!)|^2d! = 2 ∫ ß 0 |˘(!)|^2d!: By (2:6),

∫_2ß 0 |mf(¸)|^2d¸ = ß ∑ n∈Z |fn|^2 = ß‖f‖^2 ¡ ∞:

On the other hand, by (2:9), ∫_2ß 0 |mf(¸)|^2d¸ =

∫_2ß 0 |˘(¸)|^2|m0(¸ + ß)|^2d¸ = ∫ ß 0 |˘(¸)|^2[|m0(¸ + ß)|^2 + |m0(¸)|^2]d¸ By (2:10) = ∫ ß 0 |˘(¸)|^2 d¸: By (2:4)

Hence

∫_2ß

0 |fl(¸)|^2d¸ = 2ß‖f‖^2 ¡ ∞; and f(x) is of the form (2:14) with square integrable 2ß-periodic fl(!). We have proved that (x − n) is a basis of W0:

Note that the wavelet is not determined uniquely by the given multiresolution analysis, but the orthonormal wavelet (x) is uniquly determined (up to sign). For the above case, m_1(!) is defined as ei!=^2m_0(!=2 + ß). Then the wavelet coefficients dn become

dn = (−1)nc1−n.

If Œ(x−n) is not an orthonormal set, there are two important ways for making wavelets.

One produces semi-orthogonal wavelets, and the other produces biorthogonal wavelets.

Section 3 Semi-orthogonal wavelets By the semi-orthogonality, V_1 = V_0 ⊕ W_0. If (x − n) is a basis of W_0, then for all

n ∈ Z, We have

⟨Œ(x); (x − n)⟩ = ∫ Œ̂(!) ^(!)ei!n d! = ∫ ei!nm0( !2 )m1( !2 )|Œ̂( !2 )|^2 d! = ∫_4ß 0 ei!nm0( !2 )m1( !2 ) ∑ k |Œ̂( !2 + 2ßk)|^2 d! = ∫_2ß 0 ei!n ( m0( !2 )m1( !2 ) ∑ k |Œ̂( !2 + 2ßk)|^2 + m0( !2 + ß)m1( !2 + ß) ∑ k |Œ̂( !2 + 2ßk + ß)|^2 ) d!: Since n is arbitrary, we have

m0(!)m1(!)Γ(!) + m0(! + ß)m1(! + ß)Γ(! + ß) = 0 a.e.; (2:15)

where Γ(!) := ∑ |Œ̂(! + 2ßk)|^2. By [2] we will see that if Œ(x) has compact support, Γ(!) = ∑ flne^−i!n with finite sequence (fln). And from (2:15) we get m1(!) = e^−i!m0(! + ß)Γ(! + ß)s(2!) for some s ∈ A; (2:16)

where A is defined as in (1:11). We would show that such (x − n) is indeed a Riesz basis of W_0.

Proposition 2.3. Let Œ be defined as in (1:1) and m_1(!) be defined as above. If Γ(!) is also in A, then is a semi-orthogonal wavelet of Œ.

Proof : Since ^(!) = m_1( !_2 ) Œ̂( !_2 ) and by the periodicity of m_0(!) and Γ(!), we have ∑ n | ^(! + 2ßn)|^2 = ∑ n |m1( !2 + ßn)Œ̂( !2 + ßn)|^2 = ∑ n |e^−i^{( !2 +}ßn^)m0( !2 + ßn + ß)

× Γ( ! 2 + ßn + ß)s(!)Œ̂( !2 + ßn)|^2 = |s(!)e^−i^{!2} |^2Γ( !2 + ß)Γ( !2 ) × ( |m0( !2 + ß)|^2Γ( !2 + ß) + |m0( !2 )|^2Γ( !2 ) ) : By [2]

|m0( !2 + ß)|^2Γ( !2 + ß) + |m0( !2 )|^2Γ( !2 ) = Γ(!); (2:17)

then we have ∑ n | ^(! + 2ßn)|^2 = |s(!)e^−i^{!2} |^2Γ( !2 + ß)Γ( !2 )Γ(!):

Because Œ(x − n) is a Riesz basis of V_0, Γ(!) is bounded away from zero a.e.. Then there are 0 ¡ A ≤ B ¡ ∞ such that A ≤ ∑ n |Œ̂(! + 2ßn)|^2 ≤ B a.e.:

Since s(!) belongs to A, let L = min s(!) ¿ 0 and U = max s(!) ¡ ∞, we have

A^3L^2 ≤ ∑ n | ^(! + 2ßn)|^2 ≤ B^3U^2 a.e.:

That is, (x − n) is a Riesz basis of W_0.

Next we claim that V_1 = V_0 + W_0. That is, there must be two sequences (an) and (bn) such that

Œ(2x − ‘) = ∑ n {a‘−2nŒ(x − n) + b‘−2n(x − n)}: (2:18)

Now, we should derive the sequences (an) and (bn) from m_0(!) and m_1(!). By taking the Fourier transform of the decomposition relation (2:18), we have 1 2 Œ̂( !2 )e^−i‘^{!2} = ∑ n a‘−2ne^−i!nŒ̂(!) + ∑ n b‘−2ne^−i!n ^(!) = ∑ n a‘−2ne^−i!nm0( !2 )Œ̂( !2 ) + ∑ n b‘−2ne^−i!nm1( !2 )Œ̂( !2 ):

That is (∑ n a‘−2nei^(‘^{−2}n^)! ) m0(!) + (∑ n b‘−2nei^(‘^{−2}n^)! ) m1(!) ≡ 12 ∀‘ ∈ Z: (2:19)

Define two 2ß-periodic functions ~m_0(!) and ~m_1(!) by

~m0(!) = ∑ n ane^−i!n and ~m1(!) = ∑ n bne^−i!n:

Splitting (2:19) into even and odd ‘, we have ( ~m0(!) + ~m0(! + ß) ) m0(!)+ ( ~m1(!) + ~m1(! + ß) ) m1(!) = 1 for even ‘ and ( ~m0(!) − ~m0(! + ß) ) m0(!)+ ( ~m1(!) − ~m1(! + ß) ) m1(!) = 1 for odd ‘:

The above two equations lead to

~m0(!)m0(!) + ~m1(!)m1(!) = 1 ~m0(!)m0(! + ß) + ~m1(!)m1(! + ß) = 0:

Finally, we have

~m0(!) = m^1(! + ß)

ΔŒ;(!)

~m1(!) = −m^0(! + ß)

ΔŒ;(!) ;

where ΔŒ;(!) := m_0(!)m_1(! + ß) − m_0(! + ß)m_1(!). The condition that both

s(!) and Γ(!) ∈ A implies ΔŒ;(!) ∈ A, hence both ~m0(!) and ~m1(!) ∈ W.

When Œ(x − n) is an orthonormal basis of V_0, then Γ(!) ≡ 1. If we chose s(!) ≡ 1, then ∑ | ^(! + 2ßn)|^2 = 1 for all ! ∈ R. That is (x − n) is also an orthonormal basis of W0. It is clear that the rate of decay of (x) is governed by the function s(!). If

the coefficients of s(!) is finite, then the wavelet (x) is compactly supported. By (2:16) and (2:17), we rewrite ~m_0(!) to be (s(!) has been cancelled)

~m0(!) = m^1(! + ß)

ΔŒ;(!)

= m0(!) Γ(!)Γ(2!) : (2:20)

In general, Γ(!) does not have a factor Γ(2!), so Œ̃ and ~ can not be compactly supported. Moreover, Œ̃ and Œ have the following proposition. By this proposition, we will see that V_0 ⊂ Ṽ_0. Here Ṽj is the multiresolution generated by Œ̃(x). Although Œ(x) is compactly supported and Œ̃(x) has infinite support, Œ(x) is a finite linear combination

of Œ̃(x − n).

Proposition 2.4. Let Œ(x) be defined as in (1:1) and Œ̃ is the semi-orthogonornal dual scaling function associated to Œ(x). That is

⟨Œ(x); Œ̃(x − n)⟩ = ffi0;n ∀n ∈ Z:

Let fln be defined by fln = ⟨Œ(x); Œ(x − n)⟩ ∀n ∈ Z:

Then, when the support of Œ(x) is contained in [0; N], we have

Œ(x) = N−1∑ n=−N+1

flnŒ̃(x − n): (2:21)

Proof : By (2:20) and (1:8), we have

Γ(!)^Œ̃(!) = m0( !2 )Γ( !2 )^Œ̃( !2 ):

Then

Γ(!)^Œ̃(!) = limk_{→∞} [ k∏ j=1 m0( !2k ) ] Γ( ! 2k )^Œ̃( !2k ) = Œ̂(!):

Since Γ(!) = N−1∑ n=−N+1

flne^−i!n, we have

Œ(x) = N−1∑ n=−N+1

flnŒ̃(x − n):

This completes the proof.

We don’t know whether Ṽ_0 ⊂ V_0 yet. Define a 2ß-period function Γ̃(!) for Œ̃(x) as we did for Œ(x). When Œ(x) is B-spline, the coefficients of Γ̃(!), fl̃n, belongs to ‘^1. Moreover, if Œ(x) makes Γ(!) ∈ A, then Γ^{−1}(!) exists and belongs to A. Fortunately,

Γ̃(!) is equal to Γ^{−1}(!). Then the coefficients (fl̃n) of Γ̃(!) belongs to ‘^1. And we

have the following lemma.

Lemma 2.1. Let Œ(x) be defined as in (1:1), Œ(x) ∈ L^2(R) and Œ̃(x) is the daul of

Œ(x) in the semi-orthogornal system. If (fl̃n) ∈ ‘^1, then Œ̃(x) ∈ L^2(R).

Proof : When we replace Œ̃(x) with Œ(x), Œ(x) plays a role as Œ̃(x) in (2:20). Then

Œ̃(x) = ∑ n fl̃nŒ(x − n):

By two scaling relation and (fl̃n) ∈ ‘^1, ∫ |Œ̃(x)|^2 dx = ∫ Œ̃(x)Œ̃(x) dx = ∫ ( ∑ n fl̃nŒ(x − n) ) ( ∑ m fl̃mŒ(x − m) ) dx = ∑ n;m fl̃nfl̃m⟨Œ(x − n); Œ(x − m)⟩

Since Œ(x) is compactly supported, only finitely many of {fln} are nonzero. Let C = max{|fln|}, then ∫ |Œ̃(x)|^2 dx ≤ C ∑ n;m fl̃nfl̃m ≤ C ( ∑ n |fl̃n| )( ∑ m |fl̃m| ) ¡ ∞:

By the previous lemma, if Γ(!) ∈ A, we have Ṽ_0 ⊂ V_0. In practice, Œ(x) is compactly supported and Œ(x − n) is a Resize basis of V_0. Then Γ(!) ∈ A and Ṽ_0 = V_0.

An open problem. We know that the orthonormal wavelet is a special case of the semi-orthogonal wavelets, and the semi-orthogonal wavelet is also a special case of the biorthogonal wavelets. When we consider the biorthogonal wavelet system, m_0(!) and

~m0(!) must satisfy (2:25), and m1(!) = e^−i! ~m0(! + ß)s(2!): (2:22)

Identities (2:22) and (2:15) lead to ( m0(!) ~m0(! + pi)Γ(!) − m0(! + pi) ~m0(!)Γ(! + ß) ) ei!s(2!) = 0:

So, we consider the following equations { ~m0(!)m0(!) + ~m0(! + ß)m0(! + ß) = 1 m0(!) ~m0(! + ß)Γ(!) − m0(! + ß) ~m0(!)Γ(! + ß) = 0

When m_0(!) is the characteristic function of some B-spline, we try to find ~m_0(!) with finite coefficients. Unfortunely, ~m_0(!) is always having infinitely many nonzero coefficients, when m_0(!) is the characteristic function of some B-spline. If we relax some conditions of Œ(x) and Œ̃(x), for example, the symmetry or the approximation ability. Then it is hopeful for us to find the semi-orthogonal system {Œ(x); (x); Œ̃(x); ~(x)} all with compacted support. But we could not do it up to now.

Section 4 Biorthogonal wavelets

Let Œ(x) be defined as in (1:1) and Œ̃(x) be another scaling function that generats a

multiresolution analysis (Ṽj). We say Œ̃(x) is dual to Œ(x) (or equivalently Œ̃(x − n) is dual to Œ(x − n)) if

⟨Œ̃(x − n); Œ(x − m)⟩ = ffin;m: (2:23)

Hence for all n ∈ Z,

ffi0;n = ⟨Œ̃(x); Œ(x − n)⟩ = ∫ ^̃Œ(!)Œ̂(!)ei!n d! = ∫_2ß 0 ei!n ∑ k ^̃Œ(! + 2ßn)Œ̂(! + 2ßn) d!:

Since n is arbitrary, we have ∑ k ^̃Œ(! + 2ßn)Œ̂(! + 2ßn) = (2ß)^{−1} a.e. (2:24):

Substituting (1:8) leads to ∑ k ~m0(! + ßk)m0(! + ßk)Œ̃(! + ßk)Œ(! + ßk) = (2ß)^{−1} a.e.:

Splitting the sum into even and odd k, using the periodicity of m_0(!) and ~m_0(!) and applying (2:24), we have

~m0(!)m0(!) + ~m0(! + ß)m0(! + ß) = 1 a.e.: (2:25)

Similarly, by (1:4) and (1:5) we have the following equations

~m0(!)m1(!) + ~m0(! + ß)m1(! + ß) = 0 ~m1(!)m0(!) + ~m1(! + ß)m0(! + ß) = 0 ~m1(!)m1(!) + ~m1(! + ß)m1(! + ß) = 1 a.e.:

This is the necessary condition for the biorthogonality. We conclude the above result by ~M(!)Mt(!) = 1 a.e.; (2:26)

where

M(!) = [ m0(!) m0(! + ß) m1(!) m1(! + ß) ] ; ~M(!) = [ ~m0(!) ~m0(! + ß) ~m1(!) ~m1(! + ß) ] : and similarly for ~M(!). There are several ways to derive {; ~} from {Œ; Œ̃}. The following theorem [2] shows a complete characterization of all choices. Theorem 2.2. Let Œ and Œ̃ be biorthogonal scaling functions, and {m_0; ~m_0} be the corresponding 2ß-periodic functions. Then {m_1; ~m_1} satisfy (2:26) if and only if they are chosen from the class

~m1(!) = e^−i!m0(! + ß)s(2!) and m1(!) = e^−i! ~m0(! + ß)s^{−1}(2!);

for some s ∈ A.

Usually, we choose s(!) ≡ 1, that is

~m1(!) = e^−i!m0(! + ß) and m1(!) = e^−i! ~m0(! + ß):

The wavelets coefficients (dn) and (d̃n) hence become

dn = (−1)nc̃1−n and d̃n = (−1)nc1−n:

Here c̃n are the coefficients in m̃_0(!) =^1_2 ∑ c̃ne^−i!n.

Section 5 The lifting scheme Let {Œ; ; Œ̃; ~} be a biorthogonal system. Now we rewrite (2:25) a little bit more precisely:

m^~Œ_0 (!)mŒ_0 (!) + m^~Œ_0 (! + ß)mŒ_0 (! + ß) = 1 a.e.: (2:27) Let m^~Œ^1_0 (!) = m^~Œ_0 (!) + e^−i!mŒ_0 (! + ß)s(2!);

where s(!) is a trigonometric polynomial in A. Then the corresponding scaling function

Œ̃1 is also a dual scaling function of Œ [8]. It is easy to chech that m^~Œ^1_0 (!) satisfies (2:27),

that is, ⟨Œ(x); Œ̃_1(x − n)⟩ = ffi_0;n.

By Theorem 2.2, mŒ_1 can be chosen with a factor s(2!) from A, and since the Wiener class is an algebra, the trigonometric polynomial m^~Œ^1_0 can be written of the form

m^~Œ^1_0 (!) = m^~Œ_0 (!) + m^~Œ_1 (!)s(2!); and mŒ^1_1 (!) = mŒ_1 (!) − mŒ_0 (!)s(2!):

In this way, the four characteristic trigonometric polynomials mŒ_0 (!), mŒ_1 (!), m^~Œ_0 (!)

and m^~Œ_1 (!) change to mŒ_0 (!), mŒ^1_1 (!), m^~Œ^1_0 (!) and m^~Œ_1 (!). Correspondingly, the

biorthogonal system {Œ; ; Œ̃; ~} changes to {Œ; _1; Œ̃_1; ~_1}. Note that, (1) since _1 is still in the space V_1, its regularity remains the same; (2) the wavelet coefficients of ~_1 is still the same as that of ~, since it only depends on (cn), which are unchanged.

With proper choices of s(!), _1 may have more vanishing moments, and Œ̃_1, ~_1 may have a higher regularity. This is called the lifting scheme for biorthogonal wavelets. For instance, by applying the lifting scheme, we can construct the (N; Ñ) = (1; 3) biorthogonal wavelets of [3] from that of (N; Ñ) = (1; 1). See [8] for details. In summary, we have the following theorem.

Theorem 2.3. (Lifting Scheme). Let {Œ; Œ̃; ; ~} be an initial set of biorthogonal system. Then a new set {Œ; Œ̃_1; _1; ~_1}, which is formally biorthogonal, can be constructed by 1(x) = (x) − ∑ snŒ(x − n) Œ̃1(x) = ∑ c̃nŒ̃1(2x − n) + ∑ s−n ~1(x − n) ~1(x) = ∑ dnŒ̃1(2x − n):

Here (c̃n) are the scaling coefficients of Œ̃, (dn) are the wavelets coefficients of ~ and

(sn) is the coefficient of e^−in! in the trigonometric polynomial s(!).

3 The Elevation Scheme

Throughout this chapter, let Œ(x) be the compactly supported orthonormal scaling function defined by Daubechies [4]. It satisfies the scaling equation (1:1) with finitely many nonzero scaling coefficients c_0, c_1, : : :, c_2p_{−1}. The constant p is designated as the approximation order of the wavelet (x). That is, Œ(x − n) can span polynomials of degree up to p − 1 in any finite interval. Let (x) be the compact support orthonormal wavelet associated with Œ(x), then

⟨xm; (x)⟩ = 0; 0 ≤ m ≤ p − 1:

We also review that, by the orthonormality, the scaling coefficients (cn)^2p^{−1}n_{=0} must satisfy the following conditions.

(S) 2p−1∑ n=0 cn = 2; (A) 2p−1∑ n=0 (−1)nnmcn = 0 where m = 0; : : : ; p − 1 (0^0 := 1);

(O) 2p−1∑ n=0 cncn−2m = ffi0m; for all m ∈ Z:

(3:1)

In this case, supp Œ(x) = [0; 2p − 1] and dn = (−1)nc_{1−}n, hence supp (x) = [1 − p; p]. Following up the idea in [10], define

Φ(x) = ∫ x −∞ Œ(t) − Œ(t − 1) dt: (3:2)

We call Φ(x) the elevation of Œ(x). We will show that Φ(x) is still a scaling function that generates a multiresolution analysis. Therefore, there is a wavelet Ψ(x) associated with Φ(x). Neither Φ(x) nor Ψ(x) will be orthonormal. Furthermore, the derivatives Ψ^′(x − n) = 4(x − n) are orthogonal to each other. However, we will construct a pair of functions {Φ̃(x); Ψ̃(x)} such that {Φ; Ψ; Φ̃; Ψ̃} is a system of biorthogonal wavelets. With the biorthogonal structure, we will have fast algorithms to change the bases between Vj_{+1} and Vj + Wj. Section 1 Φ(x) is a scaling function By the definition of Φ(x), we have

Φ(x) = ∫ x −∞ Œ(t) − Œ(t − 1) dt = ∫ x −∞ [ 2p−1∑ n=0 cnŒ(2t − n)] − [ 2p−1∑ n=0 cnŒ(2t − n − 2)] dt = ∫ x −∞ 2p∑ n=0 (cn−1 + cn) 2 [Œ(2t − n − 2) − Œ(2t − n − 1)] dt := 2p∑ n=0 hnΦ(2x − n):

Here

hn = (cn^{−1} + cn)2 ; (3:3)

note that c_{−1} = c_2p = 0. Consequently, Φ(x) satisfies a finite two-scale relation with the scaling coefficients (hn)^2pn_{=0}. Hence supp Φ(x) = [0; 2p]. Furthermore, it is easy to see that_2 p∑ n=0 hn = 2p−1∑ n=0 cn = 2; (3:4)

and_2 p∑ n=0 (−1)nhn = 0:

Proposition 3.1. If Œ(x) is a scaling function that satisfies (1:1) and Φ(x) is defined as in (3:2). Then

Φ(x) = Ø_{[0};_{1]} ∗ Œ(x): (3:5)

Furthermore, Φ(x) is a scaling function with scaling coefficients

(hn) = ( 12 ; 12 ) ∗ (cn):

Proof : By (3:2) and (1:6),

Φ(x) = ∫ x −∞ Œ(t) − Œ(t − 1) dt = ∫ x −∞ Œ(t) dt − ∫ x −∞ Œ(t − 1) dt = ∫ x −∞ Œ(t) dt −

∫ x_{−1} −∞ Œ(t) dt = ∫ x x−1 Œ(t) dt = ∫_∞ −∞ Ø_{[0};_{1]}(x − t)Œ(t) dt = Ø_{[0};_{1]} ∗ Œ(x):

Hence, we have

Φ̂(!) = ^Ø_{[0};_{1]}(!) · Œ̂(!) = sin !_2

!_2 e^− i !_2 Œ̂(!)

= ( 1 2 + 1 2 e^−i^{!2} ) ^Ø_{[0};_{1]}( !2 ) mŒ_0 ( !2 )Œ̂( !2 ) := m^Φ_0 ( !2 )Φ̂( !2 ):

Here

m^Φ_0 (!) = ( 1 2 + 1 2 e^−i! ) mŒ_0 (!) = 1 2 (1 2 + 1 2 e^−i! ) ∑ n cne^−in! := 1 2 ∑ n hne^−in!:

Note that the coefficients (hn) can be obtained by the vector convolution of (^1_2 ;^1_2 ) and

(cn), see (1:7). Take the inverse Fourier transform on both sides of Φ̂(!) = m^Φ_0 ( !2 )Φ̂( !2 );

we have

Φ(x) = ∑ n hnΦ(2x − n):

Hence Φ(x) satisfies a scaling equation.

Remark. Note that ^Ø_{[0};_{1]}(!) is continuous at ! = 0. Since Œ̂(!) is also a continuous function, so Φ(!) is continuous. Thus, we have Φ̂(0) = 1 and Φ̂(2nß) = 0 for n ≠ 0.

Section 2 Φ(x) generates a multiresolution analysis Among the properties of (cn) listed in (3:1), (S) follows from (1:1), (A) is necessary and sufficient for the degree of approximation, and (O) is necessary for the orthonormality. In (3:4), we have seen that (hn) satisfies (S). Now we will show that (hn) will satisfy (A) with one degree higher than that of (cn), but (hn) will not satisfy (O). Proposition 3.2. If Œ(x) is a scaling function that satisfies (1:1) and (cn) satisfies the condition (A) in (3:1), and if Φ(x) is defined as in (3:2). Than the scaling coefficients

(hn) of Φ(x) satisfy 2p∑ n=0 (−1)nnmhn = 0; where m = 0; : : : ; p (with 0^0 := 1): (3:6)

Proof : For m = 0, 2p∑ n=0 (−1)nhn = 2p∑ n=0 (−1)n

( cn + cn−1 2 )

= 1 2 [^2p^{−1}∑ n=0 (−1)ncn + 2p−1∑ n=0 (−1)n^{+1}cn ]

= 1 2 [^2p^{−1}∑ n=0 (−1)ncn − 2p−1∑ n=0 (−1)ncn ] = 0:

Assume that (3:6) holds for m = 0, : : :, k − 1, where 0 ¡ k ≤ p. Then 2p∑ n=0 (−1)nnkhn = 2p∑ n=0 (−1)nnk

( cn + cn−1 2 )

= 1 2 2p∑ n=0 (−1)nnkcn + 1 2 2p∑ n=0 (−1)nnkcn_{−1}

= 1 2 2p−1∑ n=0 (−1)nnkcn + 1 2 2p∑ n=1 (−1)nnkcn_{−1}

= 1 2 [^2p^{−1}∑ n=0 (−1)nnkcn + 2p−1∑ n=0 (−1)n^{+1}(n + 1)kcn ]

= 1 2 2p−1∑ n=0 (−1)n [ nk − (n + 1)k ] cn = 1 2 2p−1∑ n=0 (−1)n^{+1} [k^{−1}∑ ‘=0 ( k ‘ ) n‘ ] cn = − 1 2 k−1∑ ‘=0 (k ‘ ) [^2p^{−1}∑ n=0 (−1)nn‘cn ] = 0:

Hence, by induction, we have proved (3:6).

The above proposition means that polynomials up to degree p can be a linear combination of the translations of Φ(x), if provided ∑ Φ(x − n) ≡ 1. It is well known that the Œ(x − n) of [4] can express the constant functions, namely ∑ Œ(x − n) ≡ 1. Although Φ(x − n) is not an orthonormal set (we will show that in the next section), Φ still

preserves this property of Œ such that ∑ Φ(x − n) ≡ 1.

Proposition 3.3. If Œ(x) is a scaling function such that ∑ n∈Z Œ(x − n) = 1; ∀x ∈ R;

and Φ(x) is defined as in (3:2). Then ∑ n∈Z Φ(x − n) = 1; ∀x ∈ R:

Proof : For all x ∈ R, ∑ n∈Z Φ(x − n) = ∑ n∈Z Œ ∗ Ø_{[0};_{1]}(x − n) = ∑ n∈Z ∫_∞ −∞ Œ(x − n − t)Ø_{[0};_{1]}(t) dt = ∫_∞ −∞ (∑ n∈Z Œ(x − n − t) ) Ø_{[0};_{1]}(t) dt = ∫_∞ −∞ Ø_{[0};_{1]}(t) dt = 1:

Remark. By the fact that Œ(x − n) can span the polynomials up to degree p − 1 and the above proposition, we can prove that Φ(x − n) can span the polynomials up to degree p. Specifically, ∑ n∈Z nmΦ(x − n)

is a polynomial of degree m, for 0 ≤ m ≤ p (0^0 := 1).

Let V0 = span {Φ(x − n)}, we would like to check if Φ(x − n) forms a Riesz basis of V0.

It amounts to show that there are constants 0 ¡ A ≤ B with A ≤ ∞∑ n=−∞ |Φ̂(! + 2ßn)|^2 ≤ B; ∀! ∈ R:

This is a well-known property, see, for example, [2]. If Φ(x − n) forms a Riesz basis

of V0 and by Φ̂(0) = 1, then Φ(x) generates a multiresolution analysis of L^2(R).

Theorem 3.1. If Œ is a scaling function that generates a multiresolution anaysis and

Œ ∈ L^1(R) ∩ L^2(R), then the function Φ = Œ ∗ Ø_{[0};_{1]} also generates a multiresolution

analysis.

When we prove this proposition, we need the following theorem and lemmas.

Theorem 3.2. Let f ∈ L^1(R). Then its Fourier transform f̂ satisfies:

(1) f̂ ∈ L^∞(R) with ‖f̂‖_∞ ≤ ‖f‖_1; (2) f̂ is uniformly continuous on R;

(3) if the derivative f^′ of f also exists and is in L^1(R), then

^f^′(!) = i!f̂(!); and f̂(!) → 0; as |!| → ∞:

Proof : Assertion (1) is straight forward. For all ! ∈ R

|f̂(!)| = | ∫ e^−i!xf(x) dx| ≤ ∫ |e^−i!xf(x)| dx ≤ ‖e^−i!x‖∞ ‖f‖1 ≤ ‖f‖1: To prove (2), let ffi be chosen arbitrarily and consider sup ! |f̂(! + ffi) − f̂(!)| = sup ! | ∫ e^−i!x(e^−iffix − 1)f(x) dx| ≤ ∫ |e^−iffix − 1| |f(x)| dx:

Now, since |e^−iffix − 1| |f(x)| ≤ 2|f(x)| ∈ L^1(R) and |e^−iffix − 1| → 0 as ffi → 0. By the Lebesgue Dominated Convergence Theorem, sup! |f̂(! + ffi) − f̂(!)| → 0 as ffi → 0. So

f̂ is uniformly continuous on R.

To prove (3), we apply the theorem of the integration by parts:

^f^′(!) = ∫ e^−i!xf^′(x) dx = ∫ e^−i!x df(x) = e^−i!x f(x) | |^∞_{−∞} − ∫ f(x) de^−i!x = i! ∫ e^−i!xf(x) dx = i!f̂(!);

Because f ∈ L^1(R), f(x) → 0 as |x| → ∞. If f^′ is in L^1(R), then by the proof of the assertion (1)

|f̂(!)| = 1|!||^f^′(!)| ≤ 1|!|‖f^′‖1 → 0; as |!| → ∞.

Lemma 3.1. Let Œ ∈ L^1(R) ∩ L^2(R) and Φ = Ø_{[0};_{1]} ∗ Œ. Then the function

Γ(!) := ∞∑ n=−∞ |Φ̂(! + 2ßn)|^2; for all ! ∈ R (3:7)

is a continuous function of ! on (−2ß; 2ß).

Proof : By the previous theorem, Œ̂(!) is a continuous function in R. Then

Φ̂(! + 2ßn) =

( sin !^{+2}ßn_2

!+2ßn_2 ) e^−i^{!+2ßn2} Œ̂(! + 2ßn) (3:8)

is also continuous on R. Define a sequence of functions (Γk) by

Γk(!) =

n=k∑ n=−k

|Φ̂(! + 2ßn)|^2 = n=k∑ n=−k

( sin !_2

!+2ßn_2

)_2

|Œ̂(! + 2ßn)|^2:

Γk is a finite sum of the continuous functions, then Γk is continuous, too. To show

Γ(!) is continuous, it is sufficient to show that Γk → Γ uniformly on (−2ß; 2ß).

For all k ≥ 2,

|Γk − Γ| = | | | −k−1∑ n=−∞ ( sin !_2

!+2ßn_2

)_2

|Œ̂(! + 2ßn)|^2 + ∞∑ n=k+1

( sin !_2

!+2ßn_2

)_2

|Œ̂(! + 2ßn)|^2 | | |

≤ −k−1∑ n=−∞ 4 |! + 2ßn|^2 ‖Œ‖^{21} + ∞∑ n=k+1 4 |! + 2ßn|^2 ‖Œ‖^{21} ≤ 2 ß^2 ‖Œ‖^{21} (_∞∑ n=k−1 1 n^2 ) : So ∀ ” ¿ 0; ∃N ∈ N, such that ∀k ≥ N, we have ‖Γk − Γ‖_∞ ¡ ”, and Γk → Γ uniformly on (−2ß; 2ß).

Lemma 3.2. If the function Γ(!) is defined as (3:7), then Γ(!) ¿ 0 for all ! ∈ [0; 2ß). Proof : if ∃ !_0 ∈ [0; 2ß) such that Γ(!_0) = 0, then ∞∑ n=−∞ ( sin !^0_2

!0+2ßn_2

)_2

|Œ̂(!0 + 2ßn)|^2 = 0:

We have sin !^0_2 = 0 or Œ̂(!_0 + 2ßn) = 0; for all n ∈ Z. If sin !^0_2 = 0, then !_0 = 0. And by (3:8), we have Φ̂(0) = 1 and Φ̂(2ßn) = 0 for n ≠ 0;

then Γ(0) = 1. So Γ(!_0) = 0 must imply that Œ̂(!_0 + 2ßn) = 0; ∀n ∈ Z. This contradicts the assumption 0 ¡ AŒ ≤^∞ ∑ n=−∞ |Œ̂(!0 + 2ßn)|^2. So Γ(!) ¿ 0; ∀! ∈

[0,2ß):

Now, we turn to prove the Theorem 3.1: Proof : The inequality^∞ ∑ n=−∞ |Φ̂(! + 2ßn)|^2 ≤ B is easy! Because Œ(x − n) is a Riesz basis. Hence ∃ 0 ¡ AŒ ≤ BŒ such that

AŒ ≤ ∞∑ n=−∞ |Œ̂(! + 2ßn)|^2 ≤ BŒ:

Since |Φ̂(! + 2ßn)|^2 =

( sin !_2

!+2ßn_2

)_2

|Œ̂(! + 2ßn)|^2 ≤ |Œ̂(! + 2ßn)|^2

for all ! ∈ R and for all n ∈ Z. We have ∞∑ n=−∞ |Φ̂(! + 2ßn)|^2 ≤ ∞∑ n=−∞ |Œ̂(! + 2ßn)|^2 ≤ BŒ:

On the other hand, since Γ is continuous on (−2ß; 2ß) and Γ is 2ß-periodic, then

Γ(!) ¿ 0 on [0,2ß] by Lemma. Hence ∃ AΦ ¿ 0 such that AΦ ≤ Γ(!); ∀! ∈ R. We

have proved that Φ(x − n) forms a Riesz basis.

Since Φ(x) ∈ L^1(R) ∩ L^2(R), Φ̂(0) = 1 and Φ(x − n) form a Riesz basis. Φ(x) indeed generates a new multiresolution analysis (Vj) of L^2(R).

Section 3 Ψ^′(x − n) are orthogonal We have seen that Φ(x) generates a multiresolution analysis. At this point, we do not know whether Φ(x − n) are orthogonal or not. However, by the numerical tests on several basic cases, we believe they are not orthogonal. Therefore, we consider the general setting of the biorthogonal system, see (2:25). We will derive the associated wavelet Ψ(x) from the dual of Φ(x). The new biorthogonal system {Φ; Ψ; Φ̃; Ψ̃} must satisfy (2:26). Because

m^Φ_0 (!) =

( 1 + e^−i! 2 ) mŒ_0 (!); (3:9)

we chose

m^{Φ̃}_0 (!) =

2e^−i!

1 + e^−i! m

Œ_0 (!) if ! ≠ (2n + 1)ß,

0 otherwise, and m^{Φ̃}_1 (!) = e^−i^{!2} m^Φ_0 (! + ß); m^Φ_1 (!) = e^−i^{!2} m^{Φ̃}_0 (! + ß):

With this choices of m^Φ_1 (!) and m^{Φ̃}_1 (!), the wavelets coefficients (gn) and (g̃n) are

gn = (−1)nh̃1−n; g̃n = (−1)nhn1 − n: (3:10)

Then, see Section 4 of Chapter 2, we can construct the biorthogonal system {Φ; Ψ; Φ̃; Ψ̃}. For this chosen, we will see that (1) the relation between Φ̃ and Œ̃ is “reciprocal” to the relation between Φ and Œ; (2) Ψ^′(x − n) are orthogonal to each other and to Φ^′(x − n); (3) Φ(x − n) are not orthogonal.

Proposition 3.4. Let Œ be an orthonormal scaling function and let Φ be defined by

(3:5). If Φ̃ is defined by Ø_{[−1};_{0]} ∗ Φ̃ = Œ: (3:11)

Then Φ̃ is a biorthogonal dual of Φ.

Proof : If there is a function Φ̃(x) such that Ø_{[−1};_{0]} ∗ Φ̃ = Œ. We have

^Ø_{[−1};_{0]}(!) ^̃Φ(!) = Œ̂(!);

that is

( sin !_2

!_2 ) ei^{!2} ^̃Φ(!) = Œ̂(!):

Then

m^{Φ̃}_0 (!) = 21 + ei! mŒ_0 (!) a.e.: (3:12)

Surely, m^Φ_0 (!) and m^{Φ̃}_0 (!) satisfy (2:25), and Φ̃(x) is a dual to Φ(x). Remark. In practice, the function m^~Œ_0 (!) will have a factor of (1+e^−i!)=2. Therefore, in practice, m^{Φ̃}_0 (!) has finitely many coefficients; in other words, Φ̃(x) is compactly supported. However, we can see from (3:11) that the regularity of Φ̃(x) will be less than that of Œ̃(x). We have seen this phenomenon in the biorthogonal wavelets derived by [3].

We have no regard for whether the pair {Φ̃; Ψ̃} exist in L^2(R). As long as the scaling coefficients (c̃n) is a finite sequence, by Theorem 2.1, Φ̃ and Ψ̃ are distributions at least. We know that Φ(x) = ∫ x −∞ Œ(t) − Œ(t − 1) dt if and only if Φ = Œ ∗ Ø_{[0};_{1]}: It is easy

to see that Ø_{[−1};_{0]} ∗ Φ̃ = Œ̃ if and only if Œ̃^′(x) = Φ̃(x + 1) − Φ̃(x): Then it is easy to evaluate the function Φ̃(x), provided that Φ̃ has compact support and the value of Œ̃^′(x) is known.

The following proposition shows the beautiful relation between the elevated wavelet Ψ and the original wavelet . That is

Ψ(x) = 4 ∫ x −∞ (t) dt ∀x ∈ R: (3:13)

Proposition 3.5. Let Φ(x) be the elevation of the orthonormal scaling function Œ(x) and Φ̃(x) is defined by (3:11). If we construct the wavelet Ψ(x) from m^Φ_1 (!), then Ψ^′(x − n) is an orthogonal set.

Proof : Since Φ(x) = Ø_{[0};_{1]} ∗ Œ(x) and Œ(x) = Ø_{[−1};_{0]} ∗ Φ̃(x), we have m^Φ_0 (!) satisfies

(3:9) and m^{Φ̃}_0 (!) satisfies (3:12). We have m^Φ_1 (!) = e^−i^{!2} ( 1 + e^−i^(!^+ß^) 2 )_{−1} m0(! + ß)

= m1(!) ( 1 + e^−i^(!^+ß^) 2 )_{−1} : By Theorem 3.2, ^Ψ^′(!) = i!Ψ̂(!), and we have

i!Ψ̂(!) = i! m1( !2 ) ( 1 + e^−i^{( !}2^+ß^) 2 )_{−1} Φ̂( ! 2 ) = i! m1( !2 ) ( 2 1 − e^−i^!2 ) 2(1 − e^−i

!_2 ) i! Œ̂( !2 ) = 4 m1( !2 )Œ̂( !2 )

= 4 ^(!) a.e.:

Take the inverse Fourier transform on both sides of the above equation, we get

Ψ^′(x) = 4(x); ∀x ∈ R:

Remark. Let Œ(x) be the Daubechies orthonormal scaling function and Œ(x) ∈ C^√ for some p. If we define Œr(x) by

Œr(x) = Œ ∗ Ø_{[0};_{1]} ∗ : : : ∗ Ø_{[0};_{1]} (r times);

for 1 ≤ r ¡ p. Then, if {Œr; r; Œ̃r; ~r} is the biorthogonal system as chosen in this section, we have

^(r^)r (x) = 4r(x):

That is, ^(r^)r (x − n) is an orthogonormal set.

Now we are at the position to prove that, under this setting, Φ(x−n) are not orthogonal. First, we introduce the following lemma [11]. (For the readers convenience, I include his proof here.)

Lemma 3.3. Let Œ(x) be an orthonormal scaling function and (x) be the associated orthonormal wavelet. If both Œ and are in Cp for some p ¿ 0, then

⟨^(r^)(x); ^(s^)(x − n)⟩ = 2r^+s⟨Œ^(r^)(x); Œ^(s^)(x − 2n)⟩ − ⟨Œ^(r^)(x); Œ^(s^)(x − n)⟩;

where 1 ≤ r; s ≤ p.

Proof : By Theorem 3.2 and the Parseval identity, we have

⟨^(r^)(x); ^(s^)(x − n)⟩ = ∫ (−i!)r ^(!)e^−i!n(−i!)s ^(!) d! = ∫ (−1)^(r^−s^)(i!)r^+s|m_1( ! 2 )|^2ei!n|Œ̂( ! 2 )|^2 d! = ∫ (−1)^(r^−s^)(i!)r^+s(1 − |m_0( ! 2 )|^2)ei!n|Œ̂( ! 2 )|^2 d! = ∫ (−1)^(r^−s^)(i!)r^+sei!n|Œ̂( ! 2 )|^2 d! − ∫ (−1)^(r^−s^)(i!)r^+s|m_0( ! 2 )|^2ei!n|Œ̂( ! 2 )|^2 d!

= 2r^+s⟨Œ^(r^)(x); Œ^(s^)(x − 2n)⟩ − ⟨Œ^(r^)(x); Œ^(s^)(x − n)⟩: This completes the proof.

Proposition 3.6. Let Œ(x) be an orthonormal scaling function, and Φ(x) is the elevation of Œ(x). Then Φ(x − n) is not orthogonal.

Proof : If Φ(x − n) were orthogonal, we can modify the functions by a scalar to make them orthonormal. And note that Φ and Ψ are in C^1. Then, apply the previous lemma with r = s = 1, we have

ffi0;n = ⟨Ψ^′(x); Ψ^′(x − n)⟩

= 4⟨Φ^′(x); Φ^′(x − 2n)⟩ − ⟨Φ^′(x); Φ^′(x − n)⟩ = ⟨Φ^′(x); Φ^′(x − n)⟩:

But it is easy to check that

⟨Φ^′(x); Φ^′(x − n)⟩ = { 2 if n = 0, −1 if n = 1 or −1, 0 otherwise.

This is a contradiction, so Φ(x − n) cannot be orthogonal.

Section 4 The biorthogonal filter coefficients

Let Œ(x) be an orthonormal scaling function, (x) be the associated orthonormal

wavelet, and (cn)N^{−1}n_{=0} be the nonzero scaling coefficients. Suppose Œ(x) has the approximation degree p, then N = 2p. Let Φ(x) and Φ̃(x) be the pair of elevated scaling functions defined in the previous section. Let (hn), (h̃n) be the scaling coefficients of

Φ(x) and Φ̃(x), respectively. By (3:3), we can easily derive the following algorithm.

Algorithm 1.

h0 = c^02 , hN = cN^{−1}2

FOR n = 1 TO N − 1

hn = cn^{−1} + cn2

END

For (h̃n), we compare the coefficients of m^{Φ̃}_0 and mŒ_0 . For instance, see (3:12). Here we assume the pratical case such that mŒ_0 (!) has at least a factor of (1 + e^−i!)=2. The following algorithm derives (h̃n) from (cn).

Algorithm 2.

h̃−1 = 0

FOR n = 0 TO N − 2

h̃n = 2cn − h̃n−1

END

Once we have the scaling coefficients (hn) and (h̃n), the wavelets coefficients can be obtained by (3:10). By (3:9) we observe that the number of vanishing moments of Ψ is one more than that of . Conversely, by (3:12), we observe that the number of vanishing moments of Ψ̃ is one less than that of . By (3:5), we can also see that Φ has higher regularity than that of Œ; and by (3:11), we see that Φ̃ has less regularity than that of Œ. The scaling coefficients (h̃n) of Φ̃ has the similar property as that for (hn) stated in Proposition 3.2.

Proposition 3.7. Let Œ(x) be defined as in (1:1) and (cn) satisfy the condition (A) in (3:1). If Φ̃(x) is defined by Ø_{[−1};_{0]} ∗ Φ̃ = Œ, then the scaling coefficients (h̃n) of Φ̃(x) satisfy_2 p−2∑ n=0 (−1)nnmh̃n = 0; where m = 0; : : : ; p − 2 (0^0 := 1):

Proof : By Algorithm 2 and the fact that ∑ (−1)ncn = 0, we have

h̃n = 2 2p−1∑ k=n+1

(−1)k^−n^{−1}ck; n = 0; : : : ; 2p − 2:

By the equation 2p−1∑ n=0 nm 2p−1∑ k=n (−1)kck = 2p−1∑ n=0 ( n∑ k=0 km ) (−1)ncn;

the fact that n∑ k=1 km is a polynomial in n of degree m + 1, and the condition (A) for (h̃n), we have_2 p−1∑ n=1 nm 2p−1∑ k=n (−1)kck = 0; for m = 0; : : : ; p − 2:

Then, for 0 ≤ m ≤ p − 2, 2p−2∑ n=0 (−1)nnmh̃n = 2 2p−2∑ n=0 (−1)nnm 2p−1∑ i=n+1

(−1)i^−n^{−1}ci

= −2 2p−1∑ n=1 (n − 1)m 2p−1∑ i=n (−1)ici

= −2 2p−1∑ n=1 ( m∑ ‘=0 ( m ‘ ) (−1)‘n‘ ) 2p−1∑ i=n (−1)ici

= −2 m∑ ‘=0 ( m ‘ ) (−1)‘

(_2p_{−1}∑ n=1 n‘ 2p−1∑ i=n (−1)ici )

= 0:

This completes the proof.

Section 5 Generalizations Let us now turn to the general setting and assume that {Œ; ; Œ̃; ~} is a biorthogonal system. Even if Œ(x) is not an orthonormal scaling function (and (x) is not an orthonormal wavelet), many properties of Φ(x) (the elevation of Œ(x)) and Ψ(x) can still be preserved. For example, Φ(x) is still a scaling function and still generates a multiresolution analysis of L^2(R); the approximation degree of Φ(x) is better than Œ(x), etc. Specifically, all theorems and propositions in Section 1 and 2 of this chapter hold without modifications. In Section 3, Œ would be changed to Œ̃ in (3:11), mŒ_0 (!) would be changed to m^~Œ_0 (!) in (3:12), and (3:13) would be still true but Ψ^′(x) would not be orthogonal. The dual functions {Φ̃; Ψ̃} would be constructed in the same way as described in Section 3. All of the proofs remain the same with small modifications. In Section 4, Algorithm 1 would hold without modification, Algorithm 2 and Proposition 3.7 would hold with (cn) changed to (c̃n) and Œ changed to Œ̃.

From equation (3:12), we see that the regularity of Φ̃ is worse then that of Œ̃. One advantage of starting the elevation scheme from a biorthogornal system, instead of an orthonormal system, is that we can get a smoother biorthogornal system {Φ; Ψ; Φ̃; Ψ̃}. If we do not need the property of orthogonality for Ψ^′(x − n), we can apply the lifting scheme to (1) first elevate from {Œ; ; Œ̃; ~} to {Φ; Ψ; Φ̃; Ψ̃}, then lift Φ̃(x) and Ψ̃(x);

or (2) first lift {Œ; ; Œ̃; ~}, then elevate the lifted biorthogonal system to {Φ; Ψ; Φ̃; Ψ̃}. In either way, we can raise regularity of Φ̃(x) and Ψ̃(x).

4 Examples

Section 1 The spline case Given an index N ≥ 1, let Œ_(N_)(x) be the B-spline of order N − 1; that is, Œ_(N_)(x) =

BN−1(x). Here BN(x) is defined recursively by BN(x) = BN−1 ∗ B0 ∀N ≥ 1;

with B_0 = Ø_{[0};_{1]}. In this notation, Œ_(N_)(x) do not have the symmetry on the origin. The Fourier transform of Œ_(N_) is given by

Œ̂_(N_)(!) =

( sin!_2

!_2 )N ; and mŒ^{(N)}_0 (!) = ( 1 + e^−i! 2 )N : The set of B-spline functions Œ_(N_)(x − k) is not orthonormal for N ¿ 1, we consider the biorthogornal system {Œ_(N_); Œ̃_(N;_~N_)}. A biorthogornal system must satisfies (2:25), and the possible solutions m^~

Œ_(N;Ñ_)

0 (!) [3] are given by

m^~Œ^{(N;Ñ)}

0 (!) = cos^~N !2 [k_{−1}∑ ‘=0 ( k − 1 + ‘ ‘ ) sin^2‘ !2 + sin^2k !2 R(cos !) ] ; where Ñ ≤ 1, N + Ñ = 2k is even, R is an odd polynomail. We write the corresponding scaling function by Œ̃_(N;_~N_). Note that Œ_(N_) is the elevation of Œ_(N_{−1)}, and Œ̃_(N;_~N_) is the elevation of Œ̃_(N_{−1};_~N_{+1)}.

For instance, in case of the (N; Ñ) = (1; 1) biorthogonal system of [3], the graphics Œ_{(1)}

and _{(1)} are in Figure 1 and 2, respectively.

After a step of the lifting scheme, we obtain the (N; Ñ) = (1; 3) biorthogonal system of [3]. See Figure 3 and 4.

Taking the (N; Ñ) = (1; 3) biorthogonal system and apply the elevation scheme, we will arrive the (N; Ñ) = (2; 2) biorthogonal system of [3]. See Figure 5 and 6.

Section 2 The orthonormal case In this case Œp is the Daubechies orthonormal scaling function of order p. The scaling coefficients (cn)^2p^{−1}n_{=0} satisfy (3:1). For example, in case of p = 1, we have

c0 = 1 and c1 = 1:

This is the Haar orthonormal system (Figure 1). In case of p = 2, we have

c0 = 1 + √ 3 4 ; c1 = 3 + √ 3 4 ; c2 = 3 − √ 3 4 ; c3 = 1 − √ 3 4 : The graphics Œ_2 and _2 are in Figure 7 and 8.

We write Φp the elevation of Œp and Φ̃p the dual of Φp with minmal support. The dual Φ̃p belongs to L^2(R) for all n ¿ 2. The scaling coefficients of Φ_2 is

h0 = 1 + √ 3 8 ; h1 = 2 + √ 3 4 ; h2 = 34 ; h3 = 2 − √ 3 4 ; h4 = 1 − √ 3 8 : And the graphics of Φ_2 is in Figure 9, Ψ_2 is in Figure 10. Although, Φ̃_2 doesn’t belong

to L^2(R), Φ̃2 is a distribution. The scaling coefficients of Φ̃2;0 is

tildeh0 = 1 + √ 3 2 ; h̃1 = 1; h̃2 = 1 − √ 3 2 : Let x be a real number in [0; 1] with the binary expansion x = ∑ n∈N an 2n an = 0 or 1;

Examples 75

Fig. 1 Œ_{(1};_{1)} Fig. 2 _{(1};_{1)}

Fig. 3 Œ_{(1};_{3)} Fig. 4 _{(1};_{3)}

Fig. 5 Œ_{(2};_{2)} Fig. 6 _{(2};_{2)}

Fig. 7 Œ_2(x)

Fig. 8 _2(x)

Fig. 9 Φ_2(x)

Fig. 10 Ψ_2(x)

Fig. 11 Œ_3(x)

Fig. 12 _3(x)

Fig. 13 Φ_3(x)

Fig. 14 Ψ_3(x)

Fig. 15 Φ̃_3(x)

Fig. 16 Ψ̃_3(x)

and øn is defined by øn = n∑ ‘=1 a‘ − 1:

Let ff =^{1+√3}_2 and fi =^{1−√3}_2 . The explicit form of Φ̃2 is given by

Φ̃_2;_0(x) = ∑ n∈N anffn^−ø^nfiø^n for x ∈ (0; 1]

1 − Φ̃_2;_0(x − 1) for x ∈ (1; 2] 0 otherwise.

For case of p = 3, Œ_3 is the orthonormal scaling function and _3 is the orthonormal wavelet. See Figure 11 and 12 respectively for Œ_3 and _3 in [0; 5]. We elevate the set

{Œ3; 3} to the biorthogornal system {Φ3; Ψ3; Φ̃3; Ψ̃3}. The graphics Φ3, Ψ3, Φ̃3 and

Ψ̃_3 are in Figure 13, 14, 15 and 16, respectively.

5 Application

Section 1 The Galerkin method Consider the second-order boundary-value problem of Dirichlet type: { −u^{′′}(x) = f(x); for 0 ¡ x ¡ 1 u(0) = 0; u(1) = 0: (5:1) If u(x) and v(x) are sufficiently smooth functions, then we have the standard integration-

by-parts: ∫_1 0 −u^{′′}(x)v(x) dx =

∫_1 0 −v(x) du^′(x) = ∫_1 0 u^′(x)v^′(x) dx − u^′(x)v(x) | |^1_0:

Weakly, if u(x) and v(x) are in the Sobolev space H^1(0; 1), the integration-by-parts still holds. The space H^1(0; 1) is a Hilbert space consists of functions u(x) ∈ L^2(0; 1) whose weak derivatives u^′(x) ∈ L^2(0; 1). Let

H^1_0(0; 1) = {u ∈ H^1(0; 1) : u(0) = u(1) = 0} and H^1p(0; 1) = {u ∈ H^1(0; 1) : u(x) is periodic}:

The weak formulation of (5:1) is to find u ∈ H^1_0(0; 1) such that ∫_1 0 u^′(x)v^′(x) dx =

∫_1 0 f(x)v(x) dx ∀v ∈ H^1_0(0; 1): (5:2)

We say that u(x) is a weak solution of (5:1) and v(x) is the admissible test function,

and H^1_0(0; 1) is the class of admissible functions for (5:2). For more details, we refer to

the readers the book of Brenner and Scott [1].

Note that the space H^1_0(0; 1) is linear and infinite-dimensional. The basis of H^1_0(0; 1) is countable, and let {Œ_1(x); Œ_2(x); Œ_3(x); : : :} be a basis of H^1_0(0; 1). If u ∈ H^1_0(0; 1), u can be represented in the form

u(x) = ∞∑ i=0 uiŒi(x); (5:3)

with (ui) ∈ ‘^2. If we take only a finite number N of terms in the series (5:3), then we will obtain only an approximation uh of u. The basis function {Œ_1; Œ_2; : : : ; ŒN} define

an N-dimensional subset space Vh ⊂ H^1_0(0; 1).

We want to find the numerical approximation uh ∈ H^(N^)_0 (0; 1) to the weak solution

u ∈ H^1_0(0; 1) of the problem (5:1). Thus, instead of taking v ∈ H^1_0(0; 1) in (5:2), we take vh ∈ Vh, and solve uh ∈ Vh for

∫_1 0 u^′h(x)v^′h(x) dx =

∫_1 0 f(x)vh(x) dx ∀vh ∈ Vh: (5:4) Let uh be the solution of (5:4), it is of the form ua(x) = N∑ i=1 uiŒi(x): (5:5)

Substitute the basis functions {Œ_1; Œ_2; : : : ; ŒN} into vh, we have ∫_1 0 u^′a(x)Œ^′j(x) dx =

∫_1 0 ( N∑ i=1 uiŒ^′i(x) ) Œ^′j(x) dx = N∑ i=1 ui (∫_1 0 Œ^′i(x)Œ^′j(x) dx ) : Then uh(x) can be determined by the following linear system of equtions. N∑ i=1 ui (∫_1 0 Œ^′i(x)Œ^′j(x) dx ) = ∫_1 0 f(x)Œj(x) dx;

for j = 1; : : : ; N. Hence, to solve the boundary-value problem (5:4) become to solve the

linear system

Ku = f;

where

Ki;j =

∫_1 0 Œ^′i(x)Œ^′j(x) dx and fi =

∫_1 0 f(x)Œi(x) dx:

The N × N symmetric matrix K is called the stiffness matrix for problem (5:4) for the

basis function Œi. The vector f is called the load vector.

The forementioned scheme is called the Galerkin’s method. For instance, we can derive finite element method, least square method, and collocation method from the framework of Galerkin’s method. In the next section, we will demonstrate a Galerkin-wavelets method for the elementary model problem (5:1).

Section 2 Using Φ(x − n) to be the basis function

Let Œ(x) be the Daubechies orthonormal scaling function with degree p = 2 and Φ(x)

be the elevation of Œ(x). We will solve (5:1) with a little modification: that is, we will assume the periodic boundary condition, and the the admissible space for weak solutions is H^1p(0; 1). We will follow the framework of the Galerkin-wavelets method in [10], the difference is that we will use Φ(x) as the basis functions. We noticed that an earlier work of Jawerth and Sweldens [6] also contains a particular case of our basis. But they came from a totally different approach and went on to a totally different way of application. Let Φj;k(x) = √ 2jΦ(2jx − k). We consider the periodic basis functions

{Φ^∗j;_1; Φ^∗j;_2; : : : ; Φ^∗j;_2j}

for some j ≥ 3, that is

Φ^∗j;n(x) = Φj;x_−n_{+1} for 1 ≤ n ≤ 2j − 3;

Φ^∗j;_2j_{−2}(x) =

Φj;_2j_{−2}(x) if x ∈ [1 − 3 · 2^−j; 1] Φj;_{−3}(x) if x ∈ [0; 2^−j] 0 otherwise,

Φ^∗j;_2j_{−1}(x) =

Φj;_2j_{−1}(x) if x ∈ [1 − 2 · 2^−j; 1] Φj;_{−2}(x) if x ∈ [0; 2 · 2^−j] 0 otherwise, and Φ^∗j;_2j(x) = { Φj;_2j(x) if x ∈ [1 − 2^−j; 1] Φj;_{−1}(x) if x ∈ [0; 3 · 2^−j] 0 otherwise.

We define the approximation subset Vj(0; 1) by

Vj(0; 1) = span{Φ^∗j;_1; Φ^∗j;_2; : : : ; Φ^∗j;_2j}:

Since Φ(x) belongs to C^1 and Φ(x) has support [0; 4], Vj(0; 1) is a finite-dimensional subset in H^1_0(0; 1) for all j ≥ 3 (we provide the number of basis larger than the number of the nonzero filter). And by two-scaling relation (1:1), we have

Vj(0; 1) ⊂ Vj+1(0; 1) for all j ≥ 3:

Moreover (see [10]), ∪^∞j_{=3}Vj(0; 1) = H^1p(0; 1):

We would define the complement Wj(0; 1) of Vj(0; 1) in Vj_{+1}(0; 1). And we have

⊕^∞j_{=3}Wj(0; 1) = H^1p(0; 1):

Now, we use Galerkin’s method to find an approximate solution uh of (5:4). We replace

Vh by Vj(0; 1). Since the basis functions Φ^∗k(x) are compactly supported, the stiffness

matrix K^(j^) is a band matrix. However, K^(j^) for the periodic boundary condition is singular. Recall the boundary-value problem (5:1), if u is a solution of (5:1) with periodic boundary condition, then u + c is also a solution of (5:1). There should be another auxiliary condition. We normalize the solution u by

∫_1

0 u(x) dx = 1. Then we

have ∫_1 0 (_2j∑ k=1 ukΦ^∗j;k(x) ) dx = 1:

Since ∫ Φ(x) dx = 1, we have 2j ∑ k=1 uk 1√ 2j = 1:

So we can replace the last row by K^(j^)_2j;k = 1, for all k = 1; : : : ; 2j. Correspondingly we must replace the last entry of f by √ 2j. We compute the condition number of the modified matrix K^(j^), and we will see that K^(j^) is ill-conditioned. The ill-condition of the stiffness matrix is well known. But when we use {Φ^∗j;_1; Φ^∗j;_2; : : : ; Φ^∗j;_2j} to be the basis function, we can use the biorthogonal structure to transform the matrix K^(j^). That is, we change the basis from

{Φ^∗j;_1; Φ^∗j;_2; : : : ; Φ^∗j;_2j} (5:6)

to {Φ^∗j_{−1};_1; Φ^∗j_{−1};_2; : : : ; Φ^∗j_{−1};_2(j_{−1)}Ψ^∗j_{−1};_1; Ψ^∗j_{−1};_2; : : : ; Ψ^∗j_{−1};_2(j_{−1)}}; (5:7)

where Ψ^∗j;k are the periodized wavelets defined similar as Φ^∗j;k.

Constructively, when we change the basis from (5:6) to (5:7), we just multiply a decomposition matrix C and Ct on both sides of K^(j^). The decomposition matrix C is of the form (for case j = 3)

h0 h1 h2 h3 h4 0 0 0 0 h0 h1 h2 h3 h4 h3 h4 0 0 h0 h1 h2 h1 h2 h3 h4 0 0 h0 g0 g1 g2 0 0 0 0 0 0 g0 g1 g2 0 0

0 0 0 0 g_0 g_1 g_2

g2 0 0 0 0 g0 g1

;

where hn are the scaling coefficients of Φ(x) and gn are the wavelets coefficients of Ψ(x). Denote the original stiffness matrix K^(j^) as K^(j;^{0)}, and K^(j;^{1)} is that associated to the basis (5:7). Repeating the change of basis from (5:6) to (5:7), we get K^(j;^{2)}, K^(j;^{3)}, and so on. The following table shows us the original condition number of K^(j;^{0)} for

j = 6; : : : ; 10, and the condition number of K^(j;^{1)} to K^(j;^{7)} (note that we need j − 7 ≥ 3).

[m*n] 64 ∗ 64 128 ∗ 128 256 ∗ 256 512 ∗ 512 1024 ∗ 1024 0 1466:07 8287:14 46870:03 265125:79 1499760:24 1 735:25 2932:16 11719:78 46870:27 265125:78 2 186:01 735:25 2932:16 11719:78 46870:27 3 48:68 186:01 735:25 2932:16 11719:78 4 48:68 186:01 735:25 2932:16 5 48:68 186:01 735:25 6 48:68 186:01 7 48:68

We see that when we change K^(j;^{0)} to K^(j;^{1)}, the condition number becomes smaller

(divided by 2). Because Ψ^′(x) are orthogornal, and

⟨Φ^′(x); Ψ^′(x − n)⟩ = 0 ∀n ∈ Z;

the right-low quarter of K^(j;^{1)} is a diagonal matrix, and both of the right-top and left-

low quarters of K^(j;^{1)} are zero. That is why the condition number of K^(j;^{1)} is better then

K^(j;^{0)}. Actually the condition number of K^(j;^{1)} is determined by the left-top quarter,

which is exactly the K^(j^{−1};^{0)}. Moreover, the condition number of K^(j^1;‘^{1)} is the same as

that of K^(j^2;‘^{2)}, if j_1 − ‘_1 = j_2 − ‘_2 ≤ 3. Then we don’t worry about the increasing of

the condition number, when the size of the stiffness matrix increases.

Index

A (set) 41 B-spline 73

cn 36ff c̃n 55

characteristic function 40

m0(!) 41, 54 m̃0(!) 50, 54 m^Φ_0 (!) 59 m^{Φ̃}_0 (!), m^Φ_1 (!), m^{Φ̃}_1 (!) 66 mŒ_0 (!) 40 m1(!) 41, 48, 54 m̃1(!) 50, 54 mŒ_1 (!) 41

convolution 38 discrete 39

dn 40ff, 48, 55, 57 d̃n 55

elevation scheme 58 F 39

Φ(x) 57

Fourier transform 39, 63 Galerkin-wavelet method 84

Γ(!) 48, 64 gn 66 hn 58, 69 h̃n 70

Laurent series 41 lifting scheme 56

M(!), M̃(!) 54

multiresolution analysis 37 Riesz basis 62 scaling coefficient 36 scaling equation 36ff scaling function 37 approximation order 57 dual (semi-orthogonal) 51 dual (biorthogonal) 53, 65 orthonormal 44

Vj 37 Ṽj 51 Wj 37

wavelet 37 biorthogonal 65 orthonormal, uniqueness 46 semi-orthogonal 48 vanishing moments 41 wavelet coefficient 41

References

[1] S. C. Brenner and L. R. Scott, The mathematical theory of finite element methods, Springer-Verlag, New York, 1994.

[2] C. K. Chui and J. Z. Wang, On compactly supported spline wavelets and a duality principle, Trans. Amer. Math. Soc., 330: 903–916 (1992) [3] A. Cohen, I. Daubechies and J.-C. Feauveau, Biorthogonal bases of compactly supported wavelets, Comm. Pure Appl. Math., 45: 485–560 (1992) [4] I. Daubechies, Orthonormal bases of compactly supported wavelets, Comm. Pure Appl. Math., 41: 909–996 (1988) [5] I. Daubechies, Ten lectures on wavelets, SIAM, Philadelphia, 1992. [6] B. Jawerth and W. Sweldens, Wavelet multiresolution analyses adapted for the fast solution of boundary value ordinary differential equations, in Proceedings of the 6th Copper Mountain Multigrid Conference, NASA Conference Pub, 1993, 41: 259–273 (1988) [7] W. Rudin, Functional Analysis, 2nd ed., McGraw-Hill, New York, 1991. [8] W. Sweldens, The lifting scheme: A custom-design construction of biorthogonal wavelets, Appl. Comput. Harmonic Anal., 3: 186–200 (1996) [9] L. F. Villemoes, Energy moments in time and frequency for two-scale difference equation solutions and wavelets, SIAM J. Math. Anal, 23: 1519–1543 (1992) [10] J. Xu and W.-C. Shann, Galerkin-wavelets methods for two-point boundary value problems, Numer. Math., 63: 123–144 (1992) [11] ˚ ) “ , “R n 0 S ,” � / + ; 6 ; ! B ȷ S 8 , 1995